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Preface

This technical report contains the proceedings of the International Workshop
on Functional and (Constraint) Logic Programming (WFLP 2003), held in Va-
lencia (Spain) during June 12-13, 2003, at the Federated Conference on Rewrit-
ing, Deduction and Programming (RDP 2003). WFLP 2003 is the twelfth in
the series of international meetings aimed at bringing together researchers in-
terested in functional programming, (constraint) logic programming, as well as
their integration. It promotes the cross-fertilizing exchange of ideas and experi-
ences among researches and students from the different communities interested
in the foundations, applications, and combinations of high-level, declarative pro-
gramming languages and related areas. Previous WFLP editions have been held
in Grado (Italy), Kiel (Germany), Benicàssim (Spain), Grenoble (France), Bad
Honef (Germany), Schwarzenberg (Germany), Marburg (Germany), Rattenberg
(Germany), and Karlsruhe (Germany).

The Program Committee of WFLP 2003 collected for each paper at least
three reviews and held an electronic discussion on all papers during April 2003.
Finally, the Program Committee selected 21 regular papers and one system de-
scription. In addition to the selected papers, the scientific program included
invited lectures by Michael Rusinowitch (LORIA-INRIA-Lorraine, France) and
Jan Ma luszyński (Linköping University, Sweden). I would like to thank them for
their willingness in accepting our invitation.

I would also like to thank all the members of the Program Committee and
all the referees for their careful work in the review and selection process. Many
sincere thanks to all authors who submitted papers and to all conference partic-
ipants. I gratefully acknowledge all the institutions and corporations who have
supported this conference. Finally, I express my gratitude to all members of the
local Organizing Committee whose work has made the workshop possible.

Valencia Germán Vidal
June 2003 Program Chair

WFLP 2003
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José Hernández Carlos Herrero Pascual Julián
Marisa Llorens Ginés Moreno Javier Oliver
Josep Silva Germán Vidal Alicia Villanueva

Additional Referees

Elvira Albert
Zena Ariola
Demis Ballis
Bernd Braßel
Ricardo Corin
Francisco Durán
Santiago Escobar
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S. Muñoz, J. Mariño, and J.J. Moreno-Navarro (Universidad
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Automated Analysis of Security Protocols

Michael Rusinowitch

LORIA, INRIA - Lorraine
Campus Scientifique, 54506 Vandoeuvre-Lès-Nancy Cedex, France

rusi@loria.fr

Cryptographic protocols such as SET, TLS, Kerberos have been developed
to secure electronic transactions. However the design of such protocols often
appears to be problematic even assuming that the cryptographic primitives are
perfect, i.e. even assuming we cannot decrypt a message without the right key. An
intruder may intercept messages, analyse them, modify them with low computing
power and then carry out malevolent actions. This may lead to a variety of
attacks such as well-known Man-In-The-Middle attacks.

Even in this abstract model, the so-called Dolev-Yao model, protocol analysis
is complex since the set of states to consider is huge or infinite. One should
consider messages of any size, infinite number of sessions. The interleaving of
parallel sessions generates a large search space. Also when we try to slightly
relax the perfect encryption hypothesis by taking into account some algebraic
properties of operators then the task gets even more difficult.

We have developed in Cassis/LORIA team several translation and constraint
solving techniques for automating protocol analysis in Dolev-Yao model and
some moderate extensions of it. Protocol specifications as they can be found in
white papers are compiled by the CASRUL system [6, 2] and then are passed
on decision procedures for checking whether they are exposed to flaws 1.

Compiler: The CASRUL compiler performs a static analysis to check the
executability of the protocol (i.e. whether each principal has enough knowl-
edge to compose the messages he is supposed to send), and then compiles
the protocol and intruder activities into an Intermediate Format based on
first-order multiset rewriting. The Intermediate Format unambiguously defines
an operational semantics for the protocol. Afterwards, different translators can
be employed for translating the Intermediate Format into the input language
of different analysis tools. The Intermediate Format can be also generated in
a typed mode (the untyped one is the default), which leads to smaller search
spaces at the cost of abstracting away type-flaws (if any) from the protocol.
This compiler is the front-end of several efficient verification tools designed in
the context of the European project AVISS [1]. It is open to connection with
other tools. Compared to CAPSL, a related tool, CASRUL is able to handle
protocols where a principal receives a cipher, say {Na}K , and later receives the
key K and then uses Na in some message. In our case, the principal will store

1 This work was partially funded by the Information Society Technologies programme
of the European Commission, Future and Emerging Technologies under the IST-
2001-39252 AVISPA project
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{Na}K and will decrypt it when he later receives the key. This is useful for
e-commerce protocols such as non-repudiation protocols.

Constraint solving for verification. The detection of flaws in a hostile
environment can be reduced to solving symbolic constraints in the message space.
The intruder should send messages that comply with the protocol specification
in order to get undetected by honest agents. After the last protocol step, the
intruder should be able to derive the secret from the replies sent by the honest
agents (and possibly using some initial knowledge).

For building messages the intruder can decompose compound messages,
decrypt (or build) ciphers when he has the right key. Whether the intruder
can compose some message from a given set of messages can be checked in
polynomial time. On the other hand, whether there exists an attack on a
protocol (in a given number of sessions) is an NP-complete problem [7]. The
choice of messages to be sent by the intruder introduces non-determinism.
Moreover, we have proved that when the protocol is subject to an attack,
then there always exists an attack such that the sum of sizes of the messages
exchanged between agents is linear w.r.t. the protocol size.

Experiments. The CASRUL implementation of intruder deduction
rules is efficient. For a report on experiments see [2]. The CASRUL
tool has a web-based graphical user-interface (accessible at the URL:
www.loria.fr/equipes/cassis/softwares/casrul/). Among the 51 proto-
cols in the Clark/Jacob library, 46 can be expressed in the tool specification
language. Among the 51 protocols 35 are flawed, and CASRUL can find a flaw
in 32 of them, including a previously unknown type flaw in Denning Sacco
Protocol. The tool finds the 32 attacks in less than one minute (1.4 GHz
processor).

Current extension. We have recently extended the framework and the com-
plexity results to the case where messages may contain the XOR operator and
where the Dolev-Yao intruder is extended by the ability to compose messages
with the XOR operator (see [4]). This extension is non-trivial due to the com-
plex interaction of the XOR properties such as associativity and commutativity
and the standard Dolev-Yao intruder rules. The technical problems raised by the
equational laws are somewhat related to those encountered in semantic unifica-
tion. We have also considered an intruder equipped with the ability to exploit
prefix properties of encryption algorithms based on cipher-block-chaining (CBC).

References
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Jan Ma luszyński
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Introduction

Traditionally web pages have been created for human users. A question gain-
ing recently wide interest is how to express the meaning of the web data so
that the machines can reason about it, thus making possible more intelligent
applications. In particular, this issue is addressed by the Semantic Web Activ-
ity (http://www.w3.org/2001/sw/) of the World Wide Web Consortium (W3C),
which de facto sets standards for the web.

It is often argued (see e.g. [3]) that in web applications, such as web services,
there is a need of “if-then” rules, which can be formally treated within various
non-monotonic reasoning frameworks originating from logic programming. So
far W3C did not propose yet any standards for such rules. In this context we
discuss how the problem of placing and using rules on the web relates to the
already existing W3C standards and proposals.

The presention will provide a brief outline of the W3C approach to the se-
mantic web, and author’s view on integrating LP-like rules in this framework.

The Semantic Web

The W3C approach to the semantic web aims at defining layered languages,
(see e.g. [3]) to be used as standards for describing the syntax and the semantic
aspects of data on the web. This general idea is sometimes referred to as the
semantic web “tower”.

The syntactic layer. The base language of the semantic web tower is XML [7],
the dominant standard for data encoding and exchange on the web. Essentially
the data represented in XML can be seen as labeled ordered trees. Such trees
are encoded as documents with paranthesis structure marked by tags. Several
mechanisms has been proposed for defining classes of documents. A widely used
one is XML Schema [8], where the definitions are written in XML.
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Adding Semantics to XML. The key issue is how to associate the mean-
ings with XML documents. For a given class of XML documents we have thus
to define a semantic function into some domain. As an example consider the
the XML Schema language. It consists of XML documents with well defined
meanings: each of them specifies a class of XML documents.

The semantic function provides a reference basis for development of the soft-
ware for manipulating objects represented by the language specified by a given
XML schema. An example of such a software are XML Schema validators: for a
given schema c a validator can check whether a given XML document is in the
set defined by c or not.

Web Ontology Languages. The semantics of data can be provided by linking
the data with a description of the application domain, called ontology. Intuitively,
an ontology specifies a vocabulary for denoting objects in the domain, classes of
objects, and binary relations between classes, in particular the sub-class relation.
Various kinds of Description Logics (DL) has been proposed as formalisms for
expressing ontologies. With this formalisation ontologies are specified as sets of
DL axioms.

In the context of the Semantic Web ontologies are to be specified in XML. For
this one needs ontology languages which make it possible to represent formulae
of Description Logics in XML. The Description Logic semantics provides then
the meaning of the ontologies specified in the ontology language. Automatic
reasoning systems for the DL, such as the FaCT reasoner [4], are based on the
semantics of the Description Logics and make it possible to reason about the
defined ontologies. Several ontology languages for the Semantic Web has been
proposed. The most recent one, the Web Ontology Language OWL [6], is related
to its predecessor DAML+OIL [1].

The Description Logics are used for modeling of application domains. The
basic modeling primitives are classes and the subclass relation. Classes of a given
ontology could be linked to classes of XML elements representing objects of the
application. The issue of relating ontologies to XML schemata is discussed in [5].

Adding Rules to the Semantic Web

A rule language with a well defined semantics can be made accessible on the web
by following the approach of ontology languages. After having defined a standard
representation of the rules in XML one can place on the web a rule engine based
on the semantics of the rule language. Links to prototypes of this kind are being
developed within Rule Markup Initiative (http://www.ruleml.org). However, as
pointed out in [3], there is a consensus that rulebases on the semantic web should
refer to the vocabularies introduced by ontologies. The question is thus how to
integrate rules and ontologies in a semantically coherent way. Focusing on if-then
rules formalised as clauses of logic programs, the question is how to integrate logic
programs with ontologies. The approach to this problem presented in [3] identifies
restrictions under which ontology axioms expressed in Description Logic can be
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compiled into Datalog clauses, thus providing a basis for integration of ontologies
and rules. In this approach the description of the application domain and the
application specific rules, two conceptually different aspects, are expressed in the
same formalism. An alternative approach to integration would be to view classes
of a given ontology as types for rules. Such an approach would separate both
aspect mentioned above. The integration would be achieved by type checking of
the rules wrt the separately specified types (or by inferring types for given rules).
Referring to the above mentioned relation between ontologies and XML Schema,
we will discuss how our previous work on types for constraint logic programs [2]
can be adapted to the XML context.
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Abstract. Debussy is an (abstract) declarative diagnosis tool for func-
tional programs which are written in OBJ style. The debugger does not
require the user to either provide error symptoms in advance or answer
any question concerning program correctness. In this paper, we formalize
an inductive learning methodology for repairing program bugs in OBJ-
like programs. Correct program rules are automatically synthesized from
examples which might be generated as an outcome by the Debussy di-
agnoser.

1 Introduction

This paper is motivated by the fact that the debugging support for functional
languages in current systems is poor [25], and there are no general purpose,
good semantics-based debugging tools available. Traditional debugging tools for
functional programming languages consist of tracers which help to display the
execution [20, 6, 12, 19] but which do not enforce program correctness adequately
as they do not provide means for finding nor reparing bugs in the source code
w.r.t. the intended program semantics. This is particularly dramatic for equa-
tional languages such as those in the OBJ family, which includes OBJ3, CafeOBJ
and Maude.

Abstract diagnosis of functional programs [2] is a declarative diagnosis frame-
work extending the methodology of [7], which relies on (an approximation of)
the immediate consequence operator TR, to identify bugs in functional pro-
grams. Given the intended specification I of the semantics of a program R, the
debugger checks the correctness of R by a single step of the abstract immediate
consequence operator Tκ

R, where the abstraction function κ stands for depth(k)
cut [7]. Then, by a simple static test, the system can determine all the rules
which are wrong w.r.t. a particular abstract property. The framkweork is goal
independent and does not require the determination of symptoms in advance.
This is in contrast with traditional, semi-automatic debugging of functional pro-
grams [18, 17, 24], where the debugger tries to locate the node in an execution
tree which is ultimately responsible for a visible bug symptom. This is done by

? This work has been partially supported by CICYT under grant TIC2001-2705-C03-
01.
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asking the user, which assumes the role of the oracle. When debugging real code,
the questions are often textually large and may be difficult to answer.

In this paper, we endow the functional debugging method of [2] with a bug-
correction program synthesis methodology which, after diagnosing the buggy
program, tries to correct the erroneous components of the wrong code automat-
ically. The method uses unfolding in order to discriminate positive from nega-
tive examples (resp. uncovered and incorrect equations) which are automatically
produced as an outcome by the diagnoser. Informally, our correction procedure
works as follows. Starting from an overly general program (that is, a program
which covers all the positive examples as well as some negative ones), the algo-
rithm unfolds the program and deletes program rules until reaching a suitable
specialization of the original program which still covers all the positive examples
and does not cover any negative one. Both, the example generation as well as
the top-down correction processes, exploit some properties of the abstract inter-
pretation framework of [2] which they rely on. Let us emphasize that we do not
require any particular condition on the class of the programs which we consider.
This is particularly convenient in this context, since it should be undesirable to
require strong properties, such as termination or confluence, to a buggy program
which is known to contain errors.

We would like to clarify the contributions of this paper w.r.t. [1], where
a different unfolding-based correction method was developed which applies to
synthetizing multiparadigm, functional-logic programs from a set of positive and
negative examples. First, the method for automatically generating the example
sets is totally new. In [1] (abstract) non-ground examples were computed as
the outcome of an abstract debugger based on the loop-check techniques of [3],
whereas now we compute (concrete) ground examples after a depth-k abstract
diagnosis phase [7] which is conceptually much simpler and allows us to compute
the example sets more efficiently. Regarding the top-down correction algorithm,
the one proposed in this paper significantly improves the method in [1]. We
have been able to devise an abstract technique for testing the “overgenerality”
applicability condition, which saves us from requiring program termination or
the slightly weaker condition of µ-termination (termination of context-sensitive
rewriting [15]). Finally, we have been able to demonstrate the correctness of
the new algorithm for a much larger class of programs, as we do not even need
confluence whereas [1] applies only to inductively sequential or noetherian and
constructor-based programs (depending on the lazy/eager narrowing strategy
chosen).

The debugging methodology which we consider can be very useful for a func-
tional programmer who wants to debug a program w.r.t. a preliminary version
which was written with no efficiency concern. Actually, in software development
a specification may be seen as the starting point for the subsequent program de-
velopment, and as the criterion for judging the correctness of the final software
product. Therefore, a debugging tool which is able to locate bugs in the user’s
program and correct the wrong code becomes also important in this context. In
general, it also happens that some parts of the software need to be improved
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during the software life cycle, e.g. for getting a better performance. Then the
old programs (or large parts of them) can be usefully (and automatically) used
as a specification of the new ones. For instance, the executability of OBJ speci-
fications supports prototype-driven incremental development methods [13].

The rest of the paper is organized as follows. Section 2 summarizes some
preliminary definitions and notations. Section 3 recalls the abstract diagnosis
framework for functional programs of [2]. Section 4 formalizes the correction
problem in this framework. Section 5 illustrates the example generation method-
ology. Section 6 presents the top-down correction method together with some
examples and correctness results. Section 7 concludes.

2 Preliminaries

Term rewriting systems provide an adequate computational model for functional
languages. In this paper, we follow the standard framework of term rewriting
(see, [4, 14]). For simplicity, definitions are given in the one-sorted case. The
extension to many–sorted signatures is straightforward, see [21]. In the paper,
syntactic equality of terms is represented by ≡. By V we denote a countably
infinite set of variables and Σ denotes a set of function symbols, or signature,
each of which has a fixed associated arity. T (Σ,V) and T (Σ) denote the non-
ground word (or term) algebra and the word algebra built on Σ ∪ V and Σ,
respectively. T (Σ) is usually called the Herbrand universe (HΣ) over Σ and
will be simply denoted by H. B denotes the Herbrand base, namely the set of
all ground equations which can be built with the elements of H. A Σ-equation
s = t is a pair of terms s, t ∈ T (Σ,V), or true.

Terms are viewed as labelled trees in the usual way. Positions are represented
by sequences of natural numbers denoting an access path in a term. Given S ⊆
Σ∪V, OS(t) denotes the set of positions of a term t which are rooted by symbols
in S. t|u is the subterm at the position u of t. t[r]u is the term t with the subterm
at the position u replaced with r. By Var(s) we denote the set of variables
occurring in the syntactic object s, while [s] denotes the set of ground instances
of s. A fresh variable is a variable that appears nowhere else.

A substitution is a mapping from the set of variables V into the set of terms
T (Σ,V). A substitution θ is more general than σ, denoted by θ ≤ σ, if σ = θγ for
some substitution γ. We write θ|̀s to denote the restriction of the substitution
θ to the set of variables in the syntactic object s. The empty substitution is
denoted by ε. A renaming is a substitution ρ for which there exists the inverse
ρ−1, such that ρρ−1 = ρ−1ρ = ε. An equation set E is unifiable, if there exists
ϑ such that, for all s = t in E, we have sϑ ≡ tϑ, and ϑ is called a unifier of E.
We let mgu(E) denote ’the’ most general unifier of the equation set E [16].

A term rewriting system (TRS for short) is a pair (Σ,R), where R is a finite
set of reduction (or rewrite) rule schemes of the form λ → ρ, λ, ρ ∈ T (Σ,V),
λ 6∈ V and Var(ρ) ⊆ Var(λ). We will often write just R instead of (Σ,R) and
call R the program. For TRS R, r << R denotes that r is a new variant of a
rule in R such that r contains only fresh variables. Given a TRS (Σ,R), we
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assume that the signature Σ is partitioned into two disjoint sets Σ := C ] D,
where D := {f | f(t1, . . . , tn) → r ∈ R} and C := Σ \D. Symbols in C are called
constructors and symbols in D are called defined functions. The elements of
T (C,V) are called constructor terms, while elements in T (C) are called values. A
pattern is a term of the form f(d̄) where f/n ∈ D and d̄ is a n-tuple of constructor
terms. A rewrite step is the application of a rewrite rule to an expression. A
term s rewrites to a term t via r << R, s →r t, if there exist u ∈ OΣ(s),
r ≡ λ → ρ, and substitution σ such that s|u ≡ λσ and t ≡ s[ρσ]u. We say that
S := t0 →r0 t1 →r1 t2 . . . →rn−1 tn is a rewrite sequence from term t0 to term
tn. When no confusion can arise, we will omit any subscript (i.e. s → t). A term
s is a normal form, if there is no term t with s →R t. t is the normal form of s
if s →∗

R t and t is a normal form (in symbols s →!
R t).

The narrowing mechanism is commonly applied to evaluate terms contain-
ing variables. Narrowing non-deterministically instantiates variables so that a
rewrite step is enabled. This is done by computing mgu’s. Formally, s

σ
;r t is a

narrowing step via r << R, if there exist p ∈ OΣ(s) and r ≡ λ → ρ such that
σ = mgu({λ = s|p}) and t ≡ s[ρ]pσ.

3 Denotation of functional programs

In this section we first recall the semantic framework introduced in [2]. We will
provide a finite/angelic relational semantics [8], given in fixpoint style, which as-
sociates an input-output relation to a program, while intermediate computation
steps are ignored. Then, we formulate an abstract semantics which approximates
the evaluation semantics of the program.

In order to formulate our semantics for term rewriting systems, the usual
Herbrand base is extended to the set of all (possibly) non-ground equations [10,
11]. HV denotes the V-Herbrand universe which allows variables in its elements,
and is defined as T (Σ,V)/∼=, where ∼= is the equivalence relation induced by the
preorder ≤ of “relative generality” between terms, i.e. s ≤ t if there exists σ s.t.
t ≡ σ(s). For the sake of simplicity, the elements of HV (equivalence classes) have
the same representation as the elements of T (Σ,V) and are also called terms.
BV denotes the V-Herbrand base, namely, the set of all equations s = t modulo
variance, where s, t ∈ HV . A subset of BV is called a V-Herbrand interpretation.
We assume that the equations in the denotation are renamed apart. The ordering
≤ for terms is extended to equations in the obvious way, i.e. s = t ≤ s′ = t′ iff
there exists σ s.t. σ(s) = σ(t) ≡ s′ = t′.

3.1 Concrete semantics

The considered concrete domain E is the lattice of V-Herbrand interpretations,
i.e., the powerset of BV ordered by set inclusion.

In the sequel, a semantics for program R is a V-Herbrand interpretation.
Since in functional programming, programmers are generally concerned with
computing values (ground constructor normal forms), the semantics which is
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usually considered is Semval(R) := {s = t | s →!
R t, t ∈ T (C)}. Sometimes, we

will call proof of equation s = t, a rewrite sequence from term s to value t.
Following [8], in order to formalize our evaluation semantics via fixpoint

computation, we consider the following immediate consequence operator.

Definition 1. [2] Let I be a Herbrand interpretation, R be a TRS. Then,

TR(I ) = {t = t | t ∈ T (C)} ∪ {s = t | r = t ∈ I , s →R r}.

The following proposition is immediate.

Proposition 1. [2] Let R be a TRS. The TR operator is continuous on E.

Definition 2. [2] The least fixpoint semantics of a program R is defined as
Fval(R) = TR ↑ ω.

Example 1. Suppose you toss a coin after having chosen one of its faces. If the
face revealed after the coin flip is the predicted one, you win a prize. The problem
can be modeled by the following specification I (written in OBJ-like syntax):

obj GAMESPEC is
sorts Nat Reward .

op 0 : -> Nat .
op s : Nat -> Nat .
op prize : -> Reward .
op sorry-no-prize : -> Reward .
op coinflip : Nat -> Reward .
op win? : Nat -> Reward .
var X : Nat .
eq coinflip(X) = win?(X) .
eq win?(s(s(X))) = sorry-no-prize .
eq win?(s(0)) = prize .
eq win?(0) = sorry-no-prize .

endo

Face values are expressed by naturals 0 and s(0); besides, specification I tells
us that we win the prize at stake (expressed by the constructor prize), if the
revealed face is s(0), while we get no prize whenever the revealed face is equal
to 0.

The associated least fixpoint semantics is

Fval(I) = { prize = prize, sorry-no-prize = sorry-no-prize,
win?(0) = sorry-no-prize, win?(s(0)) = prize,
win?(s(s(X)) = sorry-no-prize, coinflip(0) = sorry-no-prize,
coinflip(s(0)) = prize, coinflip(s(s(X)) = sorry-no-prize}.

The following result establishes the equivalence between the (fixpoint) se-
mantics computed by the TR operator and the evaluation semantics Semval(R).

Theorem 1 (soundness and completeness). [2] Let R be a TRS. Then,
Semval(R) = Fval(R).
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3.2 Abstract semantics

Starting from the concrete fixpoint semantics of Definition 2, we give an ab-
stract semantics which approximates the concrete one by means of abstract
interpretation techniques. In particular, we will focus our attention on abstract
interpretations achieved by means of a depth(k) cut [7], which allows to finitely
approximate an infinite set of computed equations.

First of all we define a term abstraction as a function /k : (T (Σ,V),≤) →
(T (Σ,V ∪ V̂),≤) which cuts terms having a depth greater than k. Terms are cut
by replacing each subterm rooted at depth k with a new variable taken from
the set V̂ (disjoint from V). depth(k) terms represent each term obtained by
instantiating the variables of V̂ with terms built over V. Note that /k is finite.
We denote by T/k the set of depth(k) terms (T (Σ,V ∪ V̂)/k). We choose as
abstract domain A the set P({a = a′ | a, a′ ∈ T/k}) ordered by the Smyth’s
extension of ordering ≤ to sets, i.e. X ≤S Y iff ∀ y ∈ Y ∃ x ∈ X : x ≤ y. Thus,
we can lift term abstraction /k to a Galois Insertion of A into E by defining

κ(E) := {s/k = t/k | s = t ∈ E}
γ(A) := {s = t | s/k = t/k ∈ A}

Now we can derive the optimal abstract version of TR simply as Tκ
R :=

κ ◦ TR ◦ γ and define the abstract semantics of program R as the least fixpoint
of this (obviously) continuous operator, i.e. Fκ

val(R) := Tκ
R ↑ ω. Since /k is finite,

we are guaranteed to reach the fixpoint in a finite number of steps, that is,
there exists a finite natural number h such that Tκ

R ↑ ω = Tκ
R ↑ h. Abstract

interpretation theory assures that Tκ
R ↑ ω is the best correct approximation of

Semval(R). Correct means Fκ
val(R) ≤S κ(Semval(R)) and best means that it is

the maximum w.r.t. ≤S .
By the following proposition, we provide a simple and effective mechanism

to compute the abstract fixpoint semantics.

Proposition 2. [2] For k > 0, the operator Tκ
R : T/k × T/k → T/k × T/k holds

the property T̃κ
R(X) ≤S Tκ

R(X) w.r.t. the following operator:

T̃κ
R(X) = κ(B) ∪ {σ(u[l]p)/k = t | u = t ∈ X, p ∈ OΣ∪V(u),

l → r << R, σ = mgu(u|p, r)}

Definition 3. [2] The effective abstract least fixpoint semantics of a program R
is defined as F̃κ

val(R) = T̃κ
R ↑ ω.

Proposition 3 (Correctness). [2] Let R be a TRS and k > 0.

1. F̃κ
val(R) ≤S κ(Fval(R)) ≤S Fval(R).

2. For every e ∈ F̃κ
val(R) such that Var(e) ∩ V̂ = ∅, e ∈ Fval(R).

Example 2. Consider again the specification in Example 1. Its effective abstract
least fixpoint semantics for κ = 3 (without considering symbol win?) becomes

F̃3
val(I) = { prize = prize, sorry-no-prize = sorry-no-prize,

coinflip(0) = sorry-no-prize, coinflip(s(0)) = prize,
coinflip(s(s(X̂))) = sorry-no-prize}.
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4 The Correction Problem

The problem of repairing a faulty functional program can be addressed by using
inductive learning techniques guided by appropriate examples. Roughly speak-
ing, given a wrong program and two example sets specifying positive (pursued)
and negative (not pursued) computations respectively, our correction scheme
aims at synthesizing a set of program rules that replaces the wrong ones in order
to deliver a corrected program which is “consistent” w.r.t. the example sets [5].
More formally, we can state the correction problem as follows.

Problem formalization. Let R be a TRS, E+ and E− be two finite sets of
equations such that

1. E+ ⊆ Semval(I);
2. E− ∩ (Semval(R) \ Semval(I)) 6= ∅.

The correction problem consists in constructing a TRS Rc satisfying the follow-
ing requirements

1. E+ ⊆ Semval(Rc);
2. E− ∩ Semval(Rc) = ∅.

Equations in E+ (resp. E−) are called positive (resp. negative) examples. The
TRS Rc is called correct program. Note that by construction positive and neg-
ative example sets are disjoint, which permits to drive the correction process
towards a discrimination between E+ and E−.

Deductive and Inductive Learners. The automatic search for a new rule
in an induction process can be performed either bottom-up (i.e. from an overly
specific rule to a more general) or top-down (i.e. from an overly general rule
to a more specific). There are some reasons to prefer the top-down or backward
reasoning process to the bottom–up or forward reasoning process [9]. On the
one hand, it eliminates the need for navigating through all possible logical con-
sequences of the program. On the other hand, it integrates inductive reasoning
with the deductive process, so that the derived program is guaranteed to be cor-
rect. Unfortunately, it is known that the deductive process alone (i.e. unfolding)
does not generally suffice for coming up with the corrected program (unless the
program is “overly general”, i.e. it covers all the positive examples) and inductive
generalization techniques are necessary [9, 22, 23].

In [1], we presented a general bottom-up inductive generalization methodol-
ogy along with a top-down inductive correction method. The former transforms
a given program into a program which is “overly general” w.r.t. an example
set, so that the latter can be applied. Therefore, in the sequel we only formal-
ize an efficient top-down correction methodology, which we prove to be correct
for a wider class of TRSs than the method which could be näıvely obtained by
particularizing [1] to the functional setting.
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5 How to generate example sets automatically

Before giving a constructive method to derive a correct program, we present a
simple methodology for automatically generating example sets, so that the user
does not need to provide error symptoms, evidences or other kind of informa-
tion which would require a good knowledge of the program semantics that she
probably lacks.

In the following, we observe that we can easily compute “positive” equations,
i.e. equations which appear in the concrete evaluation semantics Semval(I), since
all equations in F̃κ

val(I) not containing variables in V̂ belong to the concrete
evaluation semantics Semval(I), as stated in the following lemma.

Lemma 1. Let I be a TRS and EP := {e|e ∈ F̃κ
val(I)∧Var(e)∩ V̂ = ∅}. Then,

EP ⊆ Semval(I).

Now, by exploiting the information in F̃κ
val(I) and F̃κ

val(R), we can also gen-
erate a set of “negative” equations which belong to the concrete evaluation se-
mantics Semval(R) of the wrong program R but not to the concrete evaluation
semantics Semval(I) of the specification I.

Lemma 2. Let R be a TRS, I be a specification of the intended semantics
and EN := {e|Var(e) ∩ V̂ = ∅ ∧ F̃κ

val(I) 6≤S {e} ∧ e ∈ F̃κ
val(R)}. Then, EN ⊆

(Semval(R) \ Semval(I)).

Starting from sets EP and EN , we construct the positive and negative exam-
ple sets E+ and E− which we use for the correctness process, by considering the
restriction of EP and EN to examples of the form l = c where l is a pattern and
c is a value, i.e. a term formed only by constructor symbols and variables. The
motivation for this is twofold. On the one hand, it allows us to ensure correct-
ness of the correction algorithm without any further requirements on the class
of programs which we consider. On the other hand, by considering these “data”
examples, the inductive process becomes independent from the extra auxiliary
functions which might appear in I, since we start synthesizing directly from data
structures.

The sets E+ and E− are defined as follows.

E+ = {l = c | f(t1, . . . , tn) = c ∈ EP ∧ f(t1, . . . , tn) ≡ l is a pattern ∧
∧ c ∈ T (C) ∧ f ∈ ΣR}

E− = {l = c | l = c ∈ EN ∧ l is a pattern ∧ c ∈ T (C)}

where ΣR is the signature of program R.
In the sequel, the function which computes the sets E+ and E−, according

to the above description, is called ExampleGeneration(R, I).

6 Program correction via example-guided unfolding

In this section we present a basic top-down correction method which is based
on the so-called example-guided unfolding [5], which is able to specialize a pro-
gram by applying unfolding and deletion of program rules until coming up with
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a correction. The top-down correction process is “guided” by the examples, in
the sense that transformation steps focus on discriminating positive from nega-
tive examples. In order to successfully apply the method, the semantics of the
program to be specialized must include the positive example set E+ (that is,
E+ ⊆ Semval(R)). Programs satisfying this condition are called overly general
(w.r.t. E+).

The over-generality condition is not generally decidable, as we do not impose
program termination [1]. Fortunately, when we consider the abstract semantics
framework of [2] we are able to ascertain a useful sufficient condition to decide
whether a program is overly general, even if it does not terminate. The following
proposition formalizes our method.

Proposition 4. Let R be a TRS and E+ be a set of positive examples. If, for
each e ∈ E+, there exists e′ ∈ F̃κ

val(R) s.t.

1. e′ ≤ e;
2. Var(e′) ∩ V̂ = ∅;

then, R is overly general w.r.t. E+.

Now, by exploiting Proposition 4, it is not difficult to figure out a procedure
OverlyGeneral(R, E) testing this condition w.r.t. a program R and a set of
examples E, e.g. a boolean function returning true if program R is overly general
w.r.t. E and false otherwise.

6.1 The unfolding operator

Informally, unfolding a program R w.r.t. a rule r delivers a new specialized
version of R in which the rule r is replaced with new rules obtained from r by
performing a narrowing step on the rhs of r.

Definition 4 (rule unfolding). Given two rules r1 ≡ λ1 → ρ1 and r2, we
define the rule unfolding of r1 w.r.t. r2 as Ur2(r1) = {λ1σ → ρ′ | ρ1

σ
;r2 ρ′}.

Definition 5 (program unfolding). Given a TRS R and a rule r << R, we
define the program unfolding of r w.r.t. R as follows UR(r) =

(
R∪

⋃
r′∈R Ur′(r)

)
\

{r}.

Note that, by Definition 5, for any TRS R and rule r << R, r is never in UR(r).

Definition 6. Let R be a TRS, r be a rule in R. The rule r is unfoldable w.r.t.
R if UR(r) 6= R \ {r}.

Now, we are ready to prove that the “transformed” semantics, obtained after
applying the unfolding operator to a given program R, still contains the seman-
tics of R. In symbols, Semval(R) ⊆ Semval(UR(r)), where r is an unfoldable rule.
We call this property unfolding correctness.

The following auxiliary Lemmata are instrumental for the proof.
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Lemma 3. Let r1 ≡ λ1 → ρ1 and r2 be two rules. Let t0, t1, t2 ∈ τ(Σ ∪ V).
Then, t0 →r1,p1 t1 →r2,p2 t2, where p2 ∈ OΣ(t1) corresponds to some position
p ∈ OΣ(ρ1), iff t0 →r′,p1 t2, where r′ ∈ Ur2(r1).

In the following we denote the length of a rewrite sequence S by |S|.

Lemma 4. Let R be a TRS, r << R be an unfoldable rule and R′ = UR(r). Let
t ∈ T (Σ,V) and c ∈ T (C,V). Then,

1. if S is a rewrite sequence from t to c in R, then there exists a rewrite sequence
S ′ from t to c in R′;

2. if r occurs in S, then |S ′| < |S|.

The following corollary establishes the correctness of unfolding.

Corollary 1 (unfolding correctness). Let R be a TRS, r << R be an unfold-
able rule and R′ = UR(r). Let e ≡ (l = c) be an equation such that l ∈ T (Σ,V)
and c ∈ T (C,V). Then, if e ∈ Semval(R), then e ∈ Semval(R′).

6.2 The top-down correction algorithm

Basically, the idea behind the basic correction algorithm is to eliminate rules
from the program in order to get rid of the negative examples without losing the
derivations for the positive ones. Clearly, this cannot be done by näıvely remov-
ing program rules, since sometimes a rule is used to prove both a positive and a
negative example. So, before applying deletion, we need to specialize programs
in order to ensure that the deletion phase only affects those program rules which
are not necessary for proving the positive examples. This specialization process
is carried out by means of the unfolding operator of Definition 5. Considering
this operator for specialization purposes has important advantages. First, posi-
tive examples are not lost by repeatedly applying the unfolding operator, since
unfolding preserves the proper semantics (see Corollary 1). Moreover, the nature
of unfolding is to “compile” rewrite steps into the program, which allows us to
shorten and discriminate among the rewrite rules which occur in the proofs of
the positive and negative examples.

Figure 1 shows the correction algorithm, called TDCorrector, which takes
as input a program R and a specification of the intended semantics I, also
expressed as a program. First, TDCorrector computes the example sets E+

and E− by means of ExampleGeneration, following the method presented
in Section 5. Then, it checks whether program R is overly general following the
scheme of Proposition 4, and finally it enters the main correction process.

This last phase consists of a main loop, in which we perform an unfolding
step followed by a rule deletion until no negative example is covered (approxi-
mated) by the abstract semantics of the current transformed program Rn. This
amounts to say that no negative example belongs to the concrete semantics of
Rn. We note that the while loop guard is decidable, as the abstract semantics
is finitely computable. Note the deep difference w.r.t. the algorithm of [1], where
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procedure TDCorrector(R, I)
(E+, E−)← ExampleGeneration(R, I)
if not OverlyGeneral(R, E+) then Halt
k ← 0; Rk ←R
while ∃ e− ∈ E− : F̃κ

val(Rk) ≤S {e−} do
if ∃ r ∈ Rk s.t. r is unfoldable and r ∈ First(E+) then
Rk+1 ← URk (r); k ← k + 1

end if
for each r ∈ Rk do

if OverlyGeneral(Rk\{r}, E+) then Rk←Rk\{r}
end for

end while
end procedure

Fig. 1. The top-down correction algorithm.

decidability is ensured by requiring both confluence and (µ-termination) of the
program.

During the unfolding phase, we select a rule upon which performing a pro-
gram unfolding step. In order to specialize the program w.r.t. the example sets,
we pick up an unfoldable rule which occurs in some proof of a positive exam-
ple. More precisely, we choose a rule which appears first in a proof of a positive
example, i.e. e ∈ First(E+), where function First is formally defined as follows.

Definition 7. Let R be a TRS and E be an example set. Then, we define

First(E) :=
⋃
e∈E

{r | e ∈ T̃κ
{r}(F̃

κ
val(R))}.

Once unfolding has been accomplished, we proceed to remove the “redundant”
rules, that is, all the rules which are not needed to prove the positive example set
E+. This can be done by repeatedly testing the overgenerality of the specialized
program w.r.t. E+ and removing one rule at each iteration of the inner for loop.
Roughly speaking, if program Rk \ {r} is overly general w.r.t. E+, then rule r
can be safely eliminated without losing E+. Then, we can repeat the test on
another rule.

Let us consider the coin-flip game to illustrate our algorithm in practice.

Example 3. Consider the following OBJ program R which is wrong w.r.t. the
specification I of Example 1.

obj GAME is
sorts Nat Reward .

op 0 : -> Nat .
op s : Nat -> Nat .
op prize : -> Reward .
op sorry-no-prize : -> Reward .
op coinflip : Nat -> Reward .
var X : Nat .
eq coinflip(s(X)) = coinflip(X) . (1)
eq coinflip(0) = prize . (2)
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eq coinflip(0) = sorry-no-prize . (3)
endo

Note that program R is non-confluent and computes both values prize and
sorry-no-prize for any natural sn(0), n > 0. By fixing κ = 3, we get the
following effective least fixpoint abstract semantics for R.

F̃3
val(R) = { prize = prize, sorry-no-prize = sorry-no-prize,

coinflip(0) = prize, coinflip(0) = sorry-no-prize,
coinflip(s(0)) = prize, coinflip(s(0)) = sorry-no-prize,
coinflip(s(s(X̂))) = prize, coinflip(s(s(X̂))) = sorry-no-prize}.

Cosidering the abstract fixpoint semantics F̃3
val(I) computed in Example 2 and

following the methodology of Section 5, we obtain the example sets below:

E+ = {coinflip(s(0)) = prize, coinflip(0) = sorry-no-prize}
E− = {coinflip(s(0)) = sorry-no-prize, coinflip(0) = prize}.

Now, since program R fulfills the condition for overgenerality expressed by
Proposition 4, the algorithm proceeds and enters the main loop. Here, program
rule (1) is unfolded, because (1) is unfoldable and r ∈ First(E+). So, the trans-
formed program is

eq coinflip(s(s(X))) = coinflip(X) . (4)
eq coinflip(s(0)) = prize . (5)
eq coinflip(s(0)) = sorry-no-prize . (6)
eq coinflip(0) = prize . (7)
eq coinflip(0) = sorry-no-prize . (8)

Subsequently, a deletion phase is executed in order to check whether there are
rules not needed to cover the positive example set E+. The algorithm discovers
that rules (4), (6), (7) are not necessary, and therefore are removed producing
the correct program which consists of rules (5) and (8).

Note that the above example cannot be repaired by using the correction
method of [1].

6.3 Correctness of algorithm TDCorrector

In this section, we prove the correctness of the top-down correction algorithm
TDCorrector, i.e., we show that it produces a specialized version of R which
is a correct program w.r.t. E+ and E−, provided that R is overly general w.r.t.
E+. A condition is necessary for establishing this result: no negative/positive
couple of the considered examples must be proven by using the same sequence
of rules. Let us start by giving an auxiliary definition and a technical lemma.

Definition 8. Let R be a TRS. The unfolding succession S(R) ≡ R0,R1, . . .
of program R is defined as follows:

R0 = R, Ri+1 =
{
URi

(r) where r ∈ Ri is unfoldable and r is positive
Ri otherwise

where a rule is positive, if it occurs in some proof of a positive example e+ ∈ E+.
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Note that rules belonging to First(E+) are positive rules. The next result states
that we are always able to transform a program R into a program R′ by a
suitable number of unfolding steps, in such a way that any given proof of an
example in R can be mimicked by a one-step proof in R′.

Lemma 5. Let R be a TRS and t = c be an example. Let t →r1 . . . →rn c,
n ≥ 1. Then, for each unfolding succession S(R), there exists Rk occurring in
S(R) such that t →r∗ c, r∗ ∈ Rk.

The following result immediately derives from Claim (1) of Proposition 3 .

Lemma 6. Let R be a TRS and e an equation. Then, if F̃κ
val(R) 6≤S {e}, then

e 6∈ Semval(R).

Now we are ready to prove the correctness of the algorithm.

Theorem 2. Let E+ and E− be two sets of examples and R be a TRS overly
general w.r.t. E+. If there are no e+ ∈ E+ and e− ∈ E− which can be proven
by using the same sequence of rules, then the program Rc computed by TD-
Corrector, if any, is correct, i.e. E+ ⊆ Semval(Rc) and E−∩Semval(Rc) = ∅.

Finally, let us mention that termination of the program is a sufficient condi-
tion for the termination of the TDCorrector algorithm.

7 Conclusions

In this paper, we have proposed a methodology for synthesizing (partially) cor-
rect functional programs written in OBJ style, which complements the diagnosis
method which was developed previously in [2]. Our methodology is based on a
combination, in a single framework, of a diagnoser which identifies those parts
of the code containing errors, together with a deductive program learner which,
once the bug has been located in the program, tries to repair it starting from ev-
idence examples (uncovered as well as incorrect equations) which are essentially
obtained as an outcome of the diagnoser. This method is not comparable to [1]
as it is lower-cost and works for a much wider class of TRSs than the method
which can be obtained as an instance of [1] for pure functional programs.

We are currently extending the prototypical implementation of the diagnosis
system Debussy [2] (available at http://www.dsic.upv.es/users/elp/soft.html)
with a correction tool which is based on the proposed abstract correction method-
ology.
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Abstract. In this article we use model checking techniques to debug
Concurrent Haskell programs. LTL formulas specifying assertions or other
properties are verified at runtime. If a formula cannot be satisfied, the
debugger emits a warning and prints the path leading to the violation.
It is possible to dynamically add formulas at runtime, giving a degree
of flexibility which is not available in static verification of source code.
We give a comprehensive example of using the new techniques to detect
lock-reversal in Concurrent Haskell programs.

1 Introduction

Today, almost any larger software application is no longer a sequential program
but an entire concurrent system made of a varying number of processes. These
processes often share resources which must be adequately protected against con-
current access. Usually this is achieved by concentrating these actions in critical
sections which are protected by semaphores. If a semaphore is taken, another
process wishing to take it is suspended until the semaphore is released. Com-
bining two or more semaphores can easily lead to situations where a dead lock
might occur. If we record a trace of actions leading up to this event (or any other
crash of the program), we can give the developer useful advice on how to try to
debug this error. Also, we do not have to limit ourselves to recording events on
semaphores. It is useful to have unique markers throughout the program detail-
ing periodically the position of the current run. Although this technique mostly
resembles hello-debugging, we will show that these traces offer an added value:
We can do runtime verification on the trace of the program currently running
by either interfacing to an external tool, or, as we will do in our approach, to a
runtime verifier embedded into the system.
Usually one is interested in conditions which hold in specific places or through-

out the entire execution of the program. These properties cannot be easily deter-
mined or verified at compile time because it is not possible to verify all possible
paths of program execution. But violation of these conditions can be detected in
a post-mortem analysis or at runtime, e.g. during intensive testing. Especially,
we can aggregate information from one or more runs and detect behaviour which
did not lead to a crash but indicates that a condition might be violated in the
future or in subsequent runs. This is regularly the case if program behaviour is
dependant on scheduling or external input.
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The properties we are interested in are not necessarily classic model checking
properties like liveness or fairness [9], but are known by the developer to hold
at certain times. Commonly, these so-called assertions are verified by additional
code placed by ambitious programmers at the appropriate locations in the source
and usually removed before delivering the product because they increase program
size and runtime.
A temporal logic like the linear-time logic (LTL) [1] lends itself naturally to

describing properties depending on the changing states of a program over time.
Formulas must never be evaluated to false during program execution. Our
system allows for dynamic addition of new formulas when the system evolves
and additional properties must hold.
We show how to employ the technique of specifying a formula and that

verifying it at runtime can be a significant help in testing Concurrent Haskell
[8] programs. Additionally, the system records the path leading up to the state
where the property was violated and thus aids the developer in debugging the
program.
The article is structured as follows: Section 2 gives a brief introduction to

Haskell and the technique of recording traces and using them for debugging.
Section 3 provides some background on LTL and describes the LTL runtime
verifier. We then extend the checker to concurrent programs. Section 4 shows a
sample verification of the lock-reversal problem. Section 5 concludes the paper.

2 Tracing Haskell programs

First, we remind the reader of the purely functional lazy programming language
Haskell [7]. Although there is extensive work of debugging Haskell (see [12] for a
comparison), these mostly focus on the difficulties on debugging the evaluation
of expressions in a functional language: Evaluation might be deferred until the
value is required for subsequent calculations. This leads to an evaluation order
which cannot be easily derived from program source code (e.g. it is not possible
to single-step through program execution as you would in C or Java). We will
limit ourselves to debugging the IO behaviour of Haskell programs. Also, the IO
actions provide reference points for positions in the trace.
We are especially interested in the extension to Concurrent Haskell [8] which

integrates concurrent lightweight threads in Haskell’s IO monad. As these threads
can communicate, different schedules can lead to different results. Communica-
tion can take place by means of MVars (mutable variables). These MVars also
take the role of semaphores protecting critical sections which makes them es-
pecially interesting to analyse. A tool for visualising communication between
processes and explicitely manipulating the scheduling is the Concurrent Haskell
Debugger portrayed in [3].
In the IO monad, threads can create MVars (newEmptyMVar), read values

from MVars (takeMVar) and write values to MVars (putMVar). If a thread tries
to read from an empty MVar or write to a full MVar, then it suspends until
the MVar is filled respectively emptied by another thread. MVars can be used
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as simple semaphores, e.g. to assure mutual exclusion or for simple inter-thread
communication. Based on MVars higher-level objects can be built, but are out
of the scope of this paper.
The following example shows a Concurrent Haskell program which starts two

processes and might produce either ”ab” or ”ba” as output:

main :: IO () write :: MVar () -> Char -> IO ()

main = do write mvar c = do

sync1 <- newEmptyMVar putChar c

sync2 <- newEmptyMVar putMVar mvar ()

forkIO $ write sync1 ’a’

forkIO $ write sync2 ’b’

mapM_ takeMVar [sync1,sync2]

The final synchronisation in the main process is required because the Haskell
runtime system terminates on reaching the end of the program regardless of any
other processes.
As we concern ourselves mostly with debugging concurrent programs, the

usual point of failure will be related to those operations. Thus, we overload the
Concurrent Haskell primitives to add information about the current action to
the debugging trace. Additionally, we add a mark statement which is explicitely
recorded in the trace. Let’s take a look at a modified version of the program
above which uses a different kind of synchronisation:

main :: IO () write :: MVar () -> Char -> IO ()

main = do write mvar c = do

sync <- newMVar () takeMVar mvar

forkIO $ do mark "process 1" putChar c

write sync ’a’ putMVar mvar ()

forkIO $ do mark "process 2"

write sync ’b’

takeMVar sync

The following trace containing the result of actions and mark statements corre-
sponds to an execution order which will end with a deadlock:

[ "0:putmvar 0", "0:fork 1", "1:process 1", "0:fork 2", "2:process 2",

"0:takemvar 1", "1:takemvar 1", "2:takemvar 1" ]

We can now filter the trace for interesting events, e.g. we are not really interested
in when a new process was created. It is thus easy to determine which execution
order brought our system to a halt and the Concurrent Haskell Debugger can
help the developer in trying to reproduce and debug this particular behaviour.
Instead of developing a variety of algorithms which work on the generated

trace, we can resort to a well-known technique which is generally used to reason
about state-based behaviour in time: Temporal logics. Using temporal logics
it is possible to build a formula which must hold over time, for example: “If
proposition P holds along a path, Q must also hold eventually”. Propositions
correspond in a way to the actions and markers recorded in our trace. Before
we proceed to the introduction of temporal logics, let’s refine our view of what
should be in a program trace.



24 V. Stolz and F. Huch

Temporal logics assume that in each state the propositions currently holding
are explicitely set. Clearly, this does not match our tracing approach where only
particular events are recorded. In regular temporal logics, this property would be
dropped when advancing in time. We adapt the following strategy to closer model
temporal logics state space with our trace: All events on the trace are passed
to a user-definable set of filters which decide whether to activate (setProps) or
delete propositions (releaseProps) based on their internal state and the current
event.
Propositions in a formula not present in the global state are considered false

(closed world assumption). Also, we allow the combination of setting and deleting
propositions with a single statement to modify the set of propositions atomically.
In Section 4 we will show how to generate formulas on the fly by analysing

the trace and verify them.

3 Model checking LTL

Linear-time temporal logic is a subset of the Computation Tree Logic CTL∗

and extends propositional logic with additional operators which describe events
along a computation path. The new operators have the following meaning:

– “Next” (X f): The property holds in the next step
– “Eventually” (F f): The property will hold at some state in the future (also:
“in the future”,“finally”)

– “Globally” (G f): At every state on the path the property holds
– “Until” (g U h): Combines to properties in the sense that if the second
property holds, the first property has to hold along the preceding path

– “Release” (g R h): Dual of U; expresses that the second property holds
along the path up to and including the first state where the first property
holds, although the first property is not required to hold eventually.

The semantics of LTL is defined with respect to all paths in a given Kripke
structure (a transition system with states labelled by atomic propositions (AP )).
The path semantics of LTL is defined as follows:

Definition 1. (Path Semantics of LTL) An infinite word over sets of propo-
sitions π = p0p1p2 . . . ∈ (P(AP ))

ω is called a path. A path π satisfies an LTL–
formula ϕ (π |= ϕ) in the following cases:

p0π |= P iff P ∈ p0

π |= ¬ϕ iff π 6|= ϕ

π |= ϕ ∧ ψ iff π |= ϕ and π |= ψ

p0π |= X ϕ iff π |= ϕ

p0p1 . . . |= ϕ U ψ iff ∃i ∈ N : pipi+1 . . . |= ψ and ∀j < i : pjpj+1 . . . |= ϕ

The other operations are defined in terms of the above:

F ϕ = true U ϕ

G ϕ = ¬F ¬ϕ
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As an example we consider the formula P U Q. It is valid on the path
{P}{P}{Q} . . . but it is neither valid on the path {P}{P}∅{Q} . . . nor on the
path {P}{P}{P} . . ..
From the definition of the path semantics one can easily derive the following

equivalence:

ϕ U ψ ∼ ψ ∨ (ϕ ∧ (X (ϕ U ψ)))

Using this equivalence it is easy to implement a checker that successively checks
the formula for a given path.

3.1 Runtime verification

In traditional model checking, the complete state space is derived from a spec-
ification and all possible paths are checked. There are two main disadvantages
to this approach: First, the specification has to be derived from the source code
which is to be checked. This usually involves parsing the source and often addi-
tional annotations, e.g. in special comments in the files. Then, the state space
has to be generated, either before running the model checker (often requiring
unmanageable amounts of storage) or on-the-fly, in which case e.g. detection of
cycles gets harder.

Runtime verification does not need the state space beforehand, but simply
tracks state changes in a running program. Thus, it limits itself to verifying
that a formula holds along the path the program actually takes. This means
that although errors could not be detected in the current run, they may still be
present in the state space of the program. Various runs taking different paths may
be necessary to find a path which violates the formula. Atomic propositions in a
state are set or deleted explicitely by the program where additional statements
have either been introduced by the developer or a separate tool which derived
them from some sort of specification.

3.2 Implementing LTL in Haskell

In this section we sketch the rough details of the LTL runtime checking engine. A
separate thread accepts requests to change the active set of properties from the
user’s program. It also handles requests by the application to add new formulas
to the pool of functions to check. A step message causes the active formulas to
be instantiated with the currently holding propositions. Evaluation of a formula
may have three different outcomes:

1. true: The formula was proved and can be removed from the pool.

2. false: The verification failed. In case this condition does not coincide with
a program crash, the user might want to proceed to check the remaining
formulas.

3. a new formula: After instantiation, the formula reduced to neither true nor
false. The new formula has to be checked on the remaining path.
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We map these three cases into the data type Either Bool (LTL a) and define
a function for checking an LTL formula over propositions of type a. Exemplarily,
we present its definition for a basic proposition and the until operator:

checkStep :: Ord a => LTL a -> Set a -> Either Bool (LTL a)

checkStep (StateProp p) stateProps = Left (p ‘elementOf‘ stateProps)

checkStep u@(U phi psi) stateProps =

let phiEval = checkStep phi stateProps in

case checkStep psi stateProps of

Left True -> Left True

Left False -> case phiEval of

Left False -> Left False

Left True -> Right u

Right phi’ -> Right (And phi’ u)

Right psi’ -> case phiEval of

Left False -> Right psi’

Left True -> Right (Or psi’ u)

Right phi’ -> Right (Or psi’ (And phi’ u))

In the last two cases of the outer case expression we reconstruct the formula that
has to be checked in the next step.

3.3 Verifying concurrent programs

As long as only one process is generating a debugging trace that we use for
verification, the interpretation of the debugging trace is clear. Each new entry
in the trace corresponds to a transition in the Kripke structure. What happens
if we allow more than one process to manipulate the global state? Consider the
following example: Two processes (P1 and P2) want to set a different proposition
each, unaware of the other process (see Figure 1). Although the states of the two
processes are aligned on the time axis, it is wrong to assume that they proceed
in lock-step! Concurrent Haskell has an interleaving semantics, so if we join the
propositions from both processes we obtain the model in Figure 2. Notice how
each path resembles a possible execution order in Haskell. A left branch indicates
process P1 taking a step while a right branch corresponds to a step by process
P2. If there is only one arc transition leaving a state, this is the only possible step
because one of the processes has already reached its final state (final proposition
underlined).

Because of this interleaving it is clear that you should not use “NeXt” ex-
plicitely in your formula but instead use “Until” or another expression which
captures that an arbitrary amount of steps may be taken before a certain process
reaches its next state.
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P1 :

¬P

P

¬P

P2

¬Q

Q

¬Q

Fig. 1. Separated
state spaces

¬P , ¬Q

P,¬Q

¬P ,¬Q

¬P , Q

P, Q

¬P,¬Q

¬P, Q

¬P,¬Q

P,¬Q

Fig. 2. Interleaved state spaces

3.4 Using LTL to check assertions

The small Haskell program in Figure 3 shows how to use the LTL verifier to
discover a simple bug in the following protocol: Clients can ask a server to store
a value. They write their Set request into an MVar and the new value into a
second. The server reads the command and acts accordingly. The programmer
expects that the server always stores the value corresponding to the previous
Set message. But the protocol has a slight flaw which will be discovered during
testing (cf. the Message Sequence Chart in Figure 4):

– The first client writes its Set command into the first MVar, but is preempted
before sending the value 0.

– The server takes this Set and waits for a value in the second MVar.
– The second client now issues a Set and writes 42 into the second MVar.
– The server can continue. It retrieved the command from the first client, but
the value from the second client!

To detect this error behaviour during testing, it is adequate to insert the stated
assertion that after each client access the system has to be in a consistent state,
i.e. if we wrote a 0 there must not be a different proposition for the actual value
at every step of the program. A specialised proposition IntProp is used in the
example to avoid conversion of the values to strings. We obtain the following
LTL formula: G¬(set0 ∧ value42).
The formula to verify is passed to the LTL checker at the beginning of the

program. Formulas are additionally qualified by a name. The source shows how
Haskell’s algebraic data types can easily capture the term-structure of a for-
mula. As in the definition of LTL, we can use a Haskell function “g” to express
“Globally” through the predefined operators.
At each step where the set of propositions is modified the formula is checked

and stepped through time. This is especially important to bear in mind for the
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data SetMsg = Set

main :: IO ()

main = do

check "safe" (g (Not ((StateProp (IntProp 0 "set")) ‘And‘

(StateProp (IntProp 42 "value")))))

m1 <- newEmptyMVar

m2 <- newEmptyMVar

forkIO $ client m1 m2 42

forkIO $ client m1 m2 0

server m1 m2 0

server :: MVar SetMsg

-> MVar Int

-> Int -> IO ()

server m1 m2 v = do

msg <- takeMVar m1

case msg of

Set -> do

v’ <- takeMVar m2

server m1 m2 v’

client :: MVar SetMsg

-> MVar Int

-> Int -> IO ()

client m1 m2 n = do

putMVar m1 Set

setProp (IntProp n "set")

putMVar m2 n

setProp (IntProp n "value")

releaseProps [(IntProp n "set"),

(IntProp n "value")]

client m1 m2 n

Fig. 3. Client/Server example with flawed protocol

C1 S C2

m1:Set

read m1

m1:Set

m2:42

read m2

m2:0

msc

Fig. 4. Message Sequence Chart for erroneous run
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last setProp statement followed by releaseProps. Given enough time and a
“favourable” scheduling, as soon as the condition is violated the runtime verifier
will stop the program.

4 Example application: Lock-reversal

In this section we will discuss how to implement a rather complex check using
the new LTL runtime verifier. Let’s state the problem: If two locks are taken in
a specific order (with no release steps in between), the debugger should warn
the user if he also uses these locks in swapped order (lock-reversal) because in
concurrent programs this would mean that two processes could deadlock when
their execution is scheduled in an unfortunate order.
We have two concurrent processes competing repeatedly for two locks A and

B that guard a critical section. It is not possible to acquire several locks in one
ago, so both locks have to be obtained sequentially. If we assume that the first
process tries to obtain them in the order A,B and the second one in B,A, we
can see that sooner or later the system ends up in a state where process 1 holds
lock A and waits for B to become available while process 2 holds B waiting
on A! This situation is exactly the circular holding pattern which indicates a
deadlock (cf. chapter 7 of [2]). In small programs the bug might be easy to spot.
For larger applications we can conclude that it is very hard to prevent this error
from simply perusing the source code. Even when testing the program the error
might not occur for various runs. For example it may be possible that process 1
and 2 are never executed interleaved but rather in a sequential manner.
In that case, we will still find the patterns of 1:takemvar A, 1:takemvar B

and 2:takemvar B, 2:takemvar A in our trace. We can now warn the devel-
oper that his application has the potential to enter a deadlock under certain
conditions. However, this warning might not be adequate as it is always possible
to construct a program which takes the locks in reverse order and will never
deadlock. This can for example be achieved by adding another lock, a so-called
gate lock, to the program which assures mutual exclusion and prevents the sys-
tem from deadlocking. An algorithm which avoids this kind of false warnings in
the presence of gate locks is detailed in [10].
Because the number of MVars used in a program is not known beforehand,

we have to extract the order in which MVars are taken at runtime from the
debugging trace. We therefore attach an event listener to the debugger which
gets passed a copy of each tracing event. If we inspect the already generated trace
at runtime, it is possible to keep a list of known usage patterns and generate
new formulas that warn appropriately. As the trace is simply a list of events or
actions, Haskell’s list processing capabilities and laziness make it very easy to
calculate those informations.
This particular technique of noticing inadvertent lock-reversal at runtime is

employed in the development phase of the recent FreeBSD operating system
kernel under the name of witness [5]. In [10] the same technique is used in the
Java PathFinder [13], a model checker for Java applications.
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For debugging Concurrent Haskell programs, we provide an additional alge-
braic datatype which contains the ThreadId of the corresponding thread so that
formulas can contain per-thread expressions. The two basic operations on MVars
generate the following propositions:

– takeMVar: setProp (ThreadProp <threadId> "locks <mvar>")

– putMVar: releaseProp (ThreadProp <threadId> "locks <mvar>")

The remainder of the functions in the Concurrency module uses these two func-
tions, so we instrumented our library to make it unnecessary to overload each
single operation.
In the following we give a sample LTL formula for two locks which will

evaluate to false in case locks are used in reverse order. Instead of using the
algebraic datatype from the assertion, we will write holds(pi,lx) if process i holds
lock x. The formula is passed to the model checker. The effect of the “Globally”
is to check this formula over and over again for each step the program makes:

G ¬ (holds(pj ,lx) ∧ ¬holds(pj ,ly) ∧ (holds(pj ,lx) U holds(pj ,ly)))

When the test program (see Figure 5) is executed first two newMVar invocations

main :: IO ()

main = do

addEventListener lockVerifier

mvA <- newMVar ()

mvB <- newMVar ()

take mvA mvB

forkIO (...take mvB mvA...)

take :: MVar () -> MVar () -> IO ()

take m1 m2 = do

takeMVar m1

takeMVar m2

...

putMVar m2 ()

putMVar m1 ()

Fig. 5. Test scenario for lock-reversal

will be recorded in the trace because the initial values have to be written using
putMVar. They get translated to releaseProp statements for the model checker.
As the current state contains no properties yet, they are of no effect. When the
take function is invoked for the first time from the main process, its access
pattern is recorded by the even listener who generates the appropriate formula
G ¬ ϕ and passes it on to the model checker with

ϕ = holds(p2,lB) ∧ ¬holds(p2,lA) ∧ (holds(p2,lB) U holds(p2,lA))

When the second thread takes the first MVar, this will set the correspond-
ing proposition and execute a transition in the LTL checker. The formula is
instantiated with the current state {¬holds(p2,lA), holds(p2,lB)} and reduced to
¬ϕ′ ∧ G ¬ϕ, where

ϕ′ = holds(p2,lB) U holds(p2,lA)

= holds(p2,lA) ∨ (holds(p2,lB) ∧ X ϕ′)
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.
After stepping the formula and taking the next MVar we can see that the new

state {holds(p2,lA), holds(p2,lB)} evaluates ϕ
′ to true, which in turn gets negated

and invalidates the whole formula. The model checker has determined that the
specified property does not hold for the current path and acts accordingly, e.g.
prints a warning to the user.

5 Related work

The Java PathFinder [10] is an instrumentation of the Java Virtual Machine
which is able to collect data about problematic traces and run a traditional
model checking algorithm. The Java PathExplorer [4] picks up the idea of run-
time verification and uses the Maude rewriting logic tool [11] to implement e.g.
future time LTL or past time LTL. Both approaches still require several compo-
nents while our Haskell library is self-contained. Compaq’s Visual Threads [6]
debugger for POSIX threads applications also allows scripted, rule-based verifi-
cation.

6 Conclusion and future work

We presented a debugging framework for Concurrent Haskell that records way
points in program execution and allows the developer to trace a particular path
through the program to draw conclusions about erroneous behaviour. Conditions
which have to hold throughout program execution or at specific times can be
expressed as formulas in the linear-time temporal logics LTL. The debugging
trace provides the state transition annotations which are checked by the LTL
model checking engine against the set of formulas. Apart from specific debugging
modules the developer can use explicit annotations to add information to the
debugging trace. The debugger also supports printing the tail of the trace from
the point where proving the particular formula which turned false started.
It is also possible to extract information about loops in the program from

the trace by placing unique markers throughout the source code. This reverse
engineered program flow analysis could be used to generate new possible traces
to check, although care must be taken before drawing conclusions from a derived
trace as it might never occur in the original program. Both the locking example
and the client/server example could be formulated more generally if we allow
variables in formulas for Thread-Ids or variable contents.
We hope to integrate this debugging approach with the Concurrent Haskell

Debugger to provide a comprehensive debugging facility for Concurrent Haskell.
The effect of runtime verification on performance and memory requirements have
yet to be examined for larger examples. We expect to profit from the inherent
sharing of sub-formulas because of our choice for a lazy functional programming
language. More information on the library for LTL runtime verification can be
found at http://www-i2.informatik.rwth-aachen.de/˜stolz/Haskell/ .
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Abstract. We give a high-level operational semantics for the essential core of the
Curry language, including higher-order functions, call-by-need evaluation, non-
determinism, narrowing, and residuation. The semantics is structured in monadic
style, and is presented in the form of an executable interpreter written in Haskell.

1 Introduction

The functional logic language Curry combines lazy functional programming with logic
programming features based on both narrowing and residuation. Describing the seman-
tics of these features and their interaction in a common framework is a non-trivial task,
especially because functional and logic programming have rather different semantic tra-
ditions. The “official” semantics for Curry [4], largely based on work by Hanus [6, 5],
is an operational semantics based on definitional trees and narrowing steps. Although
fairly low-level, this semantics says nothing about sharing behavior. Functional lan-
guages are typically given denotational or natural (“big step”) operational semantics.
In more recent work [1], Albert, Hanus, Huch, Oliver, and Vidal propose a natural se-
mantics, incorporating sharing, for the first-order functional and narrowing aspects of
Curry; however, in order to collect all non-deterministic solutions and to incorporate
residuation, they fall back on a small-step semantics. While small-step semantics have
the advantage of being closer to usable abstract machines, they tend to be lower-level
than big-step models, and perhaps harder to reason about.

In this paper, we describe a variant of the semantics by Albert,et al. that remains
big-step, but delivers all non-deterministic solutions and handles residuation. It is also
fully higher-order. Our treatment is not especially original; rather, we have attempted to
apply a variety of existing techniques to produce a simple and executable semantic in-
terpreter. In particular, we follow Seres, Spivey, and Hoare [13] in recording all possible
non-deterministic solutions in a lazily constructedforest, which can be traversed in a va-
riety of orders to ensure fair access to all solutions. We useresumptions[12, Ch. 12] to
model the concurrency needed to support residuation. We organize the interpreter using
monadsin the style popularized by Wadler [15], which allows a modular presentation of
non-determinism [7, 3] and concurrency. We believe that the resulting semantics will be
useful for understanding Curry and exploring language design alternatives. It may also
prove useful as a stepping stone towards new practical implementations of the language.

? This work has been supported in part by the National Science Foundation under grants CCR-
0110496 and CCR-0218224
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data Exp = Var Var type Var = String

| Int Int type Constr = String

| Abs Var Exp type Prim = String

| App Exp Exp type Pattern = (Constr,[Var])

| Capp Constr [Exp]

| Primapp Prim Exp Exp

| Case Exp [(Pattern,Exp)]

| Letrec [(Var,Exp)] Exp

Fig. 1.Expressions.

Our semantics is defined as an executable interpreter, written in Haskell, for a core
subset of Curry. We present the interpreter in three phases. Section 2 describes the eval-
uation of the functional subset of the language. Section 3 introduces non-determinism,
logic variables, and narrowing. Section 4 adds residuation. Section 5 offers brief con-
clusions. The reader is assumed to be familiar with Haskell and with monads.

2 The Functional Language Interpreter

The abstract syntax for the functional part of our core expression language is given in
Figure 1. The language is not explicitly typed, but we assume throughout that we are
dealing with typeable expressions. Function abstractions (Abs) have exactly one argu-
ment; multiple-argument functions are treated as nested abstractions. Functions need
not be lambda-lifted to top level. For simplicity, the only primitive type is integers
(Int) and all primitive operators are binary; these limitations could be easily lifted.
Primitive operators, which are named by strings, act only on constructor head-normal
forms. Each constructor is named by a stringc, and is assumed to have a fixed arity
ar(c) ≥ 0. Constructors can be invented freely as needed; we assume that at least the
nullary constructorsTrue, False, andSuccess are available.

Constructor applications (Capp) and patterns (withinCase expressions) and primi-
tive applications (Primapp) are fully applied. Unapplied or partially applied construc-
tors and primitives in the source program must beη-expanded.Case expressions an-
alyze constructed values. Patterns are “shallow;” they consist of a constructor namec
and a list ofar(c) variables. The patterns for a singleCase are assumed to be mutually
exclusive, but not necessarily exhaustive. More complicated pattern matching in the
source language must be mapped to nestedCase expressions. Such nested case expres-
sions can be used to encode definitional trees [2]. Finally,Letrec expressions introduce
sets of (potentially) mutually recursive bindings.

Curry is intended to use “lazy” or, more properly,call-by-needevaluation, as op-
posed to simple call-by-name evaluation (without sharing). Although the results of call-
by-name and call-by-need cannot be distinguished for purely functional computations,
the time and space behavior of the two strategies are very different. More essentially,
the introduction of non-determinism (Section 3) makes the difference between strate-
gies observable. We therefore model call-by-need evaluation explicitly using a mutable
heapto represent shared values. (The heap is also used to represent recursion without
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type HPtr = Int

data Value =

VCapp Constr [HPtr]

| VInt Int

| VAbs Env Var Exp

type Env = Map Var HPtr

data Heap = Heap {free :: [HPtr], bindings :: Map HPtr HEntry}

data HEntry =

HValue Value

| HThunk Env Exp

| HBlackhole

Fig. 2.Key data types for evaluation.

recourse to a Y-combinator.) This approach corresponds to the behavior of most real
implementations of call-by-need languages; its use in formal semantics was introduced
by Launchbury [10] and elaborated by Sestoft [14], and was also adopted by Albert,et
al. [1].

Following a very old tradition [9], we interpret expressions in the context of anen-
vironmentthat maps variables to heap locations, rather than performing substitution on
expressions. The same expression (e.g., the body of an abstraction) can therefore evalu-
ate to different values depending on the values of its free variables (e.g., the abstraction
parameter). In this approach we view the program as immutable code rather than as a
term in a rewriting system.

The main evaluation function is

eval :: Env -> Exp -> M Value

which evaluates an expression in the specified environment and returns the correspond-
ing constructor head-normal form (HNF) value embedded in a monadic computation.
The monad

newtype M a = M (Heap -> A (a,Heap))

represents stateful computations on heaps. TypeA a is another monad, representing
answersinvolving typea.

The key type definitions, shown in Figure 2, are mutually recursive. Values cor-
respond to HNFs of expressions. Constructed values (VCapp) correspond to construc-
tor applications; the components of the value are described by pointers into the heap
(HPtr). Closures (VAbs) correspond to abstraction expressions, tagged with an explicit
environment to resolve variable references in the abstraction body. Environments and
values are only well-defined in conjunction with a particular heap that contains bindings
for the heap pointers they mention.

A heap is a mapbindings from heap pointers (HPtr) to heap entries (HEntry),
together with a supplyfree of available heap pointers. Heap entries are either HNF
values, unevaluated expressions (HThunk), or “black holes” (HBlackhole). We expect
thunk entries to be overwritten with value entries as evaluation proceeds. Black holes
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data Map a b = Map [(a,b)]

mempty :: Map a b

mempty = Map []

mget :: Eq a => Map a b => a -> b

mget (Map l) k = fromJust (lookup k l)

mset :: Map a b -> (a,b) -> Map a b

mset (Map l) (k,d) = Map ((k,d):l)

Fig. 3. A specification for theMap ADT. Note that the ordering of the list guarantees that each
mset of a given key supersedes any previousmset for that key. An efficient implementation
would use a sorted tree or hash table (and hence would put stronger demands on the class ofa).

are used to temporarily overwrite a heap entry while a thunk for that entry is being
computed; attempting to read a black-hole value signals (one kind of) infinite recursion
in the thunk definition [8, 14].

BothEnv andHeap rely on an underlying abstract data typeMap a b of applicative
finite maps froma to b, supporting simple get and set operations (see Figure 3). Note
thatmset returns anewmap, rather than modifying an existing one. It is assumed that
mget always succeeds. The map operations are lifted to thebindings component of
heaps ashempty, hget, andhset. The function

hfresh :: Heap -> (HPtr,Heap)

picks and returns a fresh heap pointer. As evaluation progresses, the heap can only
grow; there is no form of garbage collection. We also don’t perform environmenttrim-
ming[14], though this would be easy to add.

The evaluation function returns a monadic computationM Value, which in turn
uses the answer monadA. Using monads allows us to keep the code foreval simple,
while supporting increasingly sophisticated semantic domains. Our initial definition for
M is given in Figure 4. Note thatM is essentially just a function type used to repre-
sent computations on heaps. The “current” heap is passed in as the function argument,
and a (possibly updated) copy is returned as part of the function result. As usual, bind
(>>=) operations represent sequencing of computations;return injects a value into the
monad without changing the heap;mzero represents a failed evaluation;mplus rep-
resents alternative evaluations (which will be used in Section 3). The monad-specific
operations includefresh, which returns a fresh heap location;fetch, which returns
the value bound to a pointer (assumed valid) in the current heap; andstore, which
extends or updates the current heap with a binding. The functionrun executes a com-
putation starting from the empty heap.

TypeA is also a monad, representinganswers. Note that the uses of bind,return,
mzero andmplus in the bodies of the functions defined onM are actually the monad
operators forA (not recursive calls to theM monad operators!). In this section, we equate
A with the exception monadMaybe a, so that an answer is eitherJust a pair (HNF
value,heap) orNothing, representing “failure.” Failure occurs only when a required
arm is missing from a non-exhaustiveCase expression, or when an attempt is made
to fetch from a black-holed heap location.A gets instance definitions of>>=, return,
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newtype M a = M (Heap -> A (a,Heap))

instance Monad M where

(M m1) >>= k = M (\h -> do (a’,h’) <- m1 h

let M m2 = k a’ in m2 h’)

return x = M (\h -> return (x,h))

instance MonadPlus M where

mzero = M (\_ -> mzero)

(M m1) ‘mplus‘ (M m2) = M (\h -> m1 h ‘mplus‘ m2 h)

fresh :: M HPtr

fresh = M (\h -> return (hfresh h))

store :: HPtr -> HEntry -> M ()

store p e = M (\h -> return ((),hset h (p,e)))

fetch :: HPtr -> M HEntry

fetch x = M (\h -> return (hget h x,h))

run :: M a -> A (a,Heap)

run (M m) = m hempty

Fig. 4.The evaluation monad.

instance Monad Maybe where instance MonadPlus Maybe where

Just x >>= k = k x mzero = Nothing

Nothing >>= k = Nothing

return = Just

Fig. 5.TheMaybe type as a monad.

andmzero for Maybe from the standard library (Figure 5). Note that(>>=) propagates
failure.

With this machinery in place, the actualeval function is quite short (Figure 6).
Evaluation of expressions already in HNF is trivial, except for constructor applications,
for which each argument expression must be allocated as a separate thunk (since it
might be shared). Evaluation of applications is also simple. Assuming that the program
is well-typed, the operator expression must evaluate to an abstraction. The argument
expression is allocated as a thunk and bound to the formal parameter of the abstraction;
the body of the abstraction is evaluated in the resulting environment.

Letrec bindings just result in thunk allocations for the right-hand sides. To make
the bindings properly recursive, all the thunks share the same environment, to which all
the bound variables have been added.

The key memoization step required by call-by-need occurs when evaluating aVar
expression. In a well-typed program, each variable must be in the domain of the current
environment. The corresponding heap entry is fetched: if this is already in HNF, it is
simply returned. If it is a thunk, it is recursively evaluated (to HNF), and the resulting
value is written over the thunk before being returned.

A Case expression is evaluated by first recursively evaluating the expression being
“cased over” to HNF. In a well-typed program, this must be aVCapp of the same type
as the case patterns. If theVCApp constructor matches one of the patterns, the pattern
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eval :: Env -> Exp -> M Value

eval env (Int i) = return (VInt i)

eval env (Abs x b) = return (VAbs env x b)

eval env (Capp c es) =

do ps <- mapM (const fresh) es

zipWithM_ store ps (map (HThunk env) es)

return (VCapp c ps)

eval env (App e0 e1) =

do VAbs env’ x b <- eval env e0

p1 <- fresh

store p1 (HThunk env e1)

eval (mset env’ (x,p1)) b

eval env (Letrec xes e) =

do let (xs,es) = unzip xes

ps <- mapM (const fresh) xes

let env’ = foldl mset env (zip xs ps)

zipWithM_ store ps (map (HThunk env’) es)

eval env’ e

eval env (Var x) =

do let p = mget env x

h <- fetch p

case h of

HThunk env’ e’ ->

do store p (HBlackhole)

v’ <- eval env’ e’

store p (HValue v’)

return v’

HValue v -> return v

HBlackhole -> mzero

eval env (Case e pes) =

do VCapp c0 ps <- eval env e

let plookup [] = mzero

plookup (((c,xs),b):pes) | c == c0 = return (xs,b)

| otherwise = plookup pes

(xs,b) <- plookup pes

let env’ = foldl mset env (zip xs ps)

eval env’ b

eval env (Primapp p e1 e2) =

do v1 <- eval env e1

v2 <- eval env e2

return (doPrimapp p v1 v2)

doPrimapp :: Prim -> Value -> Value -> Value

doPrimapp "eq" (VInt i1) (VInt i2) | i1 == i2 = VCapp "True" []

| otherwise = VCapp "False" []

doPrimapp "add" (VInt i) (VInt j) = VInt (i+j)

doPrimapp "xor" (VCapp "True" []) (VCapp "True" []) = VCapp "False" []

doPrimapp "xor" (VCapp "True" []) (VCapp "False" []) = VCapp "True" []

...

Fig. 6.Call-by-needeval function and auxiliarydoPrimapp function.
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variables are bound to the correspondingVCApp operands (represented by heap point-
ers), and the corresponding right-hand side is evaluated in the resulting environment. If
no pattern matches, the evaluation fails, indicated by returningmzero.

To evaluate a primitive application, the arguments are evaluated to HNF in left-to-
right order and the resulting values are passed to the auxiliary functiondoPrimapp,
which defines the behavior of each primitive operator.

Finally, to interpret a whole-program expression, we can define

interp :: Exp -> Maybe (Value,Heap)

interp e = run (eval mempty e)

which executes the monadic computation produced by evaluating the program in an
empty initial environment. If we are only interested in the head constructor of the result
value, we can project out theValue component and ignore theHeap.

3 Non-determinism, Logic Variables, and Narrowing

We now revise and extend our interpreter to incorporate the key logic programming
features of Curry. To do this, we must record multiple possible results for evaluation,
by redefining the monadic typeA of answers. (ChangingA implicitly also changesM,
although the code definingM’s functions doesn’t change.) By choosing this monad ap-
propriately, we can add non-deterministic features to our existing interpreter without
making any changes to the deterministic fragment; the hidden “plumbing” of the bind
operation will take care of threading the multiple alternatives. Deterministic choices are
injected into the monad usingreturn; non-deterministic choice will be represented by
mplus; as before, failure of (one) non-deterministic alternative will be represented by
mzero. The definition ofA is addressed in Section 3.2.

3.1 Logic Variables and Narrowing

First, we show how to add logic variables and narrowing to the language and interpreter.
This requires surprisingly little additional machinery, as shown in Figure 7. We add a
new expression formLogic to declare scoped logic variables; the Curry expression “e
where x free” is encoded as(Logic "x" e). We add a corresponding HNFVLogic
HPtr, which is essentially a reference into the heap.Logic declarations are evaluated
by allocating a fresh heap locationp, initially set to containVLogic p, binding the
logic variable to this location, and executing the body in the resulting environment.

We now must consider how to handleVLogic values within theeval function.
The most important change is toCase; if the “cased-over” expression is bound to a
VLogic value, the evaluator performsnarrowing. (We temporarily assume all cases are
“flexible.”) This is done by considering each provided case arm in turn. For a pattern
with constructorc and argument parametersx1, . . . , xn, the evaluator allocatesn fresh
logic variable referencesp1, . . . , pn, overwrites the cased-over logic variable in the heap
with (VCApp c [p1,. . .,pn]), extends the environment with bindings ofxi to pi, and
recursively evaluates the corresponding case arm in that environment. All the resulting
monadic computations are combined usingmplus; this is the only place wheremplus



40 A. Tolmach and S. Antoy

lift :: M a -> M a

lift (M m) = M (\h -> forestLift (m h))

data Exp = Logic Var Exp | ... as before ...
data Value = VLogic HPtr | ... as before ...

eval env (Var x) =

lift $ ... as before ...

eval env (Logic x e) =

do p <- allocLogic

eval (mset env (x,p)) e

eval env (Case e pes) =

do v <- eval env e

case v of

VCapp c0 ps -> ... as before ...
VLogic p0 ->

foldr mplus mzero (map f pes)

where

f ((c,xs),e’) =

do ps <- mapM (const allocLogic) xs

store p0 (HValue (VCapp c ps))

let env’ = foldl mset env (zip xs ps)

eval env’ e’

allocLogic :: M HPtr

allocLogic = do p <- fresh ; store p (HValue (VLogic p)) ; return p

Fig. 7.Evaluating logic features.

is used in the interpreter, and hence the sole source of non-determinism. Note that other
possible non-deterministic operators can be encoded usingCase; e.g., the Flat Curry
expression(or e1 e2) can be encoded as

or e1 e2 ≡ Logic "dummy" (Case (Var "dummy")

[(("Ldummy",[]), e1),

(("Rdummy",[]), e2)])

We also need to make a few other small changes to theeval code (not shown here) to
guard against the appearance ofVLogic values in strict positions, namely the operator
position of anApp and the operand positions of aPrimapp; in such cases,eval will
returnmzero. Note that because of this latter possibility for failure, the left-to-right
evaluation semantics ofPrimapps can be observed. For example, the evaluation of

Logic "x"

(Primapp "xor"

(Var "x")

(Case (Var "x") [(("True",[]), Capp "False" [])]))

fails, but would succeed (withTrue) if the order of arguments toand were reversed.
This characteristic may seem rather undesirable; we consider alternatives in Section 4.
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3.2 Monads for Non-determinism

It remains to define typeA in such a way that it can record multiple non-deterministic
answers. The standard choice of monad for this purpose islists [15]. In this scheme,
non-deterministic choice of a value is represented by a list of values;return a pro-
duces the singleton list[a]; mplus is concatenation(++); m >>= k appliesk to each
element inm and concatenates the resulting lists of elements; andmzero is the empty
list []. However, if we want to actually execute our interpreter and inspect the an-
swers, the list monad has a significant problem: itsmplus operation does not model
fair non-deterministic choice. Essentially this is because evaluatingm1 ++ m2 forces
evaluation of the full spine ofm1, so⊥ ‘mplus‘ m = ⊥. If the left alternative leads
to an infinite computation, the right alternative will never be evaluated at all. For exam-
ple, evaluatingLetrec ["f",or (Var "f") (Int 1)] (Var "f") should produce the
answer 1 (infinitely many times). However, if we represent answers by lists, our inter-
preter will compute (roughly speaking)

(eval (Var "f")) ‘mplus‘ (return (VInt 1))

= (eval (Var "f")) ++ [VInt 1]

If we attempt to inspect this answer, we immediately cause a recursive evaluation off,
which produces the same thing; we never see any part of the answer. In effect, using
this monad amounts to performing depth-first search of the tree of non-deterministic
choices, which is incomplete with respect to the expected semantics.

To avoid this problem, we adopt the idea of Seres, Spivey, and Hoare [13], and
represent non-determinism by a lazyforestof trees of values (Figure 8). We settype

A a = Forest a. As before, we represent choices as a list, withmplus implemented
as(++), but now the lists are of trees of values. To obtain the values, we can traverse
the trees using any ordering we like; in particular, we can use breadth-first rather than
depth-first traversal:

interp :: Exp -> [(Value,Heap)]

interp = bfs (run (eval mempty e))

This approach relies fundamentally on the laziness of the forest structure. Non-trivial
tree structures are built using theforestLift operator, which converts an arbitrary
forest into a singleton one by making all the trees into branches of a single new tree.
Applying forestLift to a valuev before concatenating it into the forest withmplus
will delay the point at whichv is encountered in a breadth-first traversal, and hence
allow the other argument ofmplus to be explored first. For the example above, the
forest answer will have the form

(forestLift (eval (Var "f"))) ‘mplus‘ (return (VInt 1))

= (Forest [Fork (eval (Var "f"))]) ‘mplus‘ (Forest [Leaf (VInt 1)])

= Forest [(Fork (eval (Var "f"))) ++ (Leaf (VInt 1))]

= Forest [Fork (eval (Var "f")), Leaf (VInt 1)]

Applying bfs to this answer will produceVInt 1 (the head of its infinite result) before
it forces the recursive evaluation off.

To make use offorestLift, we need to add a newlift operator toM, defined in
Figure 7. We have some flexibility about where to place calls tolift in our interpreter
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newtype Forest a = Forest [Tree a]

data Tree a = Leaf a | Fork (Forest a)

instance Monad Forest where

m >>= k = forestjoin (forestmap k m)

return a = Forest [Leaf a]

instance MonadPlus Forest where

mzero = Forest []

(Forest m1) ‘mplus‘ (Forest m2) = Forest (m1 ++ m2)

forestLift :: Forest a -> Forest a

forestLift f = Forest [Fork f]

forestjoin :: Forest (Forest a) -> Forest a

forestjoin (Forest ts) = Forest (concat (map join’ ts))

where join’ :: Tree (Forest a) -> [Tree a]

join’ (Leaf (Forest ts)) = ts

join’ (Fork xff) = [Fork (forestjoin xff)]

treemap :: (a -> b) -> Tree a -> Tree b

treemap f (Leaf x) = Leaf (f x)

treemap f (Fork xf) = Fork (forestmap f xf)

forestmap :: (a -> b) -> Forest a -> Forest b

forestmap f (Forest ts) = Forest (map (treemap f) ts)

bfs :: Forest a -> [a]

bfs (Forest ts) = concat (bfs’ ts)

where bfs’ :: [Tree a] -> [[a]]

bfs’ ts = combine (map levels ts)

levels :: Tree a -> [[a]]

levels (Leaf x) = [[x]]

levels (Fork (Forest xf)) = []:bfs’ xf

combine :: [[[a]]] -> [[a]]

combine = foldr merge []

merge :: [[a]] -> [[a]] -> [[a]]

merge (x:xs) (y:ys) = (x ++ y):(merge xs ys)

merge xs [] = xs

merge [] ys = ys

Fig. 8.Monad of forests and useful traversal functions (adapted from [13]).

code. For fairness, we must make sure that there is alift in every infinite cycle of
computations made by the interpreter. The simplest way to guarantee this is to apply
lift on each call toeval. If we do this, there is a clear parallel between the evalua-
tion of the answer structure and the behavior of asmall-stepsemantics. However, more
parsimonious placement oflifts will also work; for example, since every cyclic com-
putation must involve a heap reference, it suffices tolift only the evaluation ofVar
expressions, as shown in Figure 7.
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type Flex = Bool

type Concurrent = Bool

type Prim = (String,Concurrent)

data Exp = Case Flex Exp [(Pattern,Exp)] | ... as before ...

eval env (Case flex e pes) =

do v <- eval env e

case v of

VCapp c ps -> ... as before ...
VLogic p0 | flex ->

... as before ...
store p0 ...
yield $

... as before ...
VLogic _ | otherwise -> mzero

eval env (Primapp (p,concurrent) e1 e2) =

do (v1,v2) <-

if concurrent then

conc (eval env e1) (eval env e2)

else do v1 <- eval env e1; v2 <- eval env e2; return (v1,v2)

... as before ...

doPrimapp "and" (VCapp "Success" []) (VCapp "Success" []) =

VCapp "Success" []

Fig. 9. Interpreter changes to support residuation.

4 Residuation

In real Curry, appearance of a logic variable in a rigid position causes evaluation to
residuate, i.e., suspend until the logic variable is instantiated (to a constructor-rooted
expression). Residuation only makes sense if there is the possibility of concurrent
computation—otherwise, the suspended computation can never hope to be restarted.
The only plausible place to add concurrency to our existing core language is for eval-
uation of arguments to primitives. We use an interleavings semantics for concurrency;
the result is semantically simple though not practically efficient (since the number of
interleavings can easily grow exponentially).

We can add residuation support to our core language by making only minor changes
to our interpreter, as shown in Figure 9. We extend the core language syntax by adding
a boolean flag to each primitive operator indicating whether its arguments are to be
evaluated concurrently. The most obvious candidate for this evaluation mode is the
paralleland operator normally used in Curry to connect pairs of constraints. We also
add a flag onCase expressions to distinguish flexible and rigid cases.

The evaluator relies on significant changes to the underlying monadM, which is
modified to describe concurrent computations usingresumptions[12, Ch. 12], a stan-
dard method from denotational semantics. Each monadic computation is now modeled
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as astreamof partial computations. Theconc operator takes two such streams and
produces a computation that (non-deterministically) realizes all possible interleavings
of the streams. The atomicity of interleaving is controlled by uses ofyield; placing a
yield around a computation indicates a possible interleaving point.

With this monadic support in place, our approach to residuation is simple, and re-
quires very few changes in theeval function. Attempts to perform a rigid case over an
unresolved logic variable simply fail (just as in other strict contexts). However, argu-
ments to concurrent primitives are evaluated using theconc operator, so that if there are
any possible evaluation sequences that resolve the logic variable before it is cased over,
those sequences will be tried (along with potentially many other sequences that lead to
failure). To make this approach work, we must permit enough interleaving that all pos-
sible causal interactions between the two argument evaluation sequences are captured.
A brute-force approach would be toyield before each recursive call toeval. How-
ever, since logic variable heap locations can only be updated by thestore operation
in the interpreter code for flexibleCase expressions, it suffices toyield following that
store.1

To illustrate how interleaving works, we can define canonical code sequences for
reading and writing logic variables:

wr x k ≡ Case True (Var x) [(("True",[]), k)]
rd x k ≡ Case False (Var x) [(("True",[]), k)]

Herewr x k writes True into logic variablex (assumed to be not already set), and
then continues by evaluating expressionk. Conversely,rd x k attempts to read the
contents of logic variablex (assumed to containTrue); if this is successful, it continues
by evaluatingk; otherwise, it fails. Now consider the expression

Logic "x" (Logic "y" (Primapp ("and",True)

(rd "x" (wr "y" (Capp "Success" [])))

(wr "x" (rd "y" (Capp "Success" [])))))

The application of the concurrent primitiveand causes evaluation of the two argument
expressions to be interleaved. Eachwr induces ayield immediately following the store
into the variable, so there are three possible interleavings, shown in the three columns
below. The first and third of these fail (at the point marked*); only the second succeeds.

execution left-arg right-arg left-arg right-arg left-arg right-arg
order

1 rd "x" * wr "x" wr "x"
2 wr "y" rd "x" rd "y" *
3 wr "x" wr "y" rd "x"
4 rd "y" rd "y" wr "y"

Note that it is perfectly possible to label ordinary primitives like addition as concur-
rent. The net effect of this will be to make the result independent of argument evaluation

1 It is also essential to use black-holing as described in Section 2, thus providing a (different)
kind of atomicity around thunk evaluations; otherwise some interleavings might cause a thunk
heap location to be updated twice with different values.
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data State a = Done a Heap

| Running Heap (M a)

newtype M a = M (Heap -> A (State a))

instance Monad M where

(M m1) >>= k = M (\h ->

do s <- m1 h

case s of

Done a’ h’ -> let M m2 = k a’ in m2 h’

Running h’ m’ -> return (Running h’ (m’ >>= k)))

return x = M (\h -> return (Done x h))

fresh :: M HPtr

fresh = M (\h -> let (v,h’) = hfresh h in return (Done v h’))

store, fetch ... modified similarly ...
yield :: M a -> M a

yield m = M (\h -> return (Running h m))

conc :: M a -> M b -> M (a,b)

conc m1 m2 = (m1 ‘thn‘ m2) ‘mplus‘ (liftM swap (m2 ‘thn‘ m1))

where

(M m1’) ‘thn‘ m2 = M (\h ->

do s <- m1’ h

case s of

Done a h’ -> return (Running h’ (m2 >>= \b -> return (a,b)))

Running h’ m’ -> let M m’’ = conc m’ m2 in m’’ h’)

swap (a,b) = (b,a)

run :: M a -> A (a,Heap)

run = run’ hempty

where

run’ h (M m) =

do s <- m h

case s of

Done a h’ -> return (a, h’)

Running h’ m’ -> run’ h’ m’

Fig. 10.Monad changes to supporting residuation.

order, thus removing one of the drawbacks we noted to the narrowing semantics of Sec-
tion 3.1. In fact, it is hard to see that anythinglessthan concurrencycanachieve order-
independence. In other words, making primitive applications independent of argument
order seems to be no easier than adding residuation.

It remains to describe the implementation of resumptions, which is entirely within
monadM, revised as shown in Figure 10. Each computation now returns one of two
States: either it isDone, producing a value and updated heap, or it is stillRunning,
carrying the heap as updated so far together with a newM computation describing the re-
mainder of the (original) computation. Simple computations (such as primitivefresh,
store andfetch operations) just returnDone states. Computations returningRunning
states are generated by theyield operator. Theconc operator non-deterministically
tries both orders for evaluating its arguments at each stage of partial computation. As
before, support for non-determinism is given by monadA (which does not change).
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5 Conclusion and Future Work

We have presented a simple executable semantics for the core of Curry. The full code
for the three interpreter versions described here is available athttp://www.cs.
pdx.edu/˜apt/curry-monads . The structure of our semantics sheds some light
on how the basic components of the language interact. In particular, we can see that the
addition of non-determinism, logic variables and narrowing can be accomplished just
by making a suitable shift in interpretation monad. We could emphasize this modularity
further by presenting the relevant monads as compositions ofmonad transformers[11].

While we think this semantics is attractive in its own right, it would obviously be
useful to give a formal characterization of its relationship with the various existing
semantics for Curry; we have not yet attempted this. As additional future work, we plan
to pursue the systematic transformation of this semantics into a small-step form suitable
as the basis for realistic interpreters and compilers.
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Abstract. Outermost-needed narrowing is a sound and complete opti-
mal demand-driven strategy for the class of inductively sequential con-
structor systems. Its parallel extension (known as weakly) deals with
non-inductively sequential constructor systems. In this paper, we present
natural narrowing, a suitable extension of (weakly) outermost-needed
narrowing which is based on a refinement of the demandness notion as-
sociated to outermost-needed narrowing. Intuitively, natural narrowing
always reduces or instantiates the most demanded position in a term. We
formalize the strategy for left-linear constructor systems though, for the
class of inductively sequential constructor systems, natural narrowing be-
haves even better than outermost-needed narrowing in the avoidance of
failing computations. Regarding inductively sequential constructor sys-
tems, we introduce a bigger class of systems called inductively sequential

preserving where natural narrowing preserves optimality for sequential
parts of the program.

1 Introduction

A challenging problem in modern programming languages is the discovery of
sound and complete evaluation strategies which are “optimal” w.r.t. some ef-
ficiency criterion (e.g. the number of evaluation steps) and which are easily
implementable.

For orthogonal term rewriting systems (TRSs), Huet and Lévy’s needed
rewriting is optimal. However, automatic detection of needed redexes is difficult
(or even impossible) and Huet and Lévy defined the notion of ‘strong sequen-
tiality’, which provides a formal basis for the mechanization of sequential, nor-
malizing rewriting computations [14]. In [14], Huet and Lévy defined the (com-
putable) notion of strongly needed redex and showed that, for the (decidable)
class of strongly sequential orthogonal TRSs, the steady reduction of strongly
needed redexes is normalizing. When strongly sequential TRSs are restricted to
constructor systems (CSs), we obtain the class of inductively sequential CSs [13].
Intuitively, a CS is inductively sequential if there exists some branching selection
structure in the rules. Sekar and Ramakrishnan provided parallel needed reduc-
tion as the extension of Huet and Lévy needed rewriting for non-inductively
sequential CSs [19].

? Work partially supported by CICYT TIC2001-2705-C03-01, and MCYT grants
HA2001-0059 and HU2001-0019.
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A sound and complete narrowing strategy for the class of inductively se-
quential CSs is outermost-needed narrowing [6]. The optimality properties of
outermost-needed narrowing and the fact that inductively sequential CSs are
a subclass of strongly sequential programs justifies the fact that outermost-
needed narrowing is useful in functional logic programming as the functional
logic counterpart of Huet and Lévy’s strongly needed reduction [13,14]. For non-
inductively sequential CSs, weakly outermost-needed narrowing [5] is defined as
the functional logic counterpart of Sekar and Ramakrishnan parallel needed re-
duction [19]. Unfortunately, (weakly) outermost-needed narrowing does not work
appropriately on non-inductively sequential CSs.

Example 1. Consider Berry’s program [19] where T and F are constructor sym-
bols:

B(T,F,X) = T B(F,X,T) = T B(X,T,F) = T

This CS is not inductively sequential, since it is not clear whether terms of
shape B(t1,t2,t3) can be narrowed sequentially when t1, t2, and t3 are rooted
by defined function symbols or variables; where ‘to be narrowed sequentially’ is
understood as the property of narrowing only positions which are unavoidable
(or “needed”) in order to obtain a normal form [6]. Although the CS is not induc-
tively sequential1, some terms can still be narrowed sequentially. For instance,
the term t = B(X,B(F,T,T),F) has a unique optimal narrowing sequence which
achieves the associated normal form T:

B(X,B(F,T,T),F) ;id B(X,T,F) ;id T

However, weakly outermost-needed narrowing is not optimal since, apart of the
previous optimal sequence, the sequence

B(X,B(F,T,T),F) ;{X7→T} B(T,T,F) ;id T

is also obtained. The reason is that weakly outermost-needed narrowing par-
titions the CS into inductively sequential subsets R1 = {B(X,T,F) = T} and
R2 = {B(T,F,X) = T, B(F,X,T) = T} in such a way that the first step of the
former (optimal) narrowing sequence is obtained w.r.t. subset R1 whereas the
first step of the latter (useless) narrowing sequence is obtained w.r.t. subset R2.

As Sekar and Ramakrishnan argued in [19], strongly sequential systems have
been so far used in programming languages and violations are not frequent. How-
ever, it is a cumbersome restriction and its relaxation is quite useful in some
contexts. It would be convenient for programmers that such restriction could
be relaxed while optimal evaluation is preserved for strongly sequential parts of
a program. The availability of optimal and effective evaluation strategies with-
out such restriction can encourage programmers to formulate non-inductively
sequential programs, which could be still executed in an optimal way.

1 Note that since the TRS is orthogonal and right-ground, a computable and optimal
rewrite strategy based on tree automata exists without any requirement on induc-
tively sequential CSs; though possibly non-effective (see [10]). On the other hand,
there exist normalizing, sequential rewrite strategies for almost orthogonal TRSs;
though possibly non-optimal (see [8]).
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Example 2. Consider the problem of coding the rather simple inequality

x+ y + z + w 6 h

for natural numbers x, y, z, w, and h. A first (and näıve) approach can be to
define an inductively sequential program:

solve(X,Y,Z,W,H) = (((X + Y) + Z) + W) 6 H

0 6 N = True 0 + N = N

s(M) 6 0 = False s(M) + N = s(M + N)

s(M) 6 s(N) = M 6 N

Consider the (auxiliary) factorial function n!. The program is effective for term2

t1 = solve(1,Y,0,10!,0) since False is returned in 5 rewrite steps but not
very effective for t2 = solve(10!,0,1,W,0) or t3 = solve(10!,0+1,0+1,W,1)
since several rewrite steps should be performed on 10! before narrowing the two
terms to False.

When a more effective program is desired for some input terms, an ordinary
solution is to include some assertions by hand into the program while preserving
determinism of computations. For instance, if terms t1, t2, and t3 are part of
such input terms of interest, we could obtain the following program

solve(X,s(Y),s(Z),W,s(H)) = solve(X,Y,s(Z),W,H)

solve(X,0,s(Z),W,s(H)) = solve(X,0,Z,W,H)

solve(s(X),Y,0,W,s(H)) = solve(X,Y,0,W,H)

solve(0,s(Y),0,W,s(H)) = solve(0,Y,0,W,H)

solve(0,0,0,0,H) = True

solve(s(X),Y,0,W,0) = False

solve(X,0,s(Z),W,0) = False

solve(0,s(Y),Z,0,0) = False

solve(X,s(Y),s(Z),s(W),0) = False

Note that this program is not inductively sequential but orthogonal, and some
terms can still be narrowed sequentially, e.g. when considering the term
t4 = solve(X,Y,0+s(s(0)),W,s(0)), we have the following narrowing se-
quences3:

solve(X,Y,0+s(s(0)),W,s(0))

;id solve(X,Y,s(s(0)),W,s(0))

;{Y7→0} solve(X,0,s(0),W,0) | ;{Y7→s(Y′)} solve(X,Y′,s(s(0)),W,0)

;id False | ;{Y′ 7→0} False | ;{Y′ 7→s(Y′′),W7→0,X7→0} False

| ;{Y′ 7→s(Y′′),W7→s(W′)} False

Indeed, note that even if we add the rule solve(X,s(Y),0,W,0) = False, which
makes the program almost orthogonal, t4 still has a sequential evaluation.

Modern (multiparadigm) programming languages apply computational strate-
gies which are based on some notion of demandness of a position in a term by
a rule (see [7] for a survey discussing this topic). Programs in these languages

2 Natural numbers 1,2,. . . are used as a shorthand for s(s(...s(0))), where s is
applied 1, 2, . . . times.

3 Symbol ‘|’ is used as a separator to denote different narrowing steps from a similar
term.
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are commonly modeled by left-linear CSs and computational strategies take ad-
vantage of this constructor condition (see [1,2,18]). Furthermore, the semantics
of these programs normally promote the computation of values (or construc-
tor head-normal forms) rather than head-normal forms. For instance, (weakly)
outermost-needed narrowing considers the constructor condition though some
refinement is still possible as shown by the following example.

Example 3. Consider the following TRS from [9] defining the symbol ÷ which
encodes the division function between natural numbers.

0 ÷ s(N) = 0 M − 0 = M

s(M) ÷ s(N) = s((M−N) ÷ s(N)) s(M) − s(N) = M − N

Consider the term t = 10! ÷ 0, which is a (non-constructor) head-normal form.
Outermost-needed narrowing forces4 the reduction of the first argument and
evaluates 10! in an useless way. The reason is that outermost-needed narrowing
uses a data structure called definitional tree which encodes the order of eval-
uation without testing whether rules associated to each branch could ever be
matched to the term or not. A similar problem occurs with term X ÷ 0 since it
is instantiated to 0 and s when they are not really necessary.

In this paper, we provide a refinement of the demandness notion associated
to outermost-needed narrowing. We introduce an extension of outermost-needed
narrowing called natural narrowing. Intuitively, natural narrowing always nar-
rows the most demanded position in a term. Our definition applies to left-linear
CSs though it is based on the notion of inductively sequential term. However,
for the class of inductively sequential CSs, natural narrowing behaves even bet-
ter than outermost-needed narrowing in the avoidance of failing computations.
Regarding inductively sequential CSs, we introduce a bigger class of TRSs called
inductively sequential preserving where natural narrowing preserves optimality
for sequential parts of the program.

2 Preliminaries

We assume some familiarity with term rewriting (see [20] for missing defini-
tions) and narrowing (see [12] for missing definitions). Throughout the paper,
X denotes a countable set of variables and F denotes a signature, i.e. a set of
function symbols {f, g, . . .}. We denote the set of terms built from F and X by
T (F ,X ). A term is said to be linear if it has no multiple occurrences of a single
variable. Let Subst(T (F ,X )) denote the set of substitutions. We denote by id

the “identity” substitution: id(x) = x for all x ∈ X . Terms are ordered by the
preorder ≤ of “relative generality”, i.e. s ≤ t if there exists σ s.t. σ(s) = t. Term
t is a renaming of s if t ≤ s and s ≤ t. A substitution σ is more general than
θ, denoted by σ ≤ θ, if θ = σγ for some substitution γ. By Pos(t) we denote

4 Indeed, this fact depends on how a real implementation builds definitional trees.
However, as shown in Example 15 below, the problem persists for other terms.
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the set of positions of a term t. Given a set S ⊆ F ∪ X , PosS(t) denotes posi-
tions in t where symbols in S occur. We denote the root position by Λ. Given
positions p, q, we denote its concatenation as p.q. Positions are ordered by the
standard prefix ordering ≤. The subterm at position p of t is denoted as t|p, and
t[s]p is the term t with the subterm at position p replaced by s. The symbol
labelling the root of t is denoted as root(t). A rewrite rule is an ordered pair
(l, r), written l → r, with l, r ∈ T (F ,X ) and l 6∈ X . The left-hand side (lhs)
of the rule is l and r is the right-hand side (rhs). A TRS is a pair R = (F , R)
where R is a set of rewrite rules. L(R) denotes the set of lhs’s of R. A TRS R
is left-linear if for all l ∈ L(R), l is a linear term. Given R = (F , R), we take
F as the disjoint union F = C ] D of symbols c ∈ C, called constructors and
symbols f ∈ D, called defined functions, where D = {root(l) | l → r ∈ R} and
C = F − D. A pattern is a term f(l1, . . . , lk) where f ∈ D and li ∈ T (C,X ),
for 1 ≤ i ≤ k. A TRS R = (C ] D, R) is a constructor system (CS) if all lhs’s
are patterns. A term t ∈ T (F ,X ) narrows to s (at position p with substitution
σ), written t ;{p,σ,l→r} s (or just t ;σ s), if σ(t|p) = σ(l) and s = σ(t[r]p), for
some (possibly renamed) rule l → r ∈ R, p ∈ Pos(t), and substitution σ. The
subterm σ(l) is called a redex. A term t is a head-normal form (or root-stable)
if it cannot be narrowed to a redex. Two (possibly renamed) rules l → r and
l′ → r′ overlap if there is a non-variable position p ∈ Pos(l) and a most-general
unifier σ such that σ(l|p) = σ(l′). The pair 〈σ(l)[σ(r′)]p, σ(r)〉 is called a critical
pair. A critical pair 〈σ(l)[σ(r′)]p, σ(r)〉 with p = Λ is called an overlay. A critical
pair 〈s, t〉 such that s = t is called trivial. A left-linear TRS without critical pairs
is called orthogonal. A left-linear TRS whose critical pairs are trivial overlays is
called almost orthogonal.

3 Natural Narrowing

Some evaluation (rewrite or narrowing) strategies proposed up to date are called
demand driven and can be classified as call-by-need. Loosely speaking, demand-
ness is understood as follows: if possible, a term t is evaluated at the top;
otherwise, some arguments of the root of t are (recursively) evaluated if they
might promote the application of a rewrite rule at the top, i.e. if a rule “de-
mands” the evaluation of these arguments. In [7], Antoy and Lucas present
the idea that modern functional (logic) languages include evaluation strategies
which consider elaborated definitions of ‘demandness’ which are, in fact, related
[2,5,6,11,15,16,18].

In [1], we provided a notion of demandness which gives us a useful algo-
rithm to calculate the rules and demanded positions necessary in an evaluation
sequence.

Definition 1 (Disagreeing positions). [1] Given terms t, l ∈ T (F ,X ), we let
Pos 6=(t, l) = minimal≤({p ∈ Pos(t) ∩ PosF (l) | root(l|p) 6= root(t|p)}).

Definition 2 (Demanded positions). [1] We define the set of demanded
positions of a term t ∈ T (F ,X ) w.r.t. l ∈ T (F ,X ) (a lhs of a rule defining
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root(t)), i.e. the set of (positions of) maximal disagreeing subterms as:

DPl(t) =

{

Pos 6=(t, l) if Pos 6=(t, l) ∩ PosC(t) = ∅

∅ otherwise

and the set of demanded positions of t w.r.t. TRS R as: DPR(t) = ∪{DPl(t) |
l→ r ∈ R ∧ root(t) = root(l)}.

Example 4. Consider again Example 2 and term t4. We haveDPR(t4) = {1, 2, 3, 4}

DPsolve(X,s(Y),s(Z),W,s(H))(t4) = {2, 3} DPsolve(X,0,s(Z),W,s(H))(t4) = {2, 3}
DPsolve(s(X),Y,0,W,s(H))(t4) = {1, 3} DPsolve(0,s(Y),0,W,s(H))(t4) = {1, 2, 3}
DPsolve(0,0,0,0,H)(t4) = {1, 2, 3, 4} DPsolve(s(X),Y,0,W,0)(t4) = ∅

DPsolve(X,0,s(Z),W,0)(t4) = ∅ DPsolve(0,s(Y),Z,0,0)(t4) = ∅

DPsolve(X,s(Y),s(Z),s(W),0)(t4) = ∅

Note that the restriction of disagreeing positions to positions with non-constructor
symbols disables the evaluation of subterms which could never produce a redex
(see [1,2,18]). Outermost-needed narrowing also considers this constructor con-
dition though some refinement is still possible, as it was shown in Example 3.

In [7], Antoy and Lucas introduced the idea that some evaluation strategies
select “popular” demanded positions over the available set. We formalize here
a notion of popularity of demanded positions which makes the difference by
counting the number of times a position is demanded by some rule and, then,
we select the most (frequently) demanded positions. This information, i.e. the
number of times a position is demanded, is crucial and it is managed by using
multisets instead of sets for representing demanded positions.

We (re)-define the set of demanded positions of t w.r.t. TRS R, DPm

R (t), as
follows.

Definition 3 (Demanded positions). We define the set of demanded posi-
tions of a term t ∈ T (F ,X ) w.r.t. TRS R as: DPm

R (t) = ⊕{DPl(t) | l → r ∈
R ∧ root(t) = root(l)} where M1 ⊕M2 is the union of multisets M1 and M2.

Example 5. Continuing Example 4, DPm

R (t4) = {4, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 3}.

The following definition establishes the strategy used in natural narrowing for
selecting demanded positions. In order to obtain optimal narrowing strategies,
computed substitutions must be unavoidable to achieve a head-normal form (see
[6] for details). In the following, x ¹ y denotes that the number of occurrences
of x in the multiset is less or equal to the number of occurrences of y.

Definition 4 (Natural narrowing). Given a term t ∈ T (F ,X ) and a TRS
R, m(t) is defined as the smallest set satisfying

m(t) 3























(Λ, id, l→r) if l→ r ∈ R,∃σ.σ(l) = t

(p.q, θ, l→r) if t is not a redex w.r.t.R, DPR ∩ PosX (t) = ∅, p ∈ DPR,

and (q, θ, l→ r) ∈ m(t|p)
(p, θ ◦ σ, l→r) if t is not a redex w.r.t.R, p ∈ DPR ∩ PosX (t), c ∈ C,

σ(t|p) = c(w), and (p, θ, l→ r) ∈ m(σ(t))

where w are fresh variables and DPR = maximal¹(DP
m

R (t)).
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We consider m simply as a function returning positions if substitutions and rules
selected for narrowing are not relevant or directly deducible from the context.
Intuitively, instantiation is performed only in those variables which are part of
the most demanded positions, whereas reduction is only performed when no most
demanded position associated to a variable is available. We say term t narrows
by natural narrowing to term s using substitution σ, denoted by t

m

;{p,l→r,σ} s

(or simply t
m

;σ s), if (p, σ, l→ r) ∈ m(t).

Example 6. Continuing now Example 5. It is easy to see that m(t4) = {3} since
positions 1, 2, and 4, which correspond to variables, are also demanded but the
redex at position 3 is the most demanded. Then, the only possible narrowing
step is: solve(X,Y,0+s(s(0)),W,s(0))

m

;id solve(X,Y,s(s(0)),W,s(0)).

From now on, we investigate the properties of natural narrowing.

3.1 Neededness and sequentiality

First, we recall the definition of a definitional tree and an inductively sequential
CS. A definitional tree of a defined symbol f is a finite, non-empty set T of
linear patterns partially ordered by ≤ and having the following properties (up
to renaming of variables) [3]:

leaf property The maximal elements, referred to as the leaves, of T are renam-
ings of the left-hand sides of the rules defining f . Non-maximal elements are
referred to as branches.

root property The minimum element of T is referred to as the root 5.
parent property If π is a pattern of T different from the root, there exists in

T a unique pattern π′ strictly preceding π such that there exists no other
pattern strictly between π and π′. π′ is referred to as the parent of π and π

as a child of π′.
induction property All the children of a same parent differ from each other

only at the position, referred to as inductive, of a variable of their parent.

A defined symbol f is called inductively sequential if there exists a definitional
tree T with pattern f(x1, . . . , xk) (where x1, . . . , xk are different variables) whose
leaves contain all and only the rules defining f . In this case, we say that T is a
definitional tree for f , denoted as Tf . A left-linear CS6 R is inductively sequential
if all its defined function symbols are inductively sequential. An inductively
sequential CS can be viewed as a set of definitional trees, each defining a function
symbol. It is often convenient and simplifies understanding to provide a graphical
representation of definitional trees as a tree of patterns where the inductive
position in branch nodes is surrounded by a box [3].

5 This definition of root property differs from that of [3]; in [3]: “the minimum element,
referred to as the root, of T is f(x1, . . . , xk), where x1, . . . , xk, are fresh, distinct
variables.” This provides us with a more flexible definition which fits our interests.

6 Left-linear CSs is the largest class where outermost-needed narrowing can be defined
[4].
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M ÷ N

↙ ↘

0÷ N s(M)÷ N

↓ ↓

0÷ s(N) s(M)÷ s(N)

Definitional tree (a)

M÷ N

↓

M ÷ s(N)

↙ ↘

0÷ s(N) s(M)÷ s(N)

Definitional tree (b)

Fig. 1. The two possible definitional trees for symbol ÷.

solve(X, Y ,Z,W,H)
↙ ↘

solve(X,0, Z ,W,H) solve(X,s(Y), Z ,W,H)
↙ ↘

solve(X,0,s(Z),W, H ) solve(X,s(Y),s(Z),W, H )
↙ ↓ ↓ ↘

solve(X,0,s(Z),W,0) solve(X,0,s(Z),W,s(H)) solve(X,s(Y),s(Z), W ,0) solve(X,s(Y),s(Z),W,s(H))
↓

solve(X,s(Y),s(Z),s(W),0)

solve( X ,Y,Z,W,H)
↙ ↘

solve(0, Y ,Z,W,H) solve(s(X),Y,Z,W, H )
↙ ↓ ↓ ↘

solve(0,0, Z ,W,H) solve(0,s(Y),Z,W, H ) solve(s(X),Y, Z ,W,0) solve(s(X),Y, Z ,W,s(H))
↙ ↙ ↓ ↓ ↓

solve(0,0,0,0,H) solve(0,s(Y),Z, W ,0) solve(0,s(Y), Z ,W,s(H)) solve(s(X),Y,0,W,0) solve(s(X),Y,0,W,s(H))
↓ ↓

solve(0,s(Y),Z,0,0) solve(0,s(Y),0,W,s(H))

Fig. 2. A partition of definitional trees for symbol solve

Example 7. Symbol ÷ in Example 3 is inductively sequential since there exists
a definitional tree for pattern M÷ N. Figure 1 shows the two possible associated
definitional trees.

When a CS is not inductively sequential, a rule partition which obtains induc-
tively sequential subsets can be applied.

Example 8. Symbol solve in Example 2 is non-inductively sequential, since a
rule partition which splits its rules into subsets which are inductively sequential
can be applied. Figure 2 shows the definitional tree of each partition.

Now, we extend to terms the notion of an inductively sequential symbol. This
is the key idea of the paper. We denote the maximal set of rules which can
eventually be matched to a term t after some evaluation by matcht(R) = {l ∈
L(R) | DPl(t) 6= ∅ or l ≤ t}. Note that given a term t with variables and a
substitution σ, matchσ(t)(R) ⊆ matcht(R).

Definition 5 (Inductively sequential term). Let R = (F , R) = (C]D, R) be
a CS and t ∈ T (F ,X ). We say t is inductively sequential if for all p ∈ PosD(t),
there exists a definitional tree T with root pattern π such that π ≤ t|p and leaves
of T are all and only instances of matcht|p(R).
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solve(X,Y, Z ,W,s(0))
↙ ↘

solve( X ,Y,0,W,s(0)) solve(X, Y ,s(Z),W,s(0))
↙ ↓ ↙ ↘

solve(0, Y ,0,W,s(0)) solve(s(X),Y,0,W,s(0)) solve(X,0,s(Z),W,s(0)) solve(X,s(Y),s(Z),W,s(0))
↙ ↘

solve(0,0,0, W ,s(0)) solve(0,s(Y),0,W,s(0))
↓

solve(0,0,0,0,s(0))

Fig. 3. Definitional tree for term solve(X,Y,0+s(s(0)),W,s(0)).

Example 9. Consider Example 2. The term t4 is inductively sequential since

matcht4(R) = {solve(X,s(Y),s(Z),W,s(H)), solve(X,0,s(Z),W,s(H)),
solve(s(X),Y,0,W,s(H)), solve(0,s(Y),0,W,s(H)),

solve(0,0,0,0,H)}

and its associated definitional tree is depicted in Figure 3.

Example 10. On the other hand, consider again Example 2 but term
t′ = solve(X,Y,0+s(s(0)),W,H). This term is not inductively sequential since
all lhs’s for symbol solve could be (potentially) matched and a rule partition
is necessary, as shown in Figure 2. Then, optimal evaluation is not ensured. For
instance, natural narrowing returns positions 3 and 5 as most popular candidates
for narrowing, i.e. m(t′) = {3, 5} where

DPsolve(X,s(Y),s(Z),W,s(H))(t
′) = {2, 3, 5} DPsolve(X,0,s(Z),W,s(H))(t

′) = {2, 3, 5}
DPsolve(s(X),Y,0,W,s(H))(t

′) = {1, 3, 5} DPsolve(0,s(Y),0,W,s(H))(t
′) = {1, 2, 3, 5}

DPsolve(0,0,0,0,H)(t
′) = {1, 2, 3, 4} DPsolve(s(X),Y,0,W,0)(t

′) = {1, 3, 5}
DPsolve(X,0,s(Z),W,0)(t

′) = {2, 3, 5} DPsolve(0,s(Y),Z,0,0)(t
′) = {1, 2, 4, 5}

DPsolve(X,s(Y),s(Z),s(W),0)(t
′) = {2, 3, 4, 5}

The (computable) notion of an inductively sequential term is based on the idea of
a definitional tree whose root pattern is not necessarily7 of the form f(x1, . . . , xk)
where x1, . . . , xk are variables. The following results are consequences of Defini-
tion 5. We first introduce the notion of neededness of a narrowing step.

In [17], root-neededness of a rewriting step is introduced as the basis to
develop normalizing and infinitary normalizing rewrite strategies for lazy (or
call-by-need) rewriting. In [13], it is proved that (almost) orthogonal strongly
sequential TRSs amount to reduce root-needed redexes. Therefore, in orthogonal
TRSs, every term not in normal form has a needed redex that must be reduced
to compute the term’s normal form.

Definition 6 (Neededness of a rewriting step). [17] A position p of a term
t is called root-needed if in every reduction sequence from t to a head-normal

form, either t|p or a descendant of t|p is reduced. A rewriting step t
p
→ s is

root-needed if the reduced position p is root-needed.

7 This is why we made more flexible the definition of a definitional tree.
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In [6], it is shown that neededness of a narrowing step does not stem in a simple
way from its counterpart of rewriting since some unifiers may not be strictly
unavoidable to achieve a normal form. Intuitively, a narrowing step is needed no
matter which unifiers might be used later in the derivation.

Definition 7 (Neededness of a narrowing step). [6] A narrowing step
t ;{p,l→r,σ} s is called outermost-needed (or needed) if for every substitution
η ≥ σ, p is the position of a root-needed or outermost-needed redex of η(t),
respectively.

The notion of neededness of a narrowing or reduction step is only meaningful for
orthogonal TRSs, since all redexes of a term correspond to non-overlapping rules.
However, this notion is well-defined when we consider inductively sequential
terms.

Proposition 1. Let R be a TRS. If t ∈ T (F ,X ) is an inductively sequen-
tial term, then for all p ∈ PosD(t), left-hand sides in matcht|p(R) are non-
overlapping.

Now, we investigate a related problem, namely whether natural narrowing (in-
duced by general TRSs) performs only “outermost-needed” narrowing steps
when considering inductively sequential terms.

Theorem 1 (Optimality). Let R = (F , R) be a left-linear CS and t ∈ T (F ,X )
be an inductively sequential term which is not root-stable. Then each natural nar-
rowing step t

m

;{p,σ,l→r} s is outermost-needed.

The idea behind the previous proposition and theorem is that a narrowing step
from an inductively sequential term is outermost-needed whatever narrowing
step we can perform later in any derivation starting from it. Note that later
narrowing steps may not hold the property of outermost-neededness since we
are not restricted to orthogonal TRS. However, in the case that a later step is
not outermost-needed, the current step from the inductively sequential term is
still unavoidable to obtain a root-stable form.

Example 11. Consider Example 2. All the steps in the narrowing sequences from
t4 are outermost-needed since they are unavoidable to achieve the normal form
False. In concrete, the initial rewrite step is necessary to achieve the normal
form and the instantiation on Y is unavoidable if a normal form is desired.

Moreover, we are able to prove that normal forms of
m

; are root-stable forms.

Theorem 2 (Correctness). Let R = (F , R) be a left-linear TRS. If s ∈

T (F ,X ) is a
m

; -normal form, then s is root-stable.

Indeed, we provide a class of CSs called inductively sequential preserving with
some interesting normalization properties.

Definition 8 (Inductively sequential preserving). We say R is an induc-
tively sequential preserving CS if for all rule l→ r ∈ R, right-hand side r is an
inductively sequential term.
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Example 12. The TRS of Example 1 is trivially inductively sequential preserv-
ing. Consider now the TRS of Example 2. This TRS is also inductively sequential
preserving since rhs solve(X,0,Z,W,H) induces sequential evaluation in position
3, rhs solve(X,Y,0,W,H) induces sequential evaluation in position 1, and rhs
solve(X,Y,s(Z),W,H) induces sequential evaluation in position 2 or 5. On the
other hand, consider the following CS for the addition function between naturals:

0 + N = N N + 0 = N s(M) + N = s(M + N)

This TRS is clearly non-inductively sequential preserving since rhs s(M+N) is a
non-inductively sequential term because no definitional tree can be associated
to M+N without a rule partition.

Note that inductively sequential CSs are trivially inductively sequential pre-
serving CSs. The following result asserts that natural narrowing steps in an
inductively sequential preserving CS preserve inductive sequentiality of terms.

Theorem 3. Let R = (F , R) be an inductively sequential preserving CS and t ∈

T (F ,X ) be an inductively sequential term. If t
m

;{p,σ,l→r} s, then s is inductively
sequential.

In concrete, this last theorem provides the basis for the completeness of natu-
ral narrowing, i.e. narrowing of inductively sequential terms within the class of
inductively sequential preserving CSs provides root-stable terms.

Theorem 4 (Completeness). Let R = (F , R) = (C ] D, R) be a left-linear
inductively sequential preserving CS and t ∈ T (F ,X ) be an inductively sequential
term which is not root-stable. If t ;

∗ s and root(s) ∈ C where s is the unique

root-stable term in the sequence, then t
m

;
∗ s.

Example 13. Consider again Example 2. Since Example 12 shows TRS of Ex-
ample 2 is inductively sequential preserving and Example 9 proves term t4 is
inductively sequential, narrowing t4 through natural narrowing is optimal and
provides appropriate root-stable forms.

Finally, we clarify the precise relation between outermost-needed narrowing and
natural narrowing.

3.2 (Weakly) Outermost-needed narrowing

The formal definition of outermost-needed narrowing for an inductively sequen-
tial CS (i.e. through a definitional tree) can be found in [6] whereas the definition
for non-inductively sequential CSs can be found in [5]. The reader should note
that definitional trees (as well as the necessary partition) are associated to the
TRS at a first stage and remain fixed during execution time.

In strongly sequential TRSs, the order of evaluation is determined by match-
ing automata [14]. In inductively sequential CSs, the order of evaluation is de-
termined by definitional trees and an mapping λ, which implements the strategy
by traversing definitional trees as a finite state automata to compute demanded
positions to be reduced [3,4,5,6].
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Definition 9 (Outermost-needed narrowing). [5,6] Let t ∈ T (F ,X ) with
root(t) = f and its definitional tree Tf , λ(t, Tf ) is defined as the smallest set
satisfying

λ(t, Tf ) 3























(Λ, σ, l→r) if π ∈ Tf is a leaf, l→ r ∈ R, π is a renaming of l,
and ∃σ : σ = mgu(t, l)

(p.q, θ◦σ, l→r) if π ∈ Tf is a branch with inductive position p,
root(t|p) = f ′ ∈ D, ∃σ : σ = mgu(t, π),
and (q, θ, l→ r) ∈ λ(σ(t)|p, Tf ′)

We say term t narrows by outermost-needed narrowing to term s (at posi-

tion p and using substitution σ), denoted by t
n

;{p,l→r,σ} s if (p, σ, l → r) ∈

λ(t, Troot(t)). For non-inductively sequential CSs, a rule partition is necessary
and λ is applied to all inductively sequential subsets, where the union of all
computed triples is selected.

Example 14. Consider the TRS and term t4 of Example 2. Consider also defi-
nitional trees for symbol solve of Figure 2. It is clear that outermost-needed
narrowing yields:

λ(solve(X,Y,0+2,W,1), Tsolve) = {(3, {Y 7→ 0}), (3, {Y 7→ s(Y′)}),
(3, {X 7→ 0, Y 7→ 0}), (3, {X 7→ 0, Y 7→ s(Y′)}),
(3, {X 7→ s(X′)})}

since solve has two definitional trees, positions 1 and 2 are the inductive po-
sitions of the root branch pattern of each definitional tree, and subsequent
matching or instantiation is made until a branch whose inductive position is
3 is reached.

The following theorem establishes that natural narrowing is conservative w.r.t.
outermost-needed narrowing for inductively sequential CSs.

Theorem 5. Let R be a left-linear inductively sequential CS and t, s ∈ T (F ,X )

such that t is not root-stable. Then, t
n

;{p,σ,l→r} s if and only if t
m

;{p,σ,l→r} s.

Note that the condition of non root-stability of t is necessary since natural nar-
rowing performs a more exhaustive matching test.

Example 15. Continuing Example 3. According to Definition 3, there is no de-
manded position for the term t = 10!÷ 0, i.e. DPm

R (t) = ∅. However, if defi-
nitional tree (a) of Figure 1 is used by outermost-needed narrowing, it cannot
detect that t is a head-normal form and forces the reduction of the first argument
since it blindly follows the selected definitional tree.

It is worth noting that if definitional tree (b) of Figure 1 is selected for
use, this problem does not happen. However, the reader should note that if we
(re)-consider the set of constructor symbols in the program as C = {0, s, pred}
instead of simply {0, s}, then term 10! ÷ pred(0) is problematic when us-
ing definitional tree (a) and term pred(0) ÷ 10! is problematic when using
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definitional tree (b); whereas both are detected as head-normal forms by natu-
ral narrowing. Hence, this problem shows that outermost-needed narrowing is
dependent on the algorithm for constructing definitional trees.

A simple but informal clarifying idea arises: natural narrowing refines
outermost-needed narrowing like a strategy which dynamically calculates the
definitional trees associated to each term to reduce. This does not mean that
natural narrowing builds (or rebuilds) definitional trees each time a term is going
to be evaluated. In fact, no definitional tree is used in the formal definition and
this behavior is obtained using only the simple but natural and powerful idea of
“most demanded positions”.

4 Conclusions

We have provided a suitable refinement of the demandness notion associated
to outermost-needed narrowing which integrates and also improves the one of
the on-demand evaluation presented in [1]. We have also introduced an exten-
sion of outermost-needed narrowing called natural narrowing. We have shown
that natural narrowing is a conservative extension of outermost-needed nar-
rowing. In concrete, it preserves optimality for sequential parts of programs
in a new class of TRSs called inductively sequential preserving and behaves
even better than outermost-needed narrowing for the class of inductively se-
quential CSs in the avoidance of failing computations (see Theorems 1, 2, 3,
5 and Example 3). This paper extends the notion of inductive sequentiality
from CSs and symbols to terms, which is the basis for the definition of an
inductively sequential preserving CS. We have developed a prototype imple-
mentation of natural narrowing (called Natur) which is publicly available at
http://www.dsic.upv.es/users/elp/soft.html. This prototype is implemented in
Haskell (using ghc 5.04.2) and accepts OBJ programs, which have a syntax simi-
lar to modern functional (logic) programs, e.g. functional syntax used in Haskell

or Curry. The prototype has been used to test the examples presented in this
paper

There are still some open problems regarding the application of natural nar-
rowing to non-inductively sequential terms within the general class of constructor
systems [4].

Example 16. Consider the well-known parallel-or TRS R [4,17]:

True ∨ X = True X ∨ True = True False ∨ False = False

This program is almost orthogonal. Consider the term t = X ∨ Y, which is not
inductively sequential since no definitional tree can be associated to it. Positions
1 and 2 of t should be narrowed since all the rules could ever be matched. Natural
narrowing detects them correctly and narrows both, i.e. DPm

R (t) = {1, 2, 1, 2}.
However, if we consider the following slightly different TRS R′:

True ∨ X = True X ∨ True = True False ∨ X = X

Only position 1 is narrowed for term t since it is the most demanded position,
i.e. DPm

R′(t) = {1, 2, 1}, whereas positions 1 and 2 of t should be narrowed.

http://www.dsic.upv.es/users/elp/soft.html
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F. J. López-Fraguas and J. Sánchez-Hernández
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Abstract. Constructive failure has been proposed recently as a pro-
gramming construct useful for functional logic programming, playing a
role similar to that of constructive negation in logic programming. On
the other hand, almost any functional logic program requires the use of
some kind of equality test between expressions. We face in this work in a
rigorous way the interaction of failure and equality (even for non-ground
expressions), which is a non trivial issue, requiring in particular the use
of disequality conditions at the level of the operational mechanism of
constructive failure. As an interesting side product, we develop a novel
treatment of equality and disequality in functional logic programming,
by giving them a functional status, which is better suited for practice
than previous proposals.

1 Introduction

Functional logic programming (see [10]) attempts to amalgamate the best fea-
tures of functional and logic languages. Some works [19, 20, 15, 17, 16, 18] have
addressed the subject of failure of reduction as a useful programming construct
extending naturally to the functional logic setting the notion of negation as
failure [7, 4], of great importance in logic programming.

On the other hand, almost any real program needs to use some kind of
equality test between expressions. It is known [5, 14, 1] that a good treatment
of equality in presence of non-ground expressions requires the use of disequality
constraints. In this paper we address the combination of both issues: failure and
equality.

Let us clarify our contribution with respect to previous works: in [15, 17] we
extended CRWL [8, 9] –a well known semantic framework for functional logic
programming– to obtain CRWLF, a proof calculus given as a semantic basis for
failure in functional logic programming; those papers considered equality and
disequality constraints, which were lost in [16], where CRWLF was reformulated
by using a set oriented syntax to reflect more properly the set-valued nature
of expressions in presence of non-deterministic functions typical of CRWL and
CRWLF. The purely semantic, non executable approach of [16] was completed
in [18] with a narrowing-like procedure able to operate with failure in presence

? Work partially supported by the Spanish project TIC2002-01167 ‘MELODIAS’
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of non-ground expressions (we call this constructive failure, due to its similarity
with constructive negation [23]); equality and disequality as specific features are
again absent in [18].

The combination of constructive failure with a good treatment of equality is
the main contribution of this paper. Equality is realized by means of a three-
valued function (==) returning as possible values true, false or F, (a specific
constructor to express the result of a failed computation). As we argue at the
end of the next section, this is better suited to practice than to have independent
equality and disequality constraints like in [5, 14, 15, 17].

The organization of the paper is as follows: the next section motivates the
interest of our work; Section 3 summarizes the basic concepts about the Set
Reduction Logic of [16] and extends it with the inclusion of the equality function
==; Section 4 is devoted to the operational mechanism, that extends the relation
SNarr presented in [18] with the inclusion of ==. This extension requires a
specialized calculus for ==, the manipulation of disequalities and some other
technical notions. We give correctness and completeness results, but proofs are
omitted due to lack of space. Finally, in Section 5 we present some conclusions
and the future lines of our work.

2 Failure & equality: motivation

We give here a small but not artificial example recalling the interest of con-
structive failure and showing that the operational treatment of equality of [18]
has some drawbacks. We use in this section the concrete syntax of T OY [13, 1].
The functions if then and if then else are defined as usual. The
results indicated in the example correspond, except for some pretty-printing, to
the real results obtained with a small prototype implementing the ideas of this
work.

The purpose of a computation is to evaluate a possibly non-ground expres-
sion, obtaining as answer a pair (S, C) where S is a set of values (constructor
terms) and C expresses a condition for the variables in the expression. To con-
sider sets of values instead of single values is the natural thing when dealing
with failure and non-deterministic functions, as shown in [15, 17]. When S is
a singleton, we sometimes skip the set braces. The condition C, in ‘ordinary’
functional logic programming, would be simply a substitution. In this paper, as
we will see soon, C can have in addition some disequality conditions.

Example: Failure can be used to convert predicates (i.e. true-valued functions)
into two-valued boolean functions giving values true or false. The latter are
more useful, while the former are simpler to define. As an example, consider the
following definition of a predicate prefix:

prefix [] Ys = true

prefix [X|Xs] [Y|Ys] = if (X==Y) then prefix Xs Ys

Here, == must be understood as strict equality (see e.g. [10]). To obtain from
prefix a two-valued boolean function fprefix is easy using failure:
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fprefix Xs Ys = if fails (prefix Xs Ys) then false else true

The function fails is intended to return the value true if its argument
fails (in finite time) to be reduced to head normal form (variable or constructor
rooted expression), and the value false if a reduction to hnf exists. Furthermore,
failure should be constructive, which means that fails should operate soundly
in presence of variables1.

To see what happens with equality, assume first that == is seen as any other
function, an therefore defined by rules, like in [18] . Assume also, for simplicity,
that we are dealing with lists of natural numbers represented by the constructors
0 and suc. The rules for == would be:

0 == 0 = true 0 == (suc Y) = false

(suc X) == 0 = false (suc X) == (suc Y) = X == Y

With these rules an expression like fprefix Xs [Y] produces infinitely many
answers binding Xs to lists of natural numbers and Y to natural numbers.

In contrast, in this paper == has a specific evaluation mechanism involving
disequality conditions which can be a part of answers. The virtue of disequalities
is that one single disequality can encompass the same information as many sub-
stitutions. For fprefix Xs [Y] only four answers are obtained: (true,{Xs=[]});
(false,{Xs=[Y,Z|Zs]}); (true,{Xs=[Y]}); (false,{Xs=[Z|Zs],Y/=Z}). Notice the
disequality condition in the last answer.

Some final remarks about our treatment of equality: in [5, 14] we considered
equality and disequality as two independent constraints, to be used in conditional
rules. One constraint e == e’ or e /= e’ might succeed or fail. To use a two-
valued boolean equality function, say eq, requires to define it by means of two
conditional rules: X eq Y = true <== X==Y; X eq Y = false <== X /= Y

But this has a penalty in efficiency: to evaluate an equality e eq e’ when
e,e’ are in fact unequal (thus e eq e’ should return false), the first rule tries
to solve the equality, which requires to evaluate e and e’ (and that might be
costly); the failure of the first rule will cause backtracking to the second rule,
where a new re-evaluation of e,e’ will be done. The actual implementation of
T OY replaces the above naive treatment of the function eq by a more efficient
one where one equality is evaluated as far as possible without guessing in advance
the value to obtain; this is done in T OY in a very ad-hoc way lacking any formal
justification with respect to the intended semantics of equality. Here we fill the
gap in a rigorous way and in the more complex setting of constructive failure,
where a third value, F, must be considered for ==.

3 Set Reduction Logic with Failure and ==

In this section we summarize the basic concepts of [16] about the set oriented
syntax, set-expressions and the class of CIS-programs that we use to build the
1 From the point of view of implementation, failure is not difficult for ground expres-

sions. For instance, in the system Curry [11] one could use encapsulated search [12].
The problems come with constructive failure, as in the case of logic programs.
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Set Reduction Logic (SRL for short) as a semantic basis for constructive failure.
In order to extend this proof calculus to deal with equality, we also use some syn-
tactical notions about strict equality, disequality and their failure for constructed
terms introduced in [17]. We remark that for the theoretical presentation we use
first order notation.

3.1 Technical Preliminaries

We assume a signature Σ = DCΣ∪FSΣ∪{fails,==}, where DCΣ =
⋃

n∈N DCn
Σ

is a set of constructor symbols containing at least the usual boolean ones true
and false, FSΣ =

⋃
n∈N FSn

Σ is a set of function symbols, all of them with as-
sociated arity and such that DCΣ ∩FSΣ = ∅. The functions fails (with arity 1)
and == (infix and with arity 2) do not belong to DC ∪FS, and will be defined
by specific rules in the SRL-calculus.

We also assume a countable set V of variable symbols. We write TermΣ for
the set of (total) terms (we say also expressions) built over Σ and V in the
usual way, and we distinguish the subset CTermΣ of (total) constructor terms
or (total) cterms, which only makes use of DCΣ and V. The subindex Σ will
usually be omitted. Terms intend to represent possibly reducible expressions,
while cterms represent data values, not further reducible.

The constant (nullary constructor) symbol F is explicitly used in our terms,
so we consider the signature ΣF = Σ∪{F}. This symbol F will be used to express
the result of a failed reduction to hnf. The sets TermF and CTermF are defined
in the natural way. The denotational semantics also uses the constant symbol
⊥, that plays the role of the undefined value. We define Σ⊥,F = Σ ∪ {⊥, F}; the
sets Term⊥,F and CTerm⊥,F of (partial) terms and (partial) cterms respectively,
are defined in the natural way. Partial cterms represent the result of partially
evaluated expressions; thus, they can be seen as approximations to the value
of expressions in the denotational semantics. As usual notations we will write
X, Y, Z, ... for variables, c, d for constructor symbols, f, g for functions, e for
terms and s, t for cterms.

The sets of substitutions CSubst, CSubstF and CSubst⊥,F are defined as
mappings from V into CTerm,CTermF and CTerm⊥,F respectively. We will
write θ, σ, µ for general substitutions and ε for the identity substitution. The
notation θσ stands for composition of substitutions. All the considered sub-
stitutions are idempotent (θθ = θ). We also write [X1/t1, ..., Xn/tn] for the
substitution that maps X1 into t1, ..., Xn into tn.

Given a set of constructor symbols D, we say that the terms t and t′ have a
D-clash if they have different constructor symbols of D at the same position. We
say that two tuples of cterms t1, ..., tn and t′1, ..., t

′
n have a D-clash if for some

i ∈ {1, ..., n} the cterms ti and t′i have a D-clash.
A natural approximation ordering v over Term⊥,F can be defined as the least

partial ordering over Term⊥,F satisfying the following properties:

• ⊥ v e for all e ∈ Term⊥,F,
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• h(e1, ..., en) v h(e′1, ..., e
′
n), if ei v e′i for all i ∈ {1, ..., n}, h ∈ DC ∪ FS ∪

{fails,==} ∪ {F}

The intended meaning of e v e′ is that e is less defined or has less information
than e′. Extending v to sets of terms results in the Egli-Milner preordering (see
e.g. [21]): given D,D′ ⊆ CTerm⊥,F, D v D′ iff for all t ∈ D there exists t′ ∈ D′

with t v t′ and for all t′ ∈ D′ there exists t ∈ D with t v t′.
Next we define the relations ↓, ↑, 6↓ and 6↑, expressing, at the level of cterms,

strict equality, disequality, failure of equality and failure of disequality, respec-
tively.

Definition 1. Relations over CTerm⊥,F

I t ↓ t′ ⇔def t = t′, t ∈ CTerm. I t ↑ t′ ⇔def t and t′ have a DC-clash.
I t 6↓ t′ ⇔def t or t′ contain F as subterm, or they have a DC-clash.
I 6↑ is defined as the least symmetric relation over CTerm⊥,F satisfying:

i) X 6↑ X, for all X ∈ V ii) F 6↑ t, for all t ∈ CTerm⊥,F

iii) if t1 6↑ t′1, ..., tn 6↑ t′n then c(t1, ..., tn) 6↑ c(t′1, ..., t
′
n), for c ∈ DCn

These relations will be extended to general expressions by means of the func-
tion ==, whose semantic meaning will be fixed in the proof calculus SRL of
Section 3.3. Notice that t ↑ t′ ⇒ t 6↓ t′ ⇒ ¬(t ↓ t′) and t ↓ t′ ⇒ t 6↑ t′ ⇒ ¬(t ↑ t′)
but the converse implications do not hold in general. Notice also that t 6↓ t′ and
t 6↑ t′ can be both true for the same t, t′, and in this case neither strict equality,
↓, nor disequality, ↑, stand for t, t′. This will be used in the SRL-calculus (Table
1) in the rule 12, which states when == fails. Such a situation happens, for
instance, with suc(0) and suc(F).

3.2 Set Oriented Syntax: Set-expressions and Programs

A set-expression is a syntactical construction designed for manipulating sets of
values. We extend the signature with a new countable set of indexed variables Γ
that will usually be written as α, β, ... A (total) set-expression S is defined as:

S ::= {t} | f(t) | fails(S1) | t == t′ |
⋃

α∈S1
S2 | S1 ∪ S2

where t, t′ ∈ CTermF, t ∈ CTermF × ... × CTermF, f ∈ FSn, S1,S2 are set-
expressions and α ∈ Γ . We write SetExp for the set of (total) set-expressions.
The set SetExp⊥ of partial set-expressions has the same syntax except that
the cterms t, t′, t can contain ⊥. With respect to [16] we have added here the
construction t == t′ to the syntax of set-expressions.

Given a set-expression S we distinguish two sets of variables in it: the set
PV (S) ⊂ Γ of produced variables (those of indexed unions of S), and the re-
maining FV (S) ⊂ V or free variables. In order to avoid variable renaming and
simplify further definitions, we always assume that produced variables of a set-
expression are indexed only once in the entire set-expression.

We will use substitutions mapping variables of V ∪ Γ into terms built up
over V ∪ Γ . When applying a substitution [. . . , Xi/ti, . . . , αj/sj , . . .] to a set-
expression S, it is ensured throughout the paper that it does not bind any
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produced variable of S, i.e. {. . . , αj , . . .}∩PV (S) = ∅, and also that no produced
variable is captured, i.e. (. . .∪var(ti)∪ . . .∪var(sj)∪ . . .)∩PV (S) = ∅. It is easy
to achieve these conditions with an adequate variable renaming, if necessary, of
produced variables in S.

We will also use set-substitutions for set-expressions: given D = {s1, ..., sn} ⊆
CTerm⊥,F we write S[Y/D] as a shorthand for the distribution S[Y/s1] ∪ ... ∪
S[Y/sn]. Extending this notation, we also write S[X1/D1, ..., Xn/Dn] (where
D1, ..., Dn ⊆ CTerm⊥,F) as a shorthand for (...(S[X1/D1])...)[Xn/Dn].

It is easy to transform any expression e ∈ Term⊥,F into its corresponding
set-expression S ∈ SetExp⊥,F while preserving the semantics with respect to the
appropriate proof calculus (see [16] for details). As an example, if c is a construc-
tor symbol and f and g are function symbols, the set-expression corresponding
to f(c, g(X)) is

⋃
α∈g(X) f(c, α).

Programs consist of rules of the form: f(t1, . . . , tn)� S, where f ∈ FSn, ti ∈
CTerm (notice that F is not allowed to appear in ti), the tuple (t1, . . . , tn) is lin-
ear (each variable occurs only once), S ∈ SetExp and FV (S) ⊆ var((t1, . . . , tn)).

Like in [18], we require programs to be Complete Inductively Sequential
Programs, or CIS-programs for short ([16, 18, 2]). In this kind of programs the
heads of the rules must be pairwise non-overlapping and cover all the possible
cases of constructor symbols. The interesting point is that for any ground tuple
made of terms t ∈ CTerm there is exactly one program rule that can be used for
reducing a call f(t). Notice that this holds for t ∈ CTerm, but not necessarily
for t ∈ CTermF. If t contains F, which might happen in an intermediate step of
a computation, then there could be no applicable rule.

In [3, 16, 18] one can find algorithms to transform general programs into CIS-
programs while preserving their semantics. This transformation, as well as the
transformation to set oriented syntax, can be made transparent to the user in
a real implementation, as indeed happens with the small prototype we have
developed for this paper.

For instance, the program of the example in Section 2 becomes the following
when translated into a CIS-program with first order set oriented syntax:

prefix ([ ],Ys)� {true} prefix ([X|Xs], [ ])� {F}

prefix ([X|Xs], [Y |Ys])�
⋃

β∈X==Y

⋃
γ∈prefix(Xs,Ys) ifThen(β, γ)

fprefix (Xs,Ys)�
⋃

α∈fails(prefix(Xs,Ys) ifThenElse(α, false, true)

The functions if then and if then else are translated as:
ifThen(true,X) � {X}
ifThen(false, X)� {F}

ifThenElse(true,X, Y ) � {X}
ifThenElse(false, X, Y )� {Y }

Notice that the original definition of prefix is completed in order to cover
all the possible cases for the arguments. In particular, the second rule of prefix
corresponds to a ‘missing’ case in the original definition, thus giving failure (the
value F) in the completed one. Something similar happens with the second rule
of ifThen.
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(1) S / {⊥} S ∈ SetExp⊥ (2) {X} / {X} X ∈ V

(3)
{t1} / C1 {tn} / Cn

{c(t1, ..., tn)} / {c(t′) | t
′ ∈ C1 × ...× Cn}

c ∈ DC ∪ {F}

(4)
S / C

f(t) / C (f(t) � S) ∈ {Rθ | R = (f(t) � S) ∈ P, θ ∈ CSubst⊥,F}

(5)
f(t) / {F} for all (f(s) � S ′) ∈ P, t and s have a DC ∪ {F}-clash

(6)
S / {F}

fails(S) / {true} (7)
S / C

fails(S) / {false}
if there is some t ∈ C
with t 6= ⊥, t 6= F

(8)
S1 / C1 S2[α/C1] / C⋃

α∈S1
S2 / C (9)

S1 / C1 S2 / C2

S1 ∪ S2 / C1 ∪ C2

(10)
t == t′ / {true} if t ↓ t′ (11)

t == t′ / {false} if t ↑ t′

(12)
t == t′ / {F} if t 6↓ t′ and t 6↑ t′

Table 1. Rules for SRL-provability

3.3 The proof calculus SRL

Following a well established approach in functional logic programming, we fix the
semantics of programs by means of a proof calculus determining which logical
statements can be derived from a program. The starting point of this semantic
approach was the CRWL framework [8, 9], which included a calculus to prove
reduction statements of the form e → t, meaning that one of the possible reduc-
tions of an expression e results in the (possibly partial) value t. We extended
CRWL to deal with failure, obtaining in [15, 17] the calculus CRWLF; the main
insight was to replace single reduction statements by statements e / C, where C
are sets of partial values (called Sufficient Approximation Sets or SAS’s) corre-
sponding to the different possibilities for reducing e.

The calculus CRWLF was adapted to CIS-programs with set oriented syntax
in [16, 18], and the resulting calculus was called SRL (for Set Reduction Logic).
Here we extend SRL to cope with equality. The new calculus, commented below,
is presented in Table 1.

Rules 1 to 4 are “classical” in CRWL(F) [9, 17, 15, 16]. Notice that rule 4 uses
a c-instance of a program rule that is unique if it exists (CIS-programs ensure it).
If such c-instance does not exist, then by rule 5, the corresponding set-expression
reduces to {F}. As mentioned before when describing CIS-programs, this might
happen because of the presence of F at some position in f(t). Rules 6 and 7
establish the meaning of the function fails(S) and rules 8 and 9 are natural
to understand from classical set theory. Finally, rules 10, 11 and 12 define the
meaning of the function == as a a three-valued function: {true} for the case of
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equality, {false} for disequality, and {F} if case of failure of both. Notice that
given t, s ∈ CTerm⊥,F the conjunction of t 6↓ s and t 6↑ s means that t and s are
identical except possibly at the positions (of which there must be at least one)
where t or s contain the symbol F.

Given a program P and S ∈ SetExp⊥ we write P `SRL S / C, or simply
S / C for sort, if the relation S / C is provable with respect to SRL and the
program P. The denotation of S (we also call it the semantics of S) is defined
as [[S]] = {C | S / C}. Then the denotation of a set-expression is a set of sets of
(possible partial) cterms.

4 Operational Procedure: Set Narrowing with Equality

In this section we enlarge the narrowing relation SNarr of [18] with the equality
function ==. First, set-expressions are enriched by adding sets of disequalities
to them. These disequalities must be manipulated at the operational level, so
we introduce a normalization function solve and appropriate semantic notions
that will be useful later. Then we fix the operational behavior of the equality

function == by means of a specific narrowing relation for it, �θ
, and we

give correctness and completeness results for it with respect to SRL. Finally,
making use of these new capabilities, we integrate the equality function into the
general narrowing relation SNarr, and we show the corresponding correctness
and completeness results, again with respect to SRL.

4.1 Disequality Manipulation

In order to introduce the equality function at the operational level we need an
explicit manipulation of disequalities. We will work with sets δ of disequalities of
the form t 6= s, where t, s ∈ CTerm. A first important notion is that of solution:

Definition 2. Given δ = {t1 6=s1, . . . , tn 6=sn} we say that σ ∈ CSubst⊥,F is a
solution for δ, and write σ ∈ Sol(δ), if t1σ↑s1σ, . . . , tnσ ↑snσ.

We are particularly interested in sets of solved forms of disequalities of the
form X 6= t (with X 6≡ t), where the variable X and those of t are all in V,
i.e., there are not produced variables in them. We introduce a function solve
to obtain solved forms for sets of disequalities between cterms. As solved forms
are not unique in general, solve returns the set of solved forms from a set of
disequalities:

I solve(∅) = {∅} I solve({X 6= X} ∪ δ) = ∅
I solve({c 6= c} ∪ δ) = ∅, for any c ∈ DC0

I solve({c(t) 6= d(t′)} ∪ δ) = solve(δ), if c 6= d
I solve({X 6= t} ∪ δ) = {{X 6= t} ∪ δ′ | δ′ ∈ solve(δ)}
I solve({c(t1, . . . , tn) 6= c(t′1, . . . , t

′
n)}∪δ) = {δi∪δ′ | δi ∈ solve({ti 6= t′i}), δ′ ∈

solve(δ)}
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(1) ∅�ε
true (2) X == X, C�ε

C if X 6∈ Γ

(3) X == t, C�[X/t]
C[X/t]

if X 6= t, X 6∈ Γ ∪ var(t), Γ ∩ var(t) = ∅
and t does not contain F

(4) c(t1, . . . , tn) == c(s1, . . . , sn), C�ε
t1 == s1, . . . , tn == sn, C

(5) c(t) == d(s), C�ε
false

(6) X == t, C�ε
false |X 6=t

if X 6= t, X 6∈ Γ , Γ ∩ var(t) = ∅
and t does not contain F

(7) X == c(t1, . . . , tn), C �[X/c(Y )]
(Y1 == t1, . . . , Yn == tn, C)[X/c(Y )]

if X 6∈ Γ and var(t) ∪ Γ 6= ∅ or t contains F, Y fresh variables

(8) X == c(t1, . . . , tn), C �[X/d(Y )]
false

if X 6∈ Γ and var(t) ∪ Γ 6= ∅
or t contains F, Y fresh variables

(9) F == t1, . . . , F == tn�ε
F

Table 2. Rules for ==

The interesting property about this function is:

Proposition 1. If solve(δ)={δ1, . . . , δn}, then Sol(δ)=Sol(δ1)∪ . . .∪Sol(δn).

Now, the idea is to associate a set of disequalities δ to any set-expression S,
for which we use the notation S2δ. For such set-expressions with disequalities
we extend the notion of semantics in order to obtain a better way for establishing
semantics equivalence between set-expressions. Given S2δ, we are interested in
the semantics of S under total substitutions that also are solutions of δ. With
this aim we introduce the notion of hyper-semantics:

Definition 3. The hyper-semantics of a set-expression with disequalities S2δ
(with respect to a program P) is defined as: [[[S2δ]]] = λσ ∈ CSubst∩Sol(δ).[[Sσ]]

4.2 Operational behavior of ==

The mechanism for evaluating the function == is defined by means of the rela-

tion �θ
of Table 2. The substitution θ ∈ CSubst is the computed substitu-

tion. This relation works on a set of constraints of the form {t1 == s1, . . . , tn ==
sn}, where t1, . . . , tn, s1, . . . sn ∈ CTermF. As an abuse of notation we will write
t1 == s1, . . . , tn == sn, C for representing the set {t1 == s1, . . . , tn == sn}∪C,
where C is a set of constraints; it is not relevant any ordering on the constraints
and the relation == is symmetric. Some comments about the rules of Table 2:

Some comments about the rules:

– rule 2 erase a variable identity, 3 is for binding, 4 for decomposition and 7 is
an imitation rule. These are general rules that can be used in intermediate
steps of a�-derivation to obtain any result (true, false or F);
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– the result true (equality) can be obtained by applying the general rules and
finally rule 1, that stands for the empty set of constraints;

– false (disequality) is reached by checking a clash of constructor symbols in
rule 5, or by introducing such a clash in rule 8;

– false|X/=u (conditional disequality) can be obtained in rule 6. In this case,
the value false is conditioned to the disequality X 6= t. This is the point
where an explicit disequality can be added as part of the solution;

– finally, F is obtained in rule 9 when all the equalities are of the form F == t.
In such case neither a equality nor a disequality can be proved.

Apart from the possible values that can return the calculus, it is possible that
no rule is applicable at a given step in the derivation. This happens when there
are produced variables of Γ that block the evaluation. Notice that the evaluation
of an equality t == s will be required from the narrowing relation SNarr, where
this equality is a part of the full set-expression. So, t == s can contain produced
variables indexed in the corresponding set-expression. For example, using the
function prefix of Section 2, the equality prefix 0 [0,X]== Y written as set-
expression is

⋃
α∈prefix(0,[0,X]) α == Y . The equality α == Y cannot be reduced

by the rules of � because α blocks the evaluation, i.e., it is associated to

an expression (prefix(0, [0, X])) that requires further evaluation.

We will use the relation ∗�θ
for 0 or more steps of � , where θ

indicates the composition of θ’s in individual steps.
In order to simplify the relation SNarr of the next section we consider a

uniform shape (ω, δ) for the results provided by the rules for�, where ω is
the value and δ a set of disequalities (always empty, except for the case of con-
ditional false). So, with this format the possible results are: (true, ∅), (false, ∅),
(false, {X 6= u}) and (F, ∅).

4.3 The operational mechanism

For selecting a redex, SNarr uses the notion of context defined as:

C ::= S | [ ] | fails(C1) |
⋃

X∈C1
C2 | C1 ∪ C2

where S is a set-expression, and C1 and C2 are contexts.

For defining the operational behavior of fails and also for the completeness
result of Section 4.3 we need to consider the information set S∗ ⊆ CTerm⊥,F

for a set-expression S, defined as:

I (f(t))∗ = (fails(S))∗ = (t == s)∗ = {⊥} I ({t})∗ = {t}
I (

⋃
α∈S′ S)∗ = (S[α/⊥])∗ I (S1 ∪ S2)∗ = S∗1 ∪ S∗2

Now, we can define one-narrowing-step relation: given a program P, two
set-expressions S,S ′ ∈ SetExp, θ ∈ CSubstF, and δ, δ′ sets of disequalities in
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Cntx C [S]2δ θ
Cθ [S ′]2δ′ if S2δ θ

S ′2δ′

Nrrw1 f(t)2δ  θ |var(t)
Sθ2δ′

if (f(s) � S) ∈ P, θ ∈ CSubstF is a m.g.u. for s
and t with Dom(θ) ∩ Γ = ∅ and δ′ ∈ solve(δθ)

Nrrw2 f(t)2δ ε
{F}2δ

if for every rule (f(s) � S) ∈ P,
s and t have a DC ∪ {F}-clash

Nrrw3 t == s2δ  θ |var(t)∪var(s)
{ω}2δ′ if t == s

∗�θ
(ω, δ′′) and

δ′ ∈ solve(δθ ∪ δ′′)

Fail1 fails(S)2δ ε
{true}2δ if S∗ = {F}

Fail2 fails(S)2δ ε
{false}2δ if ∃t ∈ S∗ t 6= ⊥, t 6= F

Dist
⋃

α∈S1∪S2
S32δ ε

⋃
α∈S1

S3 ∪
⋃

α∈S2
S32δ

Bind
⋃

α∈{t} S2δ ε
S[α/t]2δ

Flat
⋃

α∈
⋃

β∈S1
S2
S32δ ε

⋃
β∈S1

⋃
α∈S2

S32δ

Elim
⋃

α∈S′ S2δ ε
S2δ if α 6∈ FV (S)

Table 3. Rules for SNarr

solved form, a narrowing step is expressed as S2δ θ
S ′2δ′ where the relation

S2δ θ
S ′2δ is defined in Table 3. In the following we use SNarr as the name

for this relation.
Rules are essentially those of [18], except for the disequality sets δ and for

the rule Nrrw3, specific for ==. This rule performs a subcomputation with the
rules for == and integrates the result in the current set-expression. With respect
to the other rules: Cntx select a redex in the set-expression, Nrrw1 evaluates
a function call by finding the appropriate (unique if it exists) applicable rule;
Nrrw2 returns a failure if such rule does not exist; rules Fail1,2 evaluate the
function fails according to the information set of the current set-expression. And
the rest of rules correspond to easy manipulations from the point of view of sets.

As an example of derivation, consider again the CIS-program containing the
functions prefix , fprefix , ifThen and ifThenElse of Section 3.2. We show one of
the four possible derivations for the expression fprefix (Xs, [Y ]) in Table 4 (we
write iT for ifThen and iT e for ifThenElse). At each step we underline the redex
in use, and we point out the rule of SNarr used for the step. In the case of Nrrw1

we also point out the rule of the program used for the step.
Notice that the computed substitution is found at step (2), by applying

the second rule of prefix to narrow the redex prefix (Xs, [Y ]). At step (3), the
rule Nrrw3 throws a subcomputation for the function ==. It succeeds with a
conditional false that inserts the disequality {Y 6= B} into the computation.
The function fails is reduced to true by means of Fail1 at step (7). At the end



72 F. J. López-Fraguas and J. Sánchez-Hernández

(1) fprefix (Xs, [Y ])2∅ ε
(Nrrw1-fprefix)

(2)
⋃

α∈fails(prefix(Xs,[Y ])) iTe(α, false, true)2∅  Xs/[B|C]
(Nrrw1-prefix3)

(3)
⋃

α∈fails(
⋃

β∈B==Y

⋃
γ∈prefix(C,[ ]) iT(β,γ)) iTe(α, false, true)2∅ ε

(Nrrw3)

B == Y �ε
(false, {Y 6= B}) (by rule 6 of ==)

(4)
⋃

α∈fails(
⋃

β∈{false}
⋃

γ∈prefix(C,[ ]) iT(β,γ)) iTe(α, false, true)2{Y 6= B} ε
(Bind)

(5)
⋃

α∈fails(
⋃

γ∈prefix(C,[ ]) iT(false,γ)) iTe(α, false, true)2{Y 6= B} ε
(Nrrw1-iT2)

(6)
⋃

α∈fails(
⋃

γ∈prefix(C,[ ]){F})
iTe(α, false, true)2{Y 6= B} ε

(Elim)

(7)
⋃

α∈fails({F}) iTe(α, false, true)2{Y 6= B} (Fail1)

(8)
⋃

α∈{true} iTe(α, false, true)2{Y 6= B} (Bind)

(9) iTe(true, false, true)2{Y 6= B} (Nrrw1-iTe1)

(10) {false}2{Y 6= B}

Final answer: ({false}, {Xs = [B|C], Y 6= B})
Table 4. Derivation for fprefix Xs [Y]

we obtain the answer ({false}, {Xs = [B|C], Y/ = B}) as expected. The three
remaining answers showed in Section 2 can be obtained in a similar way.

The correctness of SNarr with respect to SRL is easy to formulate thanks to
the notion of hyper-semantics (Definition 3). Essentially it guarantees that the
hyper-semantics of a set-expression is preserved under SNarr derivations.

Theorem 1 (Correctness of SNarr). Let S, S ′ ∈ SetExp, θ ∈ CSubstF and

δ,δ′ sets of solved disequalities. Then: S2δ ∗ θ
S ′2δ′ ⇒ [[[Sθ2δ′]]] = [[[S ′2δ′]]]

The completeness result is quite technical and ensures that the SAS’s ob-
tained by SRL are captured by the information provided by SNarr, that also
finds the appropriate substitutions.

Theorem 2 (Completeness of SNarr). Let S2δ be a set-expression with
disequalities and θ ∈ Sol(δ). If P `SRL Sθ / C then there exists a derivation

S2δ ∗ θ′ S ′2δ′, introducing a set of fresh variables Π, such that:

I θ = (θ′µ) |V−Π , for some µ ∈ CSubst I C v (S ′µ)∗ I µ ∈ Sol(δ′)

As a corollary we obtain the following result that essentially says that we have
reached our goal of devising an operational procedure for constructive failure.

Corollary 1. If P `SRL Sθ / {F}, then there exist θ′, µ ∈ CSubst such that

S2∅ ∗ θ′ {F}2δ, θ = θ′µ and µ ∈ Sol(δ).
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5 Conclusions and Future Work

We have addressed in a rigorous way in this paper the problem of how to realize
constructive failure in a functional logic language having a built-in equality func-
tion. The motivation was that both failure and equality are important expressive
resources in functional logic programs, but there was a lack of a convenient com-
bination of them in previous works. We were guided by the following two aims,
hopefully achieved:

– We wanted our work to be technically precise from the theoretical point of
view, not only at the semantic description level but also at the operational
level, with results relating both levels. For the first level we give a proof
calculus fixing the semantics of programs and expressions. Failure is used in
programs by means of a two-valued function fails giving true or false, while
for equality we use a three-valued function == giving as possible values true,
false or F.

– We wanted failure and equality to be well-behaved from a functional logic
programming perspective, which implies the ability to operate in presence
of non-ground expressions. Thus, following a usual terminology for negation
in logic programming, we expect failure to be constructive, and this, when
combined with equality, required to consider disequality constraints as a part
of the operational procedure, which essentially consists in set-narrowing (in
the spirit of [18]) combined with a (novel) evaluation mechanism for equality,
all proceeding in an ambient of disequality constraints, which can appear in
answers.

The operational procedure, although complex in its description, is amenable
for a quite direct implementation. We have a small prototype with which all the
examples in the paper have been executed. It includes the program transforma-
tion needed to convert programs in user-friendly T OY syntax into CIS-programs
with set oriented syntax. As a useful tool for experimentation the prototype in-
cludes also the possibility of tracing an execution by automatically generating
and compiling a TeX file with the sequence of performed steps. The derivation
in Table 4 has been obtained with the aid of this tool.

In the future, we plan to embed the prototype into the T OY system, and to
improve its efficiency.
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Abstract. This paper presents the functional logic programming lan-
guage Brooks which inherits from the languages Curry and BABEL,
but allows the integration of different narrowing strategies. We describe
briefly the abstract machine BEBAM as target for the compilation of
Brooks programs together with key points of the translation process.
Furthermore differences to other multiparadigm languages are discussed.

1 Introduction

While many programming languages implement only a single paradigm like func-
tional, logic, or object-oriented programming, in recent years the interest in lan-
guages with a broader scope, integrating several paradigms simultaneously, has
grown. An important subclass of those multiparadigm languages is constituted
by functional logic languages which combine the two main declarative paradigms
functional and logic programming. They bring together deterministic computa-
tions from the functional world and nondeterministic search operations from the
logic world.

Extensive research in this area yielded several languages utilizing different
evaluation mechanisms, e.g. Escher [Llo99] uses rewriting, BABEL [MNRA92]
uses lazy narrowing, and Curry [HAK+02] uses residuation and needed narrow-
ing. However, combinations of different narrowing strategies in a single language
appear to be rare. That is understandable, because from the viewpoint of a
stand-alone language the gain in the combination of, say, lazy and needed nar-
rowing is not obvious; the latter is usually regarded as superior to the former
due to certain optimality properties [AEH00].

But declarative programs together with language evaluation mechanisms can
also be considered as constraint solvers [Hof02], which allows for a smooth inte-
gration of such host languages into a bigger framework of cooperating solvers.
In this context programs are not evaluated as a whole, but in a stepwise fashion
under the strategic control of a meta-solver [FHM03]. It is not a priori clear how
(meta-)solving strategies and evaluation mechanisms interact. We are currently
investigating this topic and expect advantages by avoiding the commitment to
a single evaluation mechanism.

Along these lines the need for an experimental host language platform arises.
Despite certain advantages an interpreter approach has to offer, performance
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requirements of the overall system led us to implement an abstract machine
with integrated support for innermost, lazy, and needed narrowing. Our work is
conceptually based on the machine described by [Loo95] which already supports
innermost and lazy narrowing. Therefore one aim of our work was to examine
the requirements of needed narrowing and to figure out necessary extensions. As
high-level companion for the resulting low-level machine BEBAM we developed
the language Brooks that can be seen as a Haskell descendant with logic features
or – at least for the features presented in this paper – as a subset of Curry.1

The paper is structured as follows: Section 2 gives a brief overview of Brooks
and the usage of the language, and it shortly sketches the different evalua-
tion mechanisms. The structure of the narrowing machine BEBAM is treated
in Sect. 3. Section 4 is dedicated to the compilation of Brooks programs into
BEBAM code. We consider functions to be evaluated using innermost and lazy
narrowing in Sect. 4.1 and needed narrowing in Sect. 4.2, resp. Finally we discuss
related work and conclude our paper in Sect. 5.

2 Elements of Brooks

This section gives a brief overview of Brooks as it is currently implemented by a
prototypical compiler with the abstract machine BEBAM as target. In Sect. 2.1
we consider the elements of a Brooks program and sketch on different evaluation
strategies in Sect. 2.2.

2.1 Programs, Data Types, and Function Definitions

A Brooks program consists of data type definitions and function definitions with
a Haskell-like syntax.

A data type definition introduces a new type and a set of data constructors.
Types and constructors start with capital letters. For example,

data Tree = Leaf Nat | Node Tree Tree

defines a data type Tree with two variants: a Tree is either a Leaf with a value of
type Nat or a Node with two children of type Tree itself. As usual a constructor
is an uninterpreted function.

Brooks has some built-in data types like Nat representing natural numbers
and Bool for boolean values. Inspired by Curry there is furthermore the data
type Constraint with the single constructor Success which comes in handy
whenever only positive answers are of interest. This happens especially in the
context of conditional rules where guard expressions are checked for satisfiability.

At present, Brooks is a monomorphic language, i.e. neither in data type
definitions nor function type declarations universally quantified type variables
are allowed. Due to time restrictions we left this aspect out initially, because it

1 Brooks is the ‘B.’ in the name of the mathematician Haskell B. Curry and thus
stands somewhere between Haskell and Curry.
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was not directly relevant to our work and can be added later on in the usual way.
Similar reasoning led to the omission of local definitions and lambda abstractions.

A function in Brooks consists of a function type declaration and a function
definition. There are two different forms of function definitions related to the
different evaluation strategies. We discuss the traditional rule-based form below
and the other tree-based form in Sect. 2.2. A rule-based function is defined by
a sequence of conditional rules, i.e. rules with left-linear constructor patterns
and optional Bool- or Constraint-typed guard expressions. Rules with identical
pattern parts but different guards can be bundled together to a rule block which
affects code translation and gains efficiency (cf. Sect. 4.1), e.g.

f pat1 . . . patn | guard1 = body1

f pat1 . . . patn | guard2 = body2

f pat ′1 . . . pat
′
n | guard

′
1 = body ′1

f pat ′1 . . . pat
′
n | guard

′
2 = body ′2

=⇒

f pat1 . . . patn | guard1 = body1

| guard2 = body2

f pat ′1 . . . pat
′
n | guard

′
1 = body ′1

| guard ′2 = body ′2 .

For reasons of confluence we require according to [Loo95] that if the left hand
sides of variable disjoint variants of two rules for the same function are unifiable
with a most general unifier σ then either the right-hand sides must be syntacti-
cally identical under σ or the guards must be incompatible, i.e. not simultane-
ously satisfiable. However, since in general we allow free variables in right-hand
sides of rules as well as in guards, keeping confluence is, after all, left in the
user’s responsibility (cf. [Han95]). Types of free variables must be given explic-
itly using the where construct. Further features of Brooks are the off-side rule,
infix operators, and currying along with higher order functions. The example
program in Fig. 1 can’t show every detail but may give a general impression.

data Seq = Nil | Nat : Seq -- Sequences of natural numbers

(=::=) :: Seq -> Seq -> Constraint -- Equality constraint for sequences

Nil =::= Nil = Success

(x : xs) =::= (y : ys) | x =:= y = xs =::= ys

(++) :: Seq -> Seq -> Seq -- Concatenation of sequences

Nil ++ ys = ys

(x : xs) ++ ys = x : (xs ++ ys)

last :: Seq -> Nat -- Get "logically" the last element

last xs | (ys ++ (x : Nil)) =::= xs = x where ys :: Seq

x :: Nat

Fig. 1. Brooks code to (inefficiently) extract the last element from a sequence using a
search-oriented technique. The idea is that x is the last element of xs if there exists a
sequence ys so that x appended to ys is equal to xs. Note that the equality constraint
(=:=) for Nat is predefined.
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2.2 Functions and Evaluation Mechanisms

Our main interest was in the implementation of an abstract machine which sup-
ports evaluation by innermost, lazy, and needed narrowing (see [Han94] for an
extensive survey of narrowing strategies). Innermost narrowing is the simplest
of the three strategies and often more efficient than lazy narrowing but is incom-
plete even if the corresponding term rewriting system is confluent and terminat-
ing. It does not allow for infinite data structures and impedes certain elegant
programming techniques. Therefore modern implementations of functional-logic
programming languages favor lazy narrowing or needed narrowing.

Needed narrowing is optimal wrt. the length of derivations and the number
of computed solutions but in its original form can only be applied to a restricted
class of programs, called inductively sequential systems [AEH00]. However, there
are extensions of needed narrowing like weakly needed narrowing or parallel
needed narrowing which go beyond this limitation [AEH97] and are deployed
by Curry. For time reasons they are currently missing from Brooks, but the
integration should pose no fundamental problems.

The choice between different evaluation strategies is in principle made via
a compile time switch except that for the time being needed narrowing gets a
special treatment. It deviates from the other strategies in that the pattern unifi-
cation process doesn’t work in a rule-oriented way but is guided by definitional

trees. A definitional tree is a particular hierarchical structure to describe the
order in which arguments are to be inspected. Although such trees can be gen-
erated algorithmically from rule-based function definitions we decided that for
the first version of Brooks a manual specification suffices.

Definitional trees are formally introduced in [Ant92] and have an intuitive
structure, so instead of restating definitions we content ourselves with Example 1
which moreover demonstrates the Brooks syntax for definitional trees.

Example 1. The following rule-based definition specifies the boolean function
“less than or equal” for natural numbers (of the non-built-in type Nat’) built
upon the constructors Z (zero) and S (successor):

data Nat’ = Z | S Nat’

leq :: Nat’ -> Nat’ -> Bool

leq Z y = True -- R1

leq (S x) Z = False -- R2

leq (S x) (S y) = leq x y -- R3

An according definitional tree is given in Fig. 2 in graphical form and as
Brooks code using the case construct. The needed narrowing evaluation of a
call leq t1 t2 demands at first the inspection of t1 because the patterns of all
rules have constructor terms at position 1 but not at position 2. Evaluation
of t2 is not needed if t1 is evaluated to Z because y in rule R1 matches any
argument. Otherwise the decision between the rules R2 and R3 is based on the
head constructor of the second argument, i.e. t2 must be evaluated.
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leq x y

leq Z y leq (S x1) y

True leq (S x1) Z leq (S x1) (S y1)

False leq x1 y1

R1

R2 R3

leq :: Nat’ -> Nat’ -> Bool

leq x y = case x of

Z -> True

S x1 ->

case y of

Z -> False

S y1 -> leq x1 y1

Fig. 2. Definitional tree for the function leq in graphical form and in Brooks syntax.

3 Structure of the Narrowing Machine

The target for the compilation of Brooks code is an abstract machine which can
be regarded as a suitably modified version of the machine described in [Loo95] as
execution environment of the language BABEL. Because both languages utilize
narrowing techniques as evaluation mechanisms the choice of this machine as
a starting point appeared sensible. However, BABEL is restricted to innermost
and lazy narrowing and not concerned with needed narrowing, so one task was to
identify necessary extensions. The resulting Brooks Extended BABEL Abstract
Machine is named BEBAM in the following while BAM designates the original
machine.

The (BE)BAM descends from a typical reduction machine commonly used for
functional languages augmented with facilities of the Warren Abstract Machine
[War83] to support features of logic languages like unification and backtrack-
ing. It combines environment-based reduction with graph-based representation
of data structures. Furthermore graph nodes are used to store administrative
information about suspended (lazy) calculations, partial applications of higher-
order functions, variable bindings, etc. However, no graph reduction of expres-
sions takes place.

The machine state is given by the static program store and the seven dynamic
elements instruction pointer (ip), graph store (G), graph pointer (gp), data stack
(ds), (environment) stack (st), environment pointer (ep), backtrack pointer (bp),
and trail (tr): 〈ip, G, gp, ds, st , ep, bp, tr〉 ∈ State. At any given time the graph
store can be seen as a (partial) function which maps graph addresses to graph
nodes. With Graph as the set of such functions, State = IN×Graph× IN× IN∗×
IN∗ × IN× IN× IN∗ holds.

Allocation of graph nodes currently happens in the most straightforward way:
the graph pointer gp points to the next free graph node and gets continuously
adjusted, i.e. is increased by allocations and set back by backtracking which in
general causes the graph to shrink. While a choicepoint exists, graph addresses
of variables which get bound and of suspensions which are evaluated, are noted
in the trail. These bindings and values may depend on information which is only
valid in the current evaluation branch and will thus be invalidated by backtrack-
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ing; the trail allows to undo affected bindings. The data stack is mainly used
for purposes of parameter passing. A complete and detailed description of the
BEBAM can be found in [Met02]. In the context of this paper the environment
stack is of most interest.

On the one hand this stack contains argument blocks for function calls and
activation records (environments) which consist of local variables, a pointer to
the previously active environment, and a return address for the control flow.2

On the other hand choicepoints are placed on the stack in order to keep track of
the current machine state whenever a nondeterministic branching decision has
to be made. That happens when function definitions with multiple rules and/or
multiple guards are encountered (see Sect. 4). The backtrack pointer bp in the
state always points to the currently active choicepoint. With Env and CP as the
sets of all environments and choicepoints, resp., the set of possible stacks can be
described as StackBEBAM = (Env ∪ (CP+ × Env))+ .

In the BAM the stack looks essentially the same with the small but im-
portant difference that the translation of BABEL code never leads to multiple
choicepoints stacked on top of each other with no intervening environment, i.e.
CP+ is only CP in the above formula. In Brooks stacked choicepoints may be
caused in two ways: by multiple rule blocks even in the case of innermost/lazy
narrowing (see Sect. 4.1) and via nested evaluations in the context of anticipated
substitutions in the case of needed narrowing (see Sect. 4.2).

Because in the BAM the environment which was active when the choicepoint
was created is always located directly beneath the choicepoint and thus easily
found, there is no need to store the environment pointer in the choicepoint.
However, in the BEBAM it is generally unknown how many choicepoints have
been placed on top of this environment, thus it is wise to store the environment
pointer in the choicepoint to facilitate the correct reconstruction of the old state.
The other choicepoint contents are the same as in the BAM and include e.g.
information about the trail length, the graph pointer, the backtrack pointer,
and the backtrack address at creation time. The backtrack mechanisms in the
BAM and BEBAM are very similar, so we skip the details here.

However, there is a subtle point concerning local variables which is worth
to mention. Backtracking in the BAM always abandons a whole rule and starts
afresh with the next one, i.e. bindings of local variables made before backtracking
occurs can be safely set back because no local variable can have been in a bound
state at choicepoint creation time. But backtracking in the BEBAM is not limited
to the rule level if needed narrowing is used, so it is quite likely that some local
variables are already in a bound state at choicepoint creation time and others
are not but become bound later on. Therefore at first glance it may appear to
be necessary to memorize the binding situation in the choicepoint.

2 An argument block is always associated with an environment, but strictly speaking
not part of it. If no choicepoint protects the block, it is removed as soon as the
function body is entered in order to avoid space wastage by (now) superfluous data.
However, to avoid distraction by minor details we treat these blocks as environment
parts in the following discussion.
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If the state had to be reconstructed exactly, that would in fact be needed, but
fortunately it turns out that it is not required at all to reconstruct the binding
state of local variables. The structure of definitional trees ensures that when an
alternative branch is taken, local variables either are automatically rebound, or
are already correctly bound, or are not used anymore.

4 Compilation of Brooks Programs

A Brooks program consists of collections of data type definitions and function
definitions (cf. Sect. 2). The latter can be of two different types: functions to
be evaluated by innermost or lazy narrowing are defined by rules, and func-
tions to be evaluated by needed narrowing are defined by definitional trees:
Function = FunctionByRules ∪ FunctionByTree. Section 4.1 is concerned with
the translation of rule-based functions and introduces various aspects shared by
both approaches. Afterwards, Sect. 4.2 focuses on the translation of tree-based
functions.

4.1 Innermost and Lazy Narrowing

As long as only innermost and lazy narrowing are considered, Brooks code trans-
lation for the BEBAM is similar in spirit to BABEL code translation for the
BAM. The most noticeable difference is an additional layer of branching due to
support for rule blocks, which is illustrated in Fig. 3 with a simple example.

Nesting of choicepoints is especially advantageous when lazy narrowing is
deployed. Backtracking to the start of the next rule involves a potentially ex-
pensive reevaluation of just evaluated suspensions if they depend on variables
which get bound during unification of arguments and patterns (cf. Sect. 3). This
is deplorable, but necessary if the pattern parts differ from rule to rule.

However, inside a rule block the patterns are invariant by definition, i.e.
reevaluations would lead to the same results and should therefore be avoided.
This is accomplished by a nested choicepoint which is created after successful
pattern unification and ensures that backtracking affects only the guard parts
until all components of the rule block have been handled.

To facilitate a more precise description of the translation process, we define
formally the essence of a rule-based function definition. A function is given by
its name and a sequence of rule blocks: FunctionByRules = D × Ruleblock+,
where D denotes the set of defined function symbols. Each rule block consists of
a number of patterns according to the function arity and a sequence of guard-
body pairs: Ruleblock = Pattern∗ × (Guard × Expr)+. The patterns are terms
T (C,X ) over the sets of constructor symbols C and the variables X . A guard is a
(possibly empty) conjunction of boolean or constraint expressions to be checked
for satisfiability: Guard = Expr∗.

The translation of a Brooks function is initiated by trans func (see Fig. 4)
which constructs a typical chain of evaluation branches for the different rule
blocks. TRY-ME-ELSE creates a new choicepoint with the given argument as
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data Nat’ = Z

| S Nat’

f :: Nat’ -> Nat’

f (S x) | g x = S Z

| h x = S (S Z)

f Z = Z

g, h :: Nat’ -> Bool

g x = ...

h x = ...

f : TRY-ME-ELSE f.2;
-- pattern unification for (S x)

TRY-ME-ELSE f.1.2;
-- check (g x) for satisfiability
-- body: (S Z)

RETURN;

f.1.2 : TRUST-ME-ELSE-FAIL;
-- check (h x) for satisfiability
-- body: (S (S Z))

RETURN;

f.2 : TRUST-ME-ELSE-FAIL;
-- pattern unification for (Z)
-- body: (Z)

RETURN;

Fig. 3. Brooks example code on the left which leads to nested choicepoint creation
in the machine code on the right. Jump targets are designated with hierarchically
structured symbolic labels generated during the translation process.

backtrack address corresponding to an alternative branch where evaluation con-
tinues after backtracking. Occurrences of RETRY-ME-ELSE constitute the middle
part of the chain and simply modify the backtrack address of the already exist-
ing choicepoint. When no more alternatives are available at this level, i.e. at the
end of the chain, TRUST-ME-ELSE-FAIL removes the choicepoint.

trans func hands over the work to trans ruleblock that matches actual argu-
ments against formal parameter patterns by calling trans pat (explained below),
removes the arguments from the data stack, and calls trans guard body pairs

to translate the sequence of guards and associated rule bodies. For this purpose
trans guard body pairs builds a TRY-ME-ELSE chain quite similar to trans func,
leading to the choicepoint nesting discussed above. The details of expression
translation are not of specific interest here.

The pattern translation via trans pat (see Fig. 5) is built around the three
machine instructions MATCH-VAR, MATCH-CONSTR-ELSE, and INITIATE. The
generated unification code follows closely the structure of the pattern in ques-
tion. MATCH-VAR unconditionally binds a local variable to an argument, and
MATCH-CONSTR-ELSE tries to match the specified constructor. Such a match
can only be performed against a constructor or an unbound variable, but not a
suspension. Therefore, when a lazy strategy is used, INITIATE examines the situ-
ation right before the call to MATCH-CONSTR-ELSE and, if it proves necessary,
temporarily sets up an environment with the local variables of the suspension
and enforces an evaluation to weak head normal form (WHNF).

To give an impression of the machine’s inner workings and to emphasize a
useful extension of the BEBAM over the BAM, details about the instruction
MATCH-CONSTR-ELSE are shown in Fig. 6. Four different cases have to be dis-
tinguished depending on the term found on top of the data stack. It can be
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trans func : FunctionByRules → SymbolicInstruction+

trans func(〈f, 〈ruleblock i〉i∈{1,...,no of ruleblocks}〉) =

f : TRY-ME-ELSE(f.2)

trans ruleblock(f, f.1)(ruleblock 1)

f.2 : RETRY-ME-ELSE(f.3)

trans ruleblock(f, f.2)(ruleblock 2)
...

...

f.no of ruleblocks : TRUST-ME-ELSE-FAIL

trans ruleblock(f, f.no of ruleblocks)(ruleblock no of ruleblocks)

Fig. 4. Translation of a function with multiple rule blocks. The type of trans ruleblock

is D×Label → Ruleblock → SymbolicInstruction+, where the first two arguments serve
technical purposes further down the call chain, e.g. jump label generation and function
specific lookup of variable index positions (cf. trans pat in Fig. 5).

trans pat : D × IN→ T (C,X )→ SymbolicInstruction+

trans pat(f, else addr)(pat) =

case pat of

x with x ∈ X →

MATCH-VAR(variable index(f)(x))

c t1 . . . tn with c ∈ C, n ≥ 0→

case compilation mode of

Innermost/Needed Narrowing→
ε

Lazy Narrowing→

INITIATE

MATCH-CONSTR-ELSE(c, n, else addr)
trans pat(f, 0)(t1)
...
trans pat(f, 0)(tn)

Fig. 5. Translation of a pattern. The helper function variable index maps local variable
symbols to index positions in the environment. The parameter else addr is always
zero for innermost and lazy, but not for needed narrowing. Note that the reason why
INITIATE seems to be unused for needed narrowing is simply that it has been already
generated when trans pat is entered (cf. trans tree in Sect. 4.2).
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rooted with the correct constructor which means to inspect the components; it
can be an unbound logical variable which means to build a graph representation
of the pattern term in a multistep process and to bind the variable; it can be
a 〈HOLE〉 node which is an intermediate artefact of building a graph represen-
tation; or finally it can be a constructor-rooted term which does not match the
pattern.

For innermost and lazy narrowing the last situation causes backtracking be-
cause the argument else addr is always set to zero in calls to trans pat. If an
else addr is given, no backtracking is performed but a direct jump to this address.
This behavior is exploited by trans tree in Sect. 4.2 and is the main difference
to the otherwise similar instruction MATCH-CONSTR in the BAM which does
not know about an else addr and always performs backtracking in case of a
mismatch.

Exec JMATCH-CONSTR-ELSE(c, n, else addr)K (ip, G, gp, ds, st , ep, bp, tr) =

let ds _ d0 · ds
′

in case G(d0) of

〈CONSTR, c, b1 : . . . : bn〉 →

let ds∗ = dereference(G, b1) : . . . : dereference(G, bn) · ds
′

in (ip + 1, G, gp, ds∗, st , ep, bp, tr)
where

dereference : Graph × IN−→◦ IN
dereference(G, addr) = . . .
{- follow indirections through variable and suspension nodes -}

〈VAR, ?〉 →

let G∗ = G[d0/〈VAR, gp〉, gp/〈CONSTR, c, (gp + 1) : . . . : (gp + n)〉,

(gp + 1)/〈HOLE〉, . . . , (gp + n)/〈HOLE〉]
ds∗ = (gp + 1) : . . . : (gp + n) · ds ′

in (ip + 1, G∗, gp + n+ 1, ds∗, st , ep, bp, tr · d0)

〈HOLE〉 →

let G∗ = G[d0/〈CONSTR, c, gp : . . . : (gp+ n− 1)〉,

gp/〈HOLE〉, . . . , (gp + n− 1)/〈HOLE〉]
ds∗ = gp : . . . : (gp + n− 1) · ds ′

in (ip + 1, G∗, gp + n, ds∗, st , ep, bp, tr)

otherwise→

if else addr = 0 then backtrack(ip, G, gp, ds, st , ep, bp, tr)

else (else addr , G, gp, ds, st , ep, bp, tr)

Fig. 6. The central operation for pattern unification (some technical details concerning
choicepoint handling are omitted). G[addr/node] denotes the graph G modified at
address addr to contain node node. Stacks grow to the left, the trail to the right.
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4.2 Needed Narrowing

Independent of the way definitional trees for needed narrowing are obtained,
given explicitly or generated algorithmically, function definitions eventually re-
flect the underlying tree structure: FunctionByTree = D×X ∗×Tree, where the
set of trees can be described inductively:

〈x, 〈〈pat i, treei〉〉i∈{1,...,n}〉 ∈ Tree with x ∈ X , pat1, . . . , patn ∈ C · (X )∗,

tree1, . . . , treen ∈ Tree for n ∈ IN

corresponding to the Brooks construct:

case x of { pat1 -> tree1 ; . . . ; patn -> treen }
and

〈〈guard i, body i〉〉i∈{1,...,n} ∈ Tree with guard1, . . . , guardn ∈ Guard ,

body1, . . . , bodyn ∈ Expr for n ∈ IN

corresponding to the Brooks fragment:

. . . | guard1 -> body1

...
| guardn -> bodyn

The translation is then driven by this structure and realized by trans tree, shown
in Fig. 7. The interesting part is the recursive case, where the walk through the
tree is still in progress. At first the (graph address of the) relevant argument
is loaded onto the data stack with the LOAD instruction which automatically
dereferences variable bindings, so that either a constructor-rooted term, or an
unbound logical variable, or a suspended evaluation, gets on top of the data
stack. Because of an upcoming unification operation with a constructor term, a
potential suspension must be evaluated to WHNF which is done by INITIATE

(cf. Sect. 4.1).
The instruction SKIP-CONSTR operates in conjunction with the immedi-

ately following TRY-ME-ELSE and the MATCH-CONSTR-ELSE which is hidden
in trans pat (cf. Fig. 5). The TRY-ME-ELSE chain represents a branching pro-
cess which may be deterministic or nondeterministic depending on the loaded
argument. If it is a constructor-rooted term only a single branch has to be cho-
sen in a deterministic way because all other branches correspond to different
constructors, i.e. cannot match. If it is an unbound variable this variable will
be instantiated right now according to the first branch, but this is a nondeter-
ministic decision and may be revised later via backtracking to choose a different
branch.

If SKIP-CONSTR finds a constructor term on top of the data stack, it skips
the next instruction, i.e. reflects the determinism of the situation by avoiding
the creation of a choicepoint. By itself that is not enough because the first
branch is not necessarily the right one and a regular MATCH-CONSTR would still
cause backtracking, albeit affecting the wrong choicepoint. Only the extended
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trans tree : D × Label → Tree → SymbolicInstruction+

trans tree(f, l)(tree) =

case tree of

〈〈guard i, body i〉〉i∈{1,...,n} →

trans guard body pairs(f, l)(tree)

〈x, 〈〈pat i, treei〉〉i∈{1,...,n}〉 →

LOAD(variable index
(f)(x))

INITIATE

SKIP-CONSTR

TRY-ME-ELSE(l.2)
trans pat(f, l.2.1)(pat1)
trans tree(f, l.1.1)(tree1)

l.2 : RETRY-ME-ELSE(l.3)
l.2.1 : trans pat(f, l.3.1)(pat2)

trans tree(f, l.2.1)(tree2)
...

...
l.n : TRUST-ME-ELSE-FAIL

l.n.1 : trans pat(f, 0)(patn)
trans tree(f, l.n.1)(treen)

Fig. 7. Translation of a definitional tree (some minor technical details are omitted).
The function trans pat for pattern translation is shown in Fig. 5.

functionality of MATCH-CONSTR-ELSE makes the approach work (cf. Sect. 4.1
and Fig. 6). Backtracking is not performed in case of a mismatch, but instead
the search for the matching alternative is continued by a direct jump to the next
MATCH-CONSTR-ELSE.

The net effect can be understood as a kind of if -then-elseif -. . . chain which
tries all possible constructors in sequence until the matching one is found. A
slight optimization might be the introduction of a more direct switch-like con-
struct but the idea would be the same.

Note that the mechanism also behaves as intended if the loaded argument
was an unbound logical variable: SKIP-CONSTR does nothing, the choicepoint
is created, and the else addr of MATCH-CONSTR-ELSE won’t be used because
the unification of an unbound variable and a constructor always succeeds.

The presentation of translation schemes for innermost/lazy narrowing and
needed narrowing side by side in the framework of a single machine points up an
interesting difference in the utilization of the common choicepoint concept. Leav-
ing guards out of account, one can say that needed narrowing uses choicepoints
in a very fine-grained way, i.e. each choicepoint corresponds directly to a single
variable which will get bound to different constructor terms in the course of com-
puting all solutions. The decision to create a choicepoint is made dynamically
at run time when the actual need arises to handle nondeterminism.
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In contrast to that, with innermost/lazy narrowing the decision to create a
choicepoint is statically made at compile time whenever a function is defined
by more than a single rule. It is very well possible that a choicepoint is created
although the situation turns out later to be deterministic, rendering the creation
pointless with hindsight. The reason for that inefficiency is the coarse-grained
usage: in a function call a single choicepoint potentially covers all unbound vari-
ables in all arguments simultaneously. In general, it is too costly to determine
beforehand if variables will get bound or not, so only after the whole unification
process is completed, it becomes clear if the choicepoint was indeed needed.

5 Conclusion and Related Work

With the long-term goal in mind to embed a host language with flexible eval-
uation strategies into a framework of cooperating constraint solvers, we at-
tempted to explore the possibilities for an implementational integration of differ-
ent narrowing strategies. As a result we developed the abstract machine BEBAM
which currently supports innermost, lazy, and needed narrowing; other narrow-
ing strategies as well as residuation may be added at a later stage.

Most functional logic languages are rather tightly associated with specific
evaluation strategies, e.g. Escher is based on rewriting, BABEL is based on
lazy narrowing, and Curry is based on residuation and needed narrowing. Con-
sequently implementations of these languages tend to focus on the respective
strategies or emphasize additional features.

For example, in [LK99] a stack based graph reduction machine is presented
that is designed for lazy narrowing and appears to be structurally roughly com-
parable to the BEBAM. It additionally handles the concurrent aspects of resid-
uation and has special support for encapsulated search operations, which are the
main concern of the paper. However, the given machine description is not de-
tailed enough to evaluate with certainty if innermost and needed narrowing are
already supported or would require some modifications of the machine semantics.

The BEBAM can be regarded as an extension of a narrowing machine orig-
inally designed for innermost and lazy narrowing in the context of BABEL
[Loo95]. The main contribution of the BEBAM as described in this paper is
therefore the additional support for needed narrowing while avoiding a complete
redesign; the idea was to extend the machine, not to start from scratch. Apart
from minor issues three relatively small extensions turned out to suffice for that
purpose: choicepoints need a pointer to their associated environment, choice-
point construction must be handled conditionally (SKIP-CONSTR), and pattern
unification must not necessarily cause backtracking in case of a mismatch but
allow for a direct jump to an alternative branch (MATCH-CONSTR-ELSE).

As companion to the BEBAM we have designed the functional logic language
Brooks which has a syntax resembling a restricted form of Haskell but enables the
use of logic features. We showed how compilation of Brooks code to BEBAM code
can take place utilizing the specific machine facilities. In doing so we focused on
the construction of TRY-ME-ELSE chains together with some aspects of pattern
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unification because in this regard needed narrowing differs most from innermost
and lazy narrowing.

The BEBAM and a compiler for Brooks have been prototypically imple-
mented in Haskell as a testbed for the developed ideas and to prove their validity
in practice [Met02]. Of course, for serious usage the language needs to be aug-
mented with some convenience features like polymorphism, lambda abstractions,
built-in sequences, etc., which were deliberately omitted due to time constraints.
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Towards Translating Embedded Curry to C?
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Abstract. This paper deals with a framework to program autonomous
robots in the declarative multi-paradigm language Curry. Our goal is to
apply a high-level declarative programming language for the program-
ming of embedded systems. For this purpose, we use a specialization of
Curry called Embedded Curry. We show the basic ideas of our framework
and an implementation that translates Embedded Curry programs into
C.

Keywords: functional logic programming, process-oriented program-
ming, embedded systems, domain-specific languages

1 Motivation

Although the advantage of declarative programming languages (e.g., functional,
logic, or functional logic languages) for a high-level implementation of software
systems is well known, the impact of such languages on many real world applica-
tions is quite limited. One reason for this might be the fact that many real-world
applications have not only a logical (declarative) component but also demand
an appropriate modeling of the dynamic behavior of a system. For instance,
embedded systems become more important applications in our daily life than
traditional software systems on general purpose computers, but the reactive na-
ture of such systems seems to make it fairly difficult to use declarative languages
for their implementation. We believe that this is only partially true since there
are many approaches to extend declarative languages with features for reactive
programming. In this paper we try to apply one such approach, the extension
of the declarative multi-paradigm language Curry [11, 15] with process-oriented
features [6, 7], to the programming of concrete embedded systems.

The embedded systems we consider in this paper are Lego Mindstorms
robots.1 Although these are toys intended to introduce children to the con-
struction and programming of robots, they have all typical characteristics of
embedded systems. They act autonomously, i.e., without any connection to a
powerful host computer, have a limited amount of memory (32 kilobytes for op-
erating system and application programs) and a specialized processor (Hitachi

? This work has been partially supported by the German Research Council (DFG)
under grant Ha 2457/1-2 and by the DAAD/NSF under grant INT-9981317.

1 http://mindstorms.lego.com Note that these names are registered trademarks al-
though we do not put trademark symbols at every occurrence of them.
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Fig. 1. The RCX, the “heart” of a Mindstorms robot

H8 16 MHz 8-bit microcontroller) which is not powerful compared to current
general purpose computers. In order to explain the examples in this paper, we
briefly survey the structure of these robots.

The Robotics Invention System (RIS) is a kit to build various kinds of robots.
Its heart is the Robotic Command Explorer (RCX, see Fig. 1) containing a mi-
croprocessor, ROM, and RAM. To react to the external world, the RCX contains
three input ports to which various kinds of sensors (e.g., touch, light, tempera-
ture, rotation) can be connected. To influence the external world, the RCX has
three output ports for connecting actuators (e.g., motors, lamps). Programs for
the RCX are usually developed on standard host computers (PCs, workstations)
and cross-compiled into code for the RCX.

The RIS is distributed with a simple visual programming language (RCX
code) to simplify program development for children. However, the language is
quite limited and, therefore, various attempts have been made to replace the
standard program development environment by more advanced systems. A pop-
ular representative of these systems is based on replacing the standard RCX
firmware by a new operating system, brickOS,2 and writing programs in C with
specific libraries and a variant of the compiler gcc with a special back end for
the RCX controller. The resulting programs are quite efficient and provide full
access to the RCX’s capabilities.

In this paper we will use the declarative multi-paradigm programming lan-
guage Curry with synchronization and process-oriented features to program the
RCX. The language Curry [11, 15] can be considered as a general purpose declar-
ative programming language since it combines in a seamless way functional, logic,
constraint, and concurrent programming paradigms. In order to use it for reac-
tive programming tasks as well, different extensions have been proposed. [12]
contains a proposal to extend Curry with a concept of ports (similar concepts
exist also for other languages, like Erlang [4], Oz [18], etc) in order to support
the high-level implementation of distributed systems. These ideas have been
applied in [6] to implement a domain-specific language for process-oriented pro-
gramming, inspired by the proposal in [7] to combine processes with declarative
programming. The target of the latter is the application of Curry for the im-
plementation of reactive and embedded systems. In [14] we have applied this

2 http://www.brickos.sourceforge.net
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framework to a concrete embedded system, the Mindstorms robots described
above, together with a simulator. In this paper we present a compiler for a
subset of this framework.

The paper is structured as follows. In the next section we sketch the necessary
features of Curry. Section 3 presents an example for a Mindstorms robot and
shows how to program it in Embedded Curry. Then we survey the possibilities to
translate Embedded Curry programs to C in Section 4 and conclude in Section 5
with a discussion of related work.

2 Curry

In this section we survey the elements of Curry which are necessary to understand
the examples in this paper. More details about Curry’s computation model and
a complete description of all language features can be found in [11, 15].

Curry is a multi-paradigm declarative language combining in a seamless
way features from functional, logic, and concurrent programming and supports
programming-in-the-large with specific features (types, modules, encapsulated
search). From a syntactic point of view, a Curry program is a functional pro-
gram3 extended by the possible inclusion of free (logical) variables in conditions
and right-hand sides of defining rules. Thus, a Curry program consists of the
definition of data types and functions. Functions are evaluated lazily. To pro-
vide the full power of logic programming, functions can be called with partially
instantiated arguments and defined by conditional equations with constraints in
the conditions. However, for this paper we will not use the logical features of
Curry.

Example 1. The following Curry program defines the data types of Boolean val-
ues, the polymorphic type Maybe, and a type SensorMsg (first three lines). Fur-
thermore, it defined a test and a selector function for Maybe:

data Bool = True | False

data Maybe a = Nothing | Just a

data SensorMsg = Light Int

isJust :: Maybe a -> Bool

isJust Nothing = False

isJust (Just _) = True

fromJust :: Maybe a -> a

fromJust (Just x) = x

The data type declarations introduce True and False as constants of type Bool,
Nothing (no value) and Just (some value) as the constructors for Maybe (a is a

3 Curry has a Haskell-like syntax [17], i.e., (type) variables and function names usually
start with lowercase letters and the names of type and data constructors start with
an uppercase letter. The application of f to e is denoted by juxtaposition (“f e”).
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type variable ranging over all types), and a constructor Light with an integer
argument for the data type SensorMsg.

The (optional) type declarations (“::”) of the functions isJust and
fromJust specify that they take a Maybe-value as input and produce a Boolean
value or a value of the (unspecified) type a.4

The operational semantics of Curry, described in detail in [11, 15], is based on an
optimal evaluation strategy [2] and can be considered as a conservative extension
of lazy functional programming and (concurrent) logic programming.

FlatCurry is an intermediate language that can be used as a common inter-
face for connecting different tools for Curry programs or programs written in
other (functional logic) declarative languages (e.g., Toy). In FlatCurry, all func-
tions are defined at top level (i.e., local function declarations in source programs
are globalized by lambda lifting). Furthermore, the pattern matching strategy is
made explicit by the use of case expressions. Thus, a FlatCurry program basi-
cally consists of a list of data type declarations and a list of function definitions.
Current Curry implementations like PAKCS [13] use FlatCurry as intermedi-
ate language so that the front end can be used with different back ends. The
FlatCurry representation of the function isJust from Example 1 is the following:

isJust :: Maybe a -> Bool

isJust v0 = case v0 of

Nothing -> False

Just v1 -> True

We use FlatCurry as the source language for our compiler.

3 Programming Autonomous Robots in Embedded Curry

In this section we survey the framework for programming autonomous robots in
Curry as proposed in [14]. In this framework we separate the entire programming
task into two parts. To control and evaluate the connected sensors of the RCX,
we use a synchronous component which generates messages for relevant sensor
events (e.g., certain values are reached or exceeded, a value has changed etc.). An
Embedded Curry program contains a specification that describes the connected
sensors of the robot and the kind of messages that are generated for certain
sensor events. The description of the actions to be executed in reaction to the
sensor events are described in an asynchronous manner as a process system. A
process system consists of a set of processes (p1, p2,. . . ), a global state and
mailbox for sensor messages. The behavior of a process is specified by

– a pattern matching/condition (on mailbox and state),
– a sequence of actions (to be performed when the condition is satisfied and

the process is selected for execution), and

4 Curry uses curried function types where α->β denotes the type of all functions
mapping elements of type α into elements of type β.
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– a process expression describing the further activities after executing the ac-
tions.

A process can be activated depending on the conditions on the global state and
mailbox. If a process is activated (e.g., because a particular message arrives in
the mailbox), it performs its actions and then the execution continues with the
process expression. The check of the condition and the execution of the actions
are performed as one atomic step. Process expressions are constructed similarly
to process algebras [8] and defined by the following grammar:

p ::= Terminate successful termination
| Proc (p t1...tn) run process p with parameters t1. . . tn
| p1 >>> p2 sequential composition
| p1 <|> p2 parallel composition
| p1 <+> p2 nondeterministic choice

In order to specify processes in Curry following the ideas above, there are
data types to define the structure of actions (Action inmsg outmsg state) and
processes (ProcExp inmsg outmsg state). Furthermore, we define a guarded

process as a pair of a list of actions and a process term:

data GuardedProc inmsg outmsg state =

GuardedProc [Action inmsg outmsg state]

(ProcExp inmsg outmsg state)

For the sake of readability, we define an infix operator to construct guarded
processes:

acts |> pexp = GuardedProc acts pexp

In order to exploit the language features of Curry for the specification of process
systems, we consider a process specification as a mapping which assigns to each
mailbox (list of incoming messages) and global state a guarded process (similarly
to Haskell, a type definition introduces a type synonym in Curry):

type Process inmsg outmsg state =

[inmsg] -> state -> GuardedProc inmsg outmsg state

This definition has the advantage that one can use standard function definitions
by pattern matching for the specification of processes, i.e., one can define the
behavior of a process p with parameters x1, . . . , xn in the following form:

ps x1...xn mailbox state (1)
| < condition on x1, . . . , xn, mailbox, state >

= [actions] |> process expression

Thus, Embedded Curry is Curry plus a library containing the type definitions
sketched above and an interpreter for the processes according to the operational
semantics [14]. This paper presents a compiler for a subset of Embedded Curry.

As a concrete example, we want to use this framework to program a robot
that sorts bricks depending on their color (yellow and blue) into two bins. The
robot consists of two more or less independent parts, a robot arm that sorts the
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Fig. 2. Example of a robot that sorts bricks

bricks into the bins and a conveyor belt that moves the bricks from a storage to
the pick-up area of the arm. On its way, the conveyor belt passes a light sensor.
This sensor has two purposes: it detects when the next brick is coming and it
recognizes the different colors of the bricks. Fig. 2 shows a picture of this robot.
In the following we will call it “sorter”.

The synchronous component for the sorter has to control the light sensor
which is connected to the sensor port In_2. When a brick passes the light sensor,
the reflected light of the brick will increase the brightness measured by the sensor.
A brick is recognized if the brightness value exceeds the threshold of a blue brick
thblue (yellow bricks are even brighter). The specification of the synchronous
component is a list of pairs, mapping a sensor port to a sensor specification.
This specification is stored in the definition of a distinguished constant with
name sensors:

sensors = [(In_2, LightSensor [OverThresh thblue Light])]

OverThresh states that a message should be sent if the brightness exceeds the
given value. The second argument of OverThresh is a function which maps a
brightness value (an Int) to a message. Here we use the constructor Light from
Example 1.

Our implementation divides the sorter into two independent processes as well:
the conveyor belt and the robotic arm. The communication between these two
processes is handled through the global state. When a brick reaches the pick-up
area, the belt process changes the global state to BlueBrick or YellowBrick,
respectively, to inform the arm process of the detected brick. After the robotic
arm has grasped the brick, the arm process changes the global state back to
Empty to indicate that the pick-up area is empty again and the conveyor belt
can be restarted.

After starting the conveyor belt, the belt process waits until the light sensor
detects a brick. This event is indicated by a message (Light br) in the mailbox
of the process system (br is the brightness value of the brick). Waiting for this
message can be expressed by pattern matching on the mailbox. This means the
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process will only be activated when the first message in the mailbox is of the
form (Light i):

waitBrickSpotted ((Light br):_) _ =

[Deq (Light br)] |> wait tend >>>

atomic [Send (MotorDir Out_C Off),

Set (brickType br)] >>>

Proc transportBrick

Since messages are not automatically deleted, we have to delete the message
(Light br) explicitly after receiving it to prevent from multiple reactions on
the same message. Deletion of messages in the mailbox is done by the action
(Deq msg). Since it is performed in the initial action sequence, the matching
on the mailbox and deletion of the message are performed in one atomic step.

When a brick is detected, it has not reached the pick-up area yet. Hence,
the process waits for a period tend of time until it stops the belt. This can be
done by a call of the predefined process expression (wait t) that suspends for
t milliseconds. Then the action (Send cmd) is used to send a command cmd

to the actuators of the robot. The RCX has three ports for actuators: Out_A,
Out_B and Out_C. The motor that controls the conveyor belt is connected to
port Out_C and the command (MotorDir Out_C Off) will stop it. To execute
a list of actions inside a process expression, one can use the function atomic5.
To inform the arm process of the brick in the pick-up area, we change the global
state to BlueBrick or YellowBrick. This is done by the action (Set e) that sets
the global state to e. The function brickType determines the values BlueBrick
or YellowBrick out of its brightness value. Because the conveyor belt should
only be restarted when the pick-up area is empty, we have to wait until the
global state changes back to Empty. This behavior can be expressed by a second
process specification that is activated by pattern matching on the global state,
starts the belt with the command (MotorDir Out_C Fwd) and then calls the
first specification:

transportBrick _ Empty =

[Send (MotorDir Out_C Fwd)] |> Proc waitBrickSpotted

The arm process is equally simple: the arm stays over the pick-up area until
there is a brick ready to be picked up, i.e., the global state changes to either
BlueBrick or YellowBrick. Then it closes the gripper and sets the global state
back to Empty (this allows the conveyor belt to restart). Finally, it calls the
process putBrick with the amount of time it takes to turn to the blue or the
yellow bin. These times are provided by the function brickTurnTime:

sortBrick _ brickKind | brickKind /= Empty =

[] |> closeGripper >>>

atomic [Set Empty] >>>

Proc (putBrick (brickTurnTime brickKind))

5 atomic is implemented as follows:

atomic actions = Proc (\_ _ -> actions |> Terminate)
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The function closeGripper defines a process expression that closes the gripper
of the robotic arm.

The process putBrick has a parameter time that specifies the amount of
time it takes to turn to the correct bin. It starts the motor that turns the arm
(Out_A) and waits for time milliseconds before it turns the motor off. The arm
should now be placed above the bin and the gripper can be opened to drop the
brick. Then the arm turns back for the same amount of time to the pick-up area
and restarts the arm process:

putBrick time _ _ =

[Send (MotorDir Out_A Rev)] |>

wait time >>>

atomic [Send (MotorDir Out_A Off)] >>>

openGripper >>>

atomic [Send (MotorDir Out_A Fwd)] >>>

wait time >>>

atomic [Send (MotorDir Out_A Off)] >>>

Proc sortBrick

These two processes can be combined to the whole system in two different ways:
sequentially, but then the conveyor belt will not restart until the arm is back
at the pick-up area, or, by using two parallel processes. Using the latter, the
conveyor belt can be restarted immediately after the brick has been picked up
by the arm:

go _ _ = [Set Empty] |> Proc transportBrick <|> Proc sortBrick

As a result the bricks are sorted faster.
In this example, we use time periods to determine when the bins and the pick-

up area are reached. This is the simplest implementation, but different battery
charge levels result in different motor speeds so that the time the arm takes to
turn to a certain position can differ from one use to another. In most cases it is
much better to use rotation sensors to determine the progress of a movement.
This can easily be added to the implementation by replacing the wait expressions
by processes listening for messages from the rotation sensors. For simplicity of
the example, we do not present these details here.

4 Translation

Our goal is to use Embedded Curry to control Lego Mindstorms Robots. Due to
the (speed and time) limitations of the RCX, a simple approach, like porting a
complete Curry implementation (e.g., PAKCS [13]) to the RCX, will not work.
This contrasts with [16] where a functional robot control language is proposed
which is executed on top of Haskell running on a powerful Linux system. Our
previous implementation of the process extension of Curry [6] is based on an in-
terpreter (written in Curry) for the process expressions following the operational
semantics of the process algebra [6, 7, 14]. This implementation is fairly simple
(approximately 200 lines of code) but causes too much overhead. Thus, a direct
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compilation of the process specifications into more primitive code is necessary.
As mentioned in Section 1, one of the more flexible operating systems for the
RCX is brickOS. It is a POSIX-like operating system offering an appropriate
infrastructure like multi-threading, semaphores for synchronization etc. There-
fore, using C as an intermediate language and the brickOS compiler as back end
is appropriate to implement a Curry compiler for the Lego Mindstorms. Nev-
ertheless, many optimizations are required to map the operational semantics of
Curry into features available in brickOS. However, we do not intend to cover all
features of Curry (e.g., constraint solving) with our compiler since they are not
necessary for our applications.

Our current implementation is restricted to a first-order functional subset
of Curry with nonrecursive data declarations. Furthermore, we ignore laziness
and generate strict target code. These restrictions were made for the following
reasons: lazy evaluation (as well as higher-order partial applications) are mem-
ory consumptive. Furthermore, dynamic data structures need garbage collection
which can be critical to guarantee constant reaction times. Finally, our experi-
ences with the programming of Mindstorms shows that these restrictions seem
to be acceptable in practice although we intend to extend our implementation
in the future.

We use FlatCurry as the source code for our translation. To implement the
parallel execution of processes, we use processes of the operating system (we
will call them OS processes in future). An extra OS process is used for the syn-
chronous component. The implementation of this component can be generated
out of the sensor specification given in the Embedded Curry program.

To describe our translation, we start with algebraic data types which are
declared as: data A = C0 A0,0 . . . A0,m0

| . . . | Cn An,0 . . . An,mn

One can easily map such a declaration to C structures (i.e., records). The struc-
ture consists of an enumeration of the constructors (C0,. . .,Cn) and a union of
all argument structures (structures that can store all the arguments of a certain
constructor).

Function declarations of Curry are mapped to C function declarations. Be-
cause in FlatCurry all conditions have been resolved into if-expressions and
pattern matching has been made explicit by the use of case expressions, this can
be easily achieved. Case expressions in FlatCurry contain no nested patterns,
i.e., all patterns are of the form Cx1 . . . xn. Hence, they can be translated to
switch statements over the enumeration of the constructors.

4.1 Global State and Mailbox

The global state and mailbox parameters of an Embedded Curry program have
a special interpretation that differs from standard Curry parameters. For each
check of the guards (i.e., pattern matching and rule conditions) of a process,
the current values of the global state and mailbox are used (and not the values
at the time of the creation of that process). This behavior can be implemented
in C by using global variables for the mailbox and the global state. To guar-
antee mutual exclusion of the guard checking for all processes, we use a global
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semaphore. Before checking the guards, the processes waits for this semaphore
and releases it afterwards. In the case that one of the guards is satisfied, the
semaphore is released only after performing the list of actions of the selected
process. The actions are translated accordingly to the operational semantics in
[6, 14]. Note that all actions are performed within an initial phase of a process
(see definition of action). Hence, in the translation all modifications of the state
and the mailbox are synchronized by the global semaphore as well.

In Embedded Curry the mailbox is a list of messages. Since the mailbox is
extended by the synchronous sensor component, we implement the mailbox as a
queue with corresponding operations. Therefore, our translation contains an ab-
stract data type (ADT) definition for the mailbox. For the sake of simplicity, we
use a queue implementation of fixed size at the moment but this implementation
can be easily replaced by a dynamic queue. To allow pattern matching on the
mailbox, one has to implement it similarly to pattern matching on algebraic data
types using the selector functions of the ADT mailbox. Although the mailbox
can be seen as a recursive data structure, all modifications of the mailbox are
made explicit by actions. Hence, no garbage arises during the execution.

4.2 Process Specifications

In Embedded Curry a process specification is a function that maps a mailbox and
a state to a pair of actions and process expressions, i.e., it can be easily identified
by its type. To generate an executable robot control program, these function
declarations are compiled in a different way than other function declarations.
Their guards (i.e., pattern matching and rule conditions) have to be checked
continously until one of them is satisfied.

We translate a process specification as shown in (1) to the following general
form:

void ps (x1,. . .,xn) {

while (1) {lockState();

<check guards sequentially . If satisfied , execute process>

unlockState(); suspend();}}

Since the global state and mailbox are global variables, we do not need to pass
them as parameters. The arguments xi represent the local state of the process.
To implement the continuous checking of the guards until one guard is satisfied,
we use an infinite loop. Inside the loop we first lock the state (by setting the
semaphore) in order to guarantee mutual exclusion on the global state and mail-
box. Then we sequentially check all guards of the process specification. If none
is satisfied, we unlock the state (by releasing the semaphore) and suspend this
process until a change to the global state or mailbox occurs.

If one of the guards is satisfied, the corresponding code is executed and the
procedure ps is finished by return. This code includes an unlocking of the state
after the actions are performed.

Example 2. The process specification transportBrick has the following
FlatCurry representation:
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transportBrick v0 v1 = case v1 of

Empty -> [Send (MotorDir Out_C Fwd)] |>

(Proc waitBrickSpotted)

This code is translated to the C procedure:

void transportBrick () {

while (1) {lockState();

switch ((state).kind) {

case Empty : motor_c_dir(fwd); unlockState();

waitBrickSpotted(); return;

default : unlockState(); suspend();}}}

In this example the guard consists of a pattern matching on the global state. If
the global state is Empty, then the motor connected to port Out_C is started and
then the process waitBrickSpotted is called.

4.3 Tail Call Optimization

Reactive programs, as in embedded systems, are usually non-terminating. In a
declarative programming language, non-terminating programs are implemented
by recursion. At this point a problem arises because the GNU C compiler we
use6 has no general tail call optimization. If a program contains non-terminating
recursion, the execution of the program would result in a stack overflow. How-
ever, this problem is only relevant for process specifications. All other function
calls should terminate. A workaround for this problem is to execute a tail call of
a process outside the process specification. This means that the process specifi-
cation is terminated before the new process is called, i.e., the stack frame of the
old process specification is deleted before the stack frame of the new process is
put on the stack.

We realize this by using a small interpreter to execute all process calls of a
process system. The information of a process call (i.e., the name of the called
process and the parameters of the call) are stored in a data structure and passed
to the interpreter procedure. The call information of the tail calls is the result
of a process specification. The interpreter stores this information and executes
the next call.

Our sorter example consists of five process specifications: go, sortBrick,
putBrick, transportBrick, and waitBrickSpotted. This specification is trans-
lated into the following interpreter procedure:

int process_system (ProcType np) {

while (np.next != p_Terminate) {

switch (np.next) {

case p_go : np = go(); break;

case p_transportBrick : np = transportBrick(); break;

case p_waitBrickSpotted : np = waitBrickSpotted(); break;

case p_sortBrick : np = sortBrick(); break;

6 gcc version 2.95.3
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case p_putBrick : np = putBrick(np.arg.putBrick.arg0);

break;}}}

The parameter np is used to store the information about the next process call.
The attribute next is the name of the called process and arg is a union of
all possible parameter combinations. The prefix p_ is used to prevent name
conflicts between functions and data type constructors. Termination of a process
is handled as a call of a process Terminate and results in a termination of the
interpreter procedure.

On the other hand, not all calls of processes must be located in tail positions.
Non-tail calls are handled in the following way. Consider a call inside a sequential
process expression:

Proc (ps e1 . . . en) >>> pe

Here we can use the C call stack by the translation:

process_system(cNext_ps(e1,. . .,en)); pe′

cNext_ps is a function that creates the data structure with the information for
the call of the process ps. pe′ is the remaining translation of pe.

Process calls in parallel process expressions are a bit more complicated be-
cause it is not possible to pass arbitrary parameters to a new OS process. This
can be solved by supplying a global variable nextProcess were the call infor-
mation is stored. Thus, a parallel expression containing at least one process call

Proc (ps e1 . . . en) <|> pe

is translated to:

nextProcess = cNext_ps(e1,. . .,en);

execi(process_system,0,NULL,PRIO_NORMAL,DEFAULT_STACK_SIZE);

pe′

execi forks a new OS process that will execute the procedure process_system
without parameters. The procedure then retrieves the call information (i.e., pa-
rameters) from nextProcess. One global variable nextProcess is sufficient for
the whole program because it is only needed for the short time of the initialization
of the new process. Since multiple processes could be created in parallel, we en-
sure mutual exclusion on the variable nextProcess by an additional semaphore.
This means that only one process can be initialized at a time. However, the time
needed to initialize a process is too short to cause any problem.

5 Conclusions

We have implemented a compiler for Embedded Curry based on the ideas de-
scribed above. The compiler translates Embedded Curry programs into C pro-
grams which can then be translated into executable code for the RCX. To get
an impression of the code size (which is important for embedded systems), the
size of the Curry sorter program is 2947 bytes, the FlatCurry code has 24261
bytes, the generated C code has 10407 bytes, and the RCX binary code has
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2986 bytes. Our previous Curry interpreter of Embedded Curry produces exe-
cutables of more than 1 MB (by compilation into Prolog [3]). Since we use C as
intermediate language, it is also possible to generate executable code for nearly
every platform that has a C compiler. At the moment we do not have a time
analysis that would allow us to guarantee certain reaction times. The reactivity
depends on the fairness of the scheduling of the brickOS. Nevertheless, our ex-
perience showed that the reactivity of the resulting programs was sufficient for
our applications.

For embedded system programming, synchronous languages like Esterel [5]
or Lustre [9] are often used. Thus, one can also apply such languages to program
embedded systems like the Lego Mindstorms robots. Actually, there already
exist compilers for those languages into C. Hence, one can use the brickOS com-
piler to produce RCX code for these languages as well. The translation of the
synchronous languages normally produces sequential code by synthesizing the
control structure of the object code in the form of an extended finite automaton
[10]. This is a major drawback since one does not have much control on the size
of the generated code. In some cases only slight modifications in a robot specifi-
cation can result in a big increase in the size of the generated code. Due to state
explosion this could result in too large programs for the limited amount of mem-
ory in the RCX. Another proposal to use high-level languages for programming
embedded or process-oriented systems is [16]. In contrast to our approach, they
propose a functional robot control language which is executed on top of Haskell
running on a powerful Linux system.

For future work, we want to enlarge the subset of Curry translatable by our
compiler. First, we will investigate possibilities to compile higher-order functions
by translating to first-order using partial evaluation [1] or by means of point-
ers. Further interesting fields of research could be the high-level specification of
Embedded Curry programs. This could be integrated in a tool also supporting
debugging, testing and formal verification.
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Abstract. This paper proposes a set of communication primitives for
Haskell, to be used in open distributed systems, i.e. systems where mul-
tiple executing programs can interact using a predefined protocol. Func-
tions are “first class citizens” in a functional language, hence it would be
natural transfer them between programs in a distributed system. How-
ever, existing distributed Haskell extensions are limited to closed sys-
tems or restrict the set of expressions that can be communicated. The
former effectively prohibits large-scale distribution, whereas the latter
sacrifices key abstraction constructs. A functional language that allows
the communication of functions in an open system can be seen as a mo-
bile computation language, hence we call our extension mHaskell (Mobile
Haskell). We demonstrate how the proposed communication primitives
can be used to implement more powerful abstractions, such as remote
evaluation, and that common patterns of communication can be encoded
as higher order functions or mobile skeletons. The design has been val-
idated by constructing a prototype in Glasgow Distributed Haskell, and
a compiled implementation is under construction.

1 Introduction

The last decade has seen an exponential growth in the use of computer networks,
both small and large scale networks, e.g. the Internet. One of the impacts of this
growth is that almost all programming languages now have libraries or primi-
tives for distributed programming, including functional languages as Erlang [7],
Clean [27], Haskell with Ports [12], Eden [1], and GdH [23].

With a huge number of machines connected world wide, researchers start
to think about the possibility of using open global networks as a single com-
puting platform [8, 2], sharing computational power and resources. Applications
exploiting these new networks require languages with capabilities for building
open, distributed systems. Being a distributed system, constructs for exchanging
arbitrary data structures are required. Being an open system, the language must
provide ways for programs to connect and communicate with other programs and
to discover new resources in the network [26].
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In a functional language functions are “first class citizens”; e.g. they can be
an element of a data structure, be passed as an argument to a function, or re-
turned as the result. Thus it would be natural to expect a communication library
for a functional language to allow the programmer to send functions through a
network connection for example. A functional language that allows the commu-
nication of functions in an open system can be seen as a mobile computation
language [9, 3], i.e. one that can control the placement of code and active com-
putations across the network [16]. In particular, a mobile program can transport
its state and code to another execution environment in the network, where it
resumes execution [19]. This paper presents mHaskell (Mobile Haskell), a Haskell
extension that allows the implementation of distributed mobile programs.

The paper is structured as follows: The next section describes some Haskell
extensions and compares them with the concepts of mobile computation. In
section 3 we describe the new primitives for distributed communication. In sec-
tions 4 and 5 we show that the basic primitives allow the implementation of
more powerful abstractions (such as remote evaluation) and that useful patterns
of distributed communication can be packaged as higher order functions or mo-
bile skeletons, analogous to algorithmic skeletons in parallel computing [5]. To
validate our ideas and to test the programs presented here, a prototype of our
system was implemented using Glasgow Distributed Haskell (GdH) and is de-
scribed in Section 6. In section 7 we discuss some of the issues that must be
considered in a real implementation of the system. Finally we present related
works, conclusions and future work.

2 Mobility in Haskell Extensions

This section compares some of the Haskell related languages with the concepts of
mobile computation presented in the introduction. Mobility in other functional
languages is discussed in section 8.

GpH (Glasgow Parallel Haskell) [24] is a conservative parallel extension of
Haskell, using the parallel combinator par to specify parallel evaluation, and
seq to specify sequential evaluation. Higher-level coordination is provided using
evaluation strategies, which are higher-order polymorphic functions that use the
par and seq combinators to specify the degree of evaluation of expressions.

Eden [1] is a parallel extension of Haskell that allows the definition and cre-
ation of processes. Eden extends Haskell with process abstractions and process
instantiations which are analogous to function abstraction and function applica-
tion. Process abstractions specify functional process schemes that represents the
behaviour of a process in a purely functional way, and process instantiation is
the actual creation of a process and its corresponding communication channels
[17]. Eden uses a closed system model with location independence. All values
are evaluated to normal form before being sent through a port.

GpH and Eden are simple and powerful extensions to the Haskell language
for parallel computing. They both allow remote execution of computation, but
the placement of threads is implicit. The programmer uses the par combinator
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in GpH, or process abstractions in Eden, but where and when the data will be
shipped is decided by the implementation of the language.

GdH (Glasgow Distributed Haskell) is a distributed functional language that
combines features ofGlasgow Parallel Haskell (GpH) [24] and Concurrent Haskell
[15]. GdH allows the creation of impure side effecting I/O threads using the
forkIO command of Concurrent Haskell but it also has a rforkIO command for
remote thread creation (of type rforkIO :: IO () -> PEId -> IO ThreadId).
rforkIO receives as one of its arguments the identifier of the PE (processing el-
ement) in which the thread must be created. Thus, GdH provides the facility of
creating threads across machines in a network and each location is made explicit,
hence the programmer can exploit distributed resources. Location awareness is
introduced in the language with the primitives myPEId which returns the identi-
fier of the machine that is running the current thread and allPEId which gives
a list of all identifiers of all machines in the program. Threads communicate
through MVars that are mutable locations that can be shared by threads in a
concurrent/distributed system. Communication occurs by reading/writing val-
ues from/to these mutable locations. Any type of value can be read/written
from/to MVars, including functions and MVars.

GdH seems to be closer to the concepts of mobility presented before. Commu-
nication can be implemented using MVars and remote execution of computations
is provided with the revalIO (remote evaluation) and rforkIO primitives. The
problem in using GdH for mobile computation is that it is implemented to run
on closed systems. After a GdH program starts running, no other PE can join
the computation. Another problem is that its implementation relies on a virtual
shared heap that is shared by all the machines running the computation. The
algorithms used to implement this kind of structure might not scale well for large
distributed systems like the Internet.
Haskell with ports or Distributed Haskell [12] adds to concurrent Haskell

monadic operations for communication across machines in a distributed system.
Thus local threads can communicate using MVars and remote threads commu-
nicate using Ports. Ports can be created, used and merged using the following
commands:

newPort :: IO (Port a)

writePort :: Port a -> a -> IO ()

readPort :: Port a -> IO a

mergePort :: Port a -> Port b -> IO (Port (Either a b))

A Port is created using newPort. For a port to became visible to other ma-
chines it must be registered in a separate process called postoffice using the
registerPort command. Once registered it can be found by other PEs using
the lookupPort operation. Ports allow the communication of first order values
including ports. All values are evaluated to normal form before sent to a remote
thread.

Haskell with ports is a very interesting model to implement distributed pro-
grams in Haskell because it was designed to work on open systems. The only
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drawback is that the current implementation of the language restricts the val-
ues that can be sent through a port, using writePort, to the basic types and
types that can instantiate the Show class. Furthermore, the types of the messages
which can be received with readPort must be an instance of the Read class. The
reason for these restrictions is that the values of the messages are converted to
strings in order to be sent over the network [12].

3 Proposed Communication Primitives

MVars are used for communication between concurrent threads in Concurrent
Haskell and for distributed communication in GdH, but their implementation
relies on a closed system.
Haskell with Ports on the other hand, extends Concurrent Haskell with

monadic operations for communication between machines in a distributed open
system. Thus local threads can still communicate using MVars and remote
threads communicate using ports.

We propose in this text a set of primitives to be used for distributed commu-
nication in Haskell. These primitives are similar to those of Haskell with Ports,
but without the restriction of communicating just first-order values. We will call
our primitives MChannels, Mobile Channels (figure 1), to avoid confusion with
Concurrent Haskell channels or Distributed Haskell ports.

data MChannel a -- abstract

type HostName = String

type ChanName = String

newMChannel :: IO (MChannel a)

writeMChannel :: MChannel a -> a -> IO ()

readMChannel :: MChannel a -> IO a

registerMChannel :: MChannel a -> ChanName -> IO ()

unregisterMChannel:: MChannel a -> IO()

lookupMChannel :: HostName -> ChanName -> IO (MChannel a)

Fig. 1. Mobile Channels

The newMChannel function is used to create a mobile channel and the func-
tions writeMChannel and readMChannel are used to write/read data from/to
a channel. The functions registerMChannel and unregisterMChannel regis-
ter/unregister channels in a name server. Once registered, a channel can be
found by other programs using lookupMChannel which retrieves a mobile chan-
nel from the name server. A name server is always running on every machine of
the system and a channel is always registered in the local name server with the
registerMChannel function.
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When a value is sent through a channel, it is evaluated to normal form before
communication occurs. The reason for that is because Lazy Evaluation imposes
some complications for reasoning about the communication of mobile programs.
Consider the following example:

let

(a,b,c) = f x

in

if a then

writeMChannel ch b

Suppose that in the tuple returned by f x the first value a is a Boolean, the
second (b) an integer, and the third c is a really large data structure (i.e. a big
tree). Based on the value of a we choose if we want to send the integer b (and
only b) to a remote host. In the example, it seems that the only value being
sent is the integer, but because of lazy evaluation that is not what happens. At
the point where writeMChannel is performed, the value b is represented in the
heap as the function that selects the second value of a tuple applied to the whole
tuple. If writeMChannel does not evaluate its argument before communication,
the whole value is communicated and is difficult to see that in the Haskell code.

3.1 Sharing Properties

Modern non-strict functional languages usually have their implementation based
on a graph reduction machine where a program is represented as a graph and
the evaluation of the program is performed by reducing the graph. Programs are
represented as graphs to ensure that shared expressions are evaluated only once.

If we try to maintain sharing between nodes in our distributed system this
will result in a large number of extra-messages and call-backs to the machines
involved in the computation (to request structures that were being evaluated
somewhere else or to update this structures) that the programmer of the system
did not know about. In a typical mobile application, the client will receive some
code from a channel and then the machine can be disconnected from the network
while the computation is being executed (consider a handheld or a notebook).
If we preserve sharing, is difficult to tell when a machine can be disconnected,
because even though the computation is not being executed anymore, the result
might be needed by some other application that shared the same graph structure.

The problem is also partially solved by making the primitives strict because
then expressions will be evaluated only once and only the result of the evaluation
is communicated.

3.2 Discovering Resources

In figure 2, we propose three primitives for resource discovery and registration.
All machines running mobile Haskell programs must also run a registration ser-
vice for resources. The scope for the primitives for resource discovery is only the
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type ResName = String

registerRes :: a -> ResName -> IO ()

unregisterRes :: ResName -> IO ()

lookupRes :: ResName -> IO (Maybe a)

Fig. 2. Primitives for resource discovery

machine where they are called, thus they will only return values registered in the
local server. The registerRes function takes a name (ResName) and a resource
(of type a) and registers this resource with the name given. unregisterRes
unregisters a resource associated with a name and lookupRes takes a ResName

and returns a resource registered with that name. To avoid a type clash, if the
programmer wants to register resources with different types, she has to define
an abstract data type that will hold the different values that can be registered.

A better way to treat these possible type clashes would be to use dynamic
types like Clean’s Dynamics [22], but at the moment there is no complete im-
plementation of it in any of the Haskell compilers.

4 Mobile Examples

4.1 Remote Evaluation

In the remote evaluation [28] paradigm, a computation is sent from a host A to a
remote host B in order to use the resources available in B. It is straightforward to
implement remote evaluation using mobile channels. Suppose that every machine
running the system also runs a remote evaluation server that can be implemented
like this:

remoteEvaluationServer myname = do

ch <- newMChannel

registerMChannel ch myname

loop ch

where

loop ch = do

io <-readMChannel ch

forkIO io

loop ch

The remoteEvaluation server takes as argument the name of the current ma-
chine and creates a channel with this name. After that, it keeps reading values
from the channel and forking threads with the IO actions received. Threads are
forked using the forkIO function of Concurrent Haskell and the do notation in
the example is a special syntax for monadic computations [14].
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If all machines in the system are running this server, we can implement our
remote evaluation primitive as follows:

rEval :: IO () -> HostName -> IO ()

rEval io host = do

ch <- lookupMChannel host host

writeMChannel ch io

In fact, remote evaluation usually returns a value as the result of the computa-
tion. This is the difference between our rEval function and the revalIO primitive
of GdH. The same behaviour could be easily added to rEval by creating another
channel to return the result back.

4.2 Simple Code mobility

In Figures 3 and 4 we present a simple example using the new primitives. The
program starts on a machine called ushas (Figure 4) and “migrates” to a machine
called lxtrinder, using the rEval function. When the thread mobileCode is
spawned on lxtrinder, it obtains the load of the machine using a local function
called getLoad, that was previously registered in the resource server (Figure 3),
and then sends the result back to ushas where it is printed.

getLoad :: IO Int

getLoad = (...)

main = do

registerRes getLoad "getLoad"

Fig. 3. Code on lxtrinder

4.3 Distributed Information Retrieval

Distributed information retrieval applications gather information matching some
specified criteria from information sources dispersed in the network. This kind of
application has been considered “the killer application” for mobile languages [9].

The mobile program in Figure 6 visits the machines of a network to calculate
the total load of the network (see Figure 5). It is an extension to the previous
program: Instead of visiting only one machine in the network it visits a collection
of machines.

The program visits all machines in the list listofmachines and uses the IO
action getLoad (of type IO Int) locally on all machines. This function must be
registered in the name server on all the machines in the listofmachines.
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main = do

mch <- newMChannel

rEval "lxtrinder.hw.ac.uk" (mobileCode mch)

load <- readMChannel mch

print ("Load on lxtrinder: "++ show (load::Int))

where

mobileCode mch = do

func <- lookupRes "getLoad"

case func of

Just gL -> do

load <-gL

writeMChannel mch load

_ -> recoverError

recoverError = (...)

Fig. 4. Code on ushas

5 Patterns of Mobile Computation

The behaviour of “visiting a collection of machines to perform some action and
then return a result”, as used in Figure 6, is a very common pattern of mobile
computation. We can use the facilities provided by functional languages, in par-
ticular higher-order functions, to implement a skeleton [5] that abstracts this
behaviour.

visitSke :: MChannel a -> IO a -> (a -> a -> a) -> a ->

[HostName] -> IO ()

visitSke mch action op load [] = writeMChannel mch load

visitSke mch action op load (x:xs) =

reEval x (code mch action op load xs)

where code mch’ action’ op’ load’ list = do

load2 <- action’

visitSke mch’ action’ op’ (op’ load2 load’) list

Using the visitSke function we can write the previous program like this:

visitSke mch action (+) 0 listofmachines

action = do

func <- lookupRes "getLoad"

case func of

Just gL -> do

load <- gL

return load

If we want to collect the load of the machines to compute the total load after-
wards we just need to change the arguments of the skeleton:
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brahms osiris lxtrinder

ushas Value is returned
using the mch channelmain = do

           (...)

listofmachines = ["brahms", "osiris", "lxtrinder"]

  rEval "lxtrinder"

rEval "brahms" code

rEval "osiris" 

Fig. 5. Distributed Information Retrieval

visitSke mch action (++) [] listofmachines

6 A Prototype Implementation

To validate the design and to test the examples presented in this text, a prototype
of mHaskell was implemented using GdH.

In GdH, inter-thread communication is through values that are shared be-
tween threads, e.g. an MVar, and there is no other way of establishing a connec-
tion between two remote/local threads after their creation.

In our prototype implementation mobile channels are represented as simple
MVars and to simulate an open system in GdH we implemented a name server
where programs running on different PEs can register their MChannels.

In the example of Figure 7, is possible to see how the GdH implementation of
the system works. First an MChannel is created on a machine called ushas and it
is registered with the name "myC" in the name server. The name server receives
a reference to the MVar created on ushas and keeps it in a table together with
its name. After the registration process has finished the PE called osiris can
send a message to the name server asking for the channel that was registered
with the name "myC" using the lookupMChannel command.

How do the primitives find the name server? Threads in GdH can only com-
municate if they have a reference to a value that is shared between them. We
solved the problem by adding an extra parameter to the remote communication
primitives that is the channel in which the name server waits for connections.
This channel is a Concurrent Haskell channel, that is implemented as a linked
list of MVars, hence the name server can handle more than one client sending
requests at the same time. Programming with this extra parameter can be cum-
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main = do

mch <- newMChannel

mobileCode mch 0 listofmachines

resp <- readMChannel mch

print ("Total Load: " ++ show resp)

mobileCode :: MChannel Int -> Int -> [HostName] -> IO ()

mobileCode mch load [] = writeMChannel mch load

mobileCode mch load (x:xs) = rEval x (code mch load xs)

where code mch’ load’ list = do

func <- lookupRes "getLoad"

case func of

Just gL -> do

load2 <- gL

mobileCode mch’ (load’ + load2) list

Fig. 6. Collecting Load Information from several Machines

ushas osiris

Name Server
Names/Mvars
     Table

registerMchannel mv "myC"
1. 

2.
The mvar is added
to the table

"myC" −>  mv

3.
lookupMChannel "myC"

4. Connection is estabilished

Fig. 7. GdH implementation of Mobile Channels

bersome in some cases but it serves to our purpose of simulating an open system
using GdH.

Although we do not need a registration service for resources in GdH, because
of the shared heap, we simulate it in the same way as the name server. In fact
we only have one name server that accepts registration for both resources and
channels but keep them in different tables.

The strict primitives can be partially simulated in our GdH prototype by
using evaluation strategies [24]:

writeMChannel ch v = rnf v ‘seq‘ lazyWriteMChannel ch v

Here the strategy rnf evaluates its argument v to normal form before it is
written into the channel ch. But this only works if the value being communicated
was instantiated in the NFData class, which is a Haskell class that describes how
to evaluate values.
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7 Implementation Design

The GdH prototype allows us to test the concepts and ideas of the new communi-
cation primitives but is not suitable for the implementation of real applications.
In this section we discuss the main issues that must be considered in a real
implementation of the mobile system proposed.

Mobile systems have to abstract over the heterogeneity of large scale dis-
tributed systems, allowing machines of different architectures running different
operating systems to communicate. This abstraction is usually achieved by com-
piling programs into architecture independent byte-code. As a platform to build
our system, we have chosen the Glasgow Haskell Compiler (GHC) [10], a state
of art implementation of Haskell. The main reason for choosing GHC is that
it supports the execution of byte-code combined with machine code. GHC is
both an optimising compiler and a interactive environment called GHCi. GHCi
is designed for fast compilation and linking, it generates machine independent
byte-code that is linked to the fast native-code available for the basic primitives
of the language. Both GHC and GHCi share the same runtime-system, based on
the STG-machine [13], that is a graph reduction machine.

In our implementation of the mobile system we are planning to implement
routines for packing and unpacking Byte-Code Objects (BCOs), that are GHC’s
internal representation for its architecture independent byte-code, in the same
way that other heap objects are communicated in GpH, GdH and Eden. By
packing we mean serialising these objects into a form that is suitable for com-
munication. As the basic modules in GHC are compiled into machine code and
are present in every standard installation of the compiler, the packing routines
have to pack only the machine independent part of the program and link it to
the local definitions of the machine dependent part when the code is received
and unpacked. This gives us the advantage of having much faster code than us-
ing only byte-code. Once packed, the BCO can be communicated using a simple
TCP/IP socket connection. All machines running the mobile programs should
have the same version of the GHC/GHCi system with an implementation of the
primitives for mobility and also have the same binary libraries installed. Pro-
grams that communicate functions that are not in the standard libraries must
be compiled into byte-code using GHCi.

Programs that will only receive byte-code do not need to have a GHCi in-
stalled because the byte-code interpreter is part of GHC’s RTS. In fact, if only
functions from the standard libraries are used in the mobile programs, there is
no need of having GHCi at all in both ends of the communication.

In the future it may be possible to extend the compiler with a mobility
analyses (maybe based on a non-determinism analyses [21]) that would decide
the parts of the program that should be compiled into byte-code and the parts
that could be compiled into machine code.
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8 Related Work

There are other extensions to functional languages that allow the communica-
tion of higher-order values. Kali-Scheme [4] and Erlang [7] are examples of strict
untyped languages (Erlang is dynamically typed) that allow the communication
of functions. Haskell is a statically typed language hence the communication be-
tween nodes can be described as a data type and many mistakes can be caught
during the compilation of programs. Other strict typed languages such as No-
madic Pict [29], Facile [18] and Jocaml [6] implement the communication prim-
itives as side effects while we integrate them to the IO monad hence preserving
referential transparency.

Curry [11] is a functional logic language that provides communication based
on Ports in a similar way to the extension presented in this paper. Another
language that is closely related to our system is Famke [27]. Famke is an imple-
mentation of threads for the lazy functional language Clean [20] (using monads
and continuations), together with an extension for distributed communication
using ports. The problem of their approach is that they do not have a real imple-
mentation of concurrency, their system provides interleaved execution of atomic
actions implemented using continuations.

9 Conclusions and Future Work

In this paper we have presented a set of primitives for communication in a dis-
tributed extension of Haskell. Our primitives differ from previous approaches
in that they allow communication of arbitrary expressions, including functions,
in an open system. We have also demonstrated that our primitives, together
with Haskell’s higher-order functions, allow the implementation of powerful ab-
stractions, e.g. remote evaluation, and useful patterns of communication can be
packaged up as higher order functions or mobile skeletons. To validate our design
and to test the programs presented in this paper, a prototype of our system was
implemented using GdH.

We are currently working on a more robust implementation of the system.
We will extend the GHC compiler and its byte-code interpreter GHCi with rou-
tines for packing and communicating heap objects as described in section 7. The
novelty of the system lies in its ability to communicate the byte-code represen-
tation of heap objects generated by GHCi, thus allowing programs running on
an heterogeneous network to communicate.
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Abstract. This paper describes how high level implementations of (need-
ed) narrowing into Prolog can be improved by introducing a refined repre-
sentation of definitional trees that handles properly the knowledge about
the inductive positions of a pattern. We define some generic algorithms
that allow us to transform a functional logic program into a set of Prolog
clauses which incorporates some refinements that are obtained by ad hoc
artifices in other similar implementations of functional logic languages.
We also present and discuss the advantages of our proposal by means of
some simple examples.
Keywords: Functional logic programming, narrowing strategies, imple-
mentation of functional logic languages, program transformation.

1 Introduction

Functional logic programming [12] aims to implement programming languages
that integrate the best features of both functional programming and logic pro-
gramming. Most of the approaches to the integration of functional and logic
languages consider term rewriting systems as programs and some narrowing
strategy as complete operational mechanism. Laziness is a valuable feature of
functional logic languages, since it increases the expressive power of this kind
of languages: it supports computations with infinite data structures and a mod-
ular programming style. Among the different lazy narrowing strategies, needed
narrowing [7] has been postulated optimal from several points of view: i) it is
correct and complete, with regard to strict equations and constructor substi-
tutions answers, for the class of inductively sequential programs (see, forward,
Definition 2); ii) it computes minimal length derivations, if common variables
are shared; and iii) no redundant answers are obtained. Some of these optimal-
ity properties have also been established for a broader class of term rewriting
systems defining non–deterministic functions [4]. Needed narrowing addresses
1 Supported by CICYT TIC 2001-2705-C03-01, Acción Integrada Hispano-Italiana

HI2000-0161, Acción Integrada Hispano-Alemana HA2001-0059, and the Valencian
Research Council under grant GV01-424.



118 P. Julián

computations by means of some structures, namely definitional trees [2], which
contain all the information about the program rules. These structures allow us
to select a position of the term which is being evaluated and this position points
out to a reducible subterm that is “unavoidable” to reduce in order to obtain the
result of the computation. It is accepted that the framework for declarative pro-
graming based on non–deterministic lazy functions of [17] also uses definitional
trees as part of its computational mechanism. In recent years, a great effort
has been done to provide the integrated languages with high level implementa-
tions of this computational model into Prolog (see for instance [3, 8, 13, 15] and
[18]). Most of these implementation systems mainly rely on a two-phase trans-
formation procedure that consists of: a suitable representation structure for the
definitional trees associated with a functional logic program; and an algorithm
that takes the above representation of definitional trees as an input parameter
and translates it into a set of Prolog clauses able to simulate the narrowing
strategy being implemented.

This paper investigates how a refined representation of definitional trees can
introduce improvements in the quality of the code generated by the transforma-
tion scheme we have just described.

The paper is organized as follows: Section 2 recalls some basic notions we
use in the rest of the sections. In Section 3 we describe a refined representation
of definitional trees and we give an algorithm for building them in the style of
[14]. Section 4 discusses how to translate functional logic programs into Pro-
log, taking advantage of the new representation of definitional trees to improve
(needed) narrowing implementations. Section 5 presents some experiments that
show the effectiveness of our proposal. Section 6 contains our conclusions. Finally
we briefly discuss the lines of future work.

2 Preliminaries

We consider first order expressions or terms built from symbols of the set of
variables X and the set of function symbols F in the usual way. The set of terms
is denoted by T (F ,X ). We sometimes write f/n ∈ F to denote that f is a
n–ary function symbol. If t is a term different from a variable, Root(t) is the
function symbol heading t, also called the root symbol of t. A term is linear if
it does not contain multiple occurrences of the same variable. Var(o) is the set
of variables occurring in the syntactic object o. We write on for the sequence of
objects o1, . . . , on.

A substitution σ is a mapping from the set of variables to the set of terms,
with finite domain Dom(σ) = {x ∈ X | σ(x) 6= x}. We denote the identity
substitution by id. We define the composition of two substitutions σ and θ,
denoted σ ◦ θ as usual: σ ◦ θ(x) = σ̂(θ(x)), where σ̂ is the extension of σ to the
domain of the terms. A renaming is a substitution ρ such that there exists the
inverse substitution ρ−1 and ρ ◦ ρ−1 = ρ−1 ◦ ρ = id.

A term t is more general than s (or s is an instance of t), in symbols t ≤ s,
if (∃σ) s = σ(t). Two terms t and t′ are variants if there exists a renaming ρ
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such that t′ = ρ(t). We say that t is strictly more general than s, denoted t < s,
if t ≤ s and t and s are not variants. The quasi–order relation “≤” on terms is
often called subsumption order and “<” is called strict subsumption order.

Positions of a term t (also called occurrences) are represented by sequences
of natural numbers used to address subterms of t. The concatenation of the
sequences p and w is denoted by p.w. Two positions p and p′ of t are comparable
if (∃w) p′ = p.w or p = p′.w, otherwise are disjoint positions. Given a position
p of t, t|p denotes the subterm of t at position p and t[s]p denotes the result of
replacing the subterm t|p by the term s. Let pn be a sequence of disjoint positions
of a term t, t[s1]p1 . . . [sn]pn

denotes the result of simultaneously replacing each
subterm t|pi

by the term si, with i ∈ {1, . . . , n}.

2.1 Term rewriting systems

We limit the discussion to unconditional term rewriting systems1. A rewrite rule
is a pair l → r with l, r ∈ T (F ,X ), l 6∈ X , and Var(r) ⊆ Var(l). The terms l and
r are called the left–hand side (lhs) and right–hand side (rhs) of the rewrite rule,
respectively. A term rewriting system (TRS) R is a finite set of rewrite rules.

We are specially interested in TRSs whose associate signature F can be
partitioned into two disjoint sets F = C ]D where D = {Root(l) | (l → r) ∈ R}
and C = F \D. Symbols in C are called constructors and symbols in D are called
defined functions or operations. Terms built from symbols of the set of variables
X and the set of constructors C are called constructor terms. A pattern is a term
of the form f(dn) where f/n ∈ D and dn are constructor terms. A term f(xn),
where xn are different variables, is called generic pattern. A TRS is said to be
constructor–based (CB) if the lhs of its rules are patterns. For CB TRSs, a term
t is a head normal form (hnf) if t is a variable or Root(t) ∈ C.

A TRS is said to be left–linear if for each rule l → r in the TRS, the lhs l
is a linear term. We say that a TRS is non–ambiguous or non–overlapping if it
does not contain critical pairs (see [10] for a standard definition of critical pair).
Left–linear and non–ambiguous TRSs are called orthogonal TRSs.

Inductively sequential TRSs are a proper subclass of CB orthogonal TRSs.
The definition of this class of programs make use of the notion of definitional tree.
For the sake of simplicity and because further complications are irrelevant for our
study, in the following definition, we ignore the exempt nodes that appear in the
original definition of [2] and also the or–nodes of [15] used in the implementation
of Curry [14]. Note also, that or–nodes lead to parallel definitional trees and thus
out of the class of inductively sequential systems.

Definition 1. [Partial definitional tree]
Given a CB TRS R, P is a partial definitional tree with pattern π if and only
if one of the following cases hold:

1. P = rule(π, l → r), where π is a pattern and l → r is a rewrite rule in R
such that π is a variant of l.

1 This is not a true limitation for the expressiveness of a programming language re-
laying on this class of term rewriting systems [5].
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Fig. 1. Definitional tree for the function “f”of Example 1

2. P = branch(π, o,Pk), where π is a pattern, o is a variable position of π
(called inductive position), ck are different constructors, for some k > 0, and
for all i ∈ {1, . . . , k}, Pi is a partial definitional tree with pattern π[ci(xn)]o,
where n is the arity of ci and xn are new variables.

From a declarative point of view, a partial definitional tree P can be seen as
a set of linear patterns partially ordered by the strict subsumption order “<”
[4]. Given a defined function f/n, a definitional tree of f is a partial definitional
tree whose pattern is a generic pattern and its leaves contain variants of all the
rewrite rules defining f .

Example 1. Given the rules defining the function f/3

R1 : f(a, b, X) → r1, R2 : f(b, a, c) → r2, R3 : f(c, b, X) → r3.

a definitional tree of f is:

branch(f(X1, X2, X3), 1,
branch(f(a,X2, X3), 2, rule(f(a, b, X3), R1)),
branch(f(b, X2, X3), 2, branch(f(b, a, X3), 2, rule(f(b, a, c), R2))),
branch(f(c,X2, X3), 2, rule(f(c, b, X3), R3)))

Note that there can be more than one definitional tree for a defined function. It is
often convenient and simplifies understanding to provide a graphic representation
of definitional trees, where each node is marked with a pattern and the inductive
position in branches is surrounded by a box. Figure 1 illustrates this concept.

Definition 2. [Inductively Sequential TRS]
A defined function f is called inductively sequential if it has a definitional tree.
A rewrite system R is called inductively sequential if all its defined functions are
inductively sequential.

In this paper we are mainly interested in inductively sequential TRSs (or proper
subclasses of them) which are called programs.

2.2 Definitional trees and Narrowing Implementations into Prolog

Most of the relevant implementations of functional logic languages, which use
needed narrowing as operational mechanism, are based on the compilation of the
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programs written in these languages into Prolog [8, 13, 15, 16]. These implemen-
tation systems may be thought as a translation process that essentially consists
in the following:

1. An algorithm to transform the program rules in a functional logic program
into a set of definitional trees (See [15] and [14] for some of those algorithms).

2. An algorithm that takes the definitional trees as an input parameter and
visits their nodes, generating a Prolog clause for each visited node. Since
definitional trees contain all the information about the original program as
well as information to guide the (optimal) pattern matching process during
the evaluation of expressions, the set of generated Prolog clauses is able to
simulate the intended narrowing strategy being implemented.

In the case of functional logic programs with a needed narrowing semantics, a
generic algorithm for the translation of definitional trees into a set of clauses is
given in [13]. When we apply that algorithm to the definitional tree of function
f in Example 1, we obtain the following set of Prolog clauses:

% Clause for the root node: it exploits the first inductive position

f(X1, X2, X3, H) :- hnf(X1, HX1), f_1(HX1, X2, X3, H).

% Clauses for the remainder nodes:

f_1(a, X2, X3, H):- hnf(X2, HX2), f_1_a_2(HX2, X3, H).

f_1_a_2(b, X3, H):- hnf(r1, H).

f_1(b, X2, X3, H):- hnf(X2, HX2), f_1_b_2(HX2, X3, H).

f_1_b_2(a, X3, H):- hnf(X3, HX3), f_1_b_2_a_3(HX3, H).

f_1_b_2_a_3(c, H):- hnf(r2, H).

f_1(c, X2, X3, H):- hnf(X2, HX2), f_1_c_2(HX2, X3, H).

f_1_c_2(b, X3, H):- hnf(r3, H).

where hnf(T, H) is a predicate that is true when H is the hnf of a term T. For
this example, the clauses defining the predicate hnf are:

% Evaluation to head normal form (hnf).

hnf(T, T) :- var(T), !.

hnf(f(X1, X2, X3), H) :- !, f(X1, X2, X3, H).

hnf(T, T). % otherwise the term T is a hnf;

The meaning of these set of clauses is very easy to understand. For evaluating
a term t = f(t1, t2, t3) to a hnf, first, it is necessary to evaluate (to a hnf) the
substerms of t at the inductive positions of the patterns in the definitional tree
associated with f (in the order dictated by that definitional tree — see Figure 1).
Hence, for our example: we compute the hnf of t1 and then the hnf of t2; if b is
the hnf of t1 and a is the hnf of t2, we have to compute the hnf of t3; if the hnf
of t3 is c then the hnf of t will be the hnf of r2 else the computation fails (see the
sixth clause). On the other hand, if the hnf of t1 is a or c it suffices to evaluate
t2 to a hnf, disregarding t3, in order to obtain the final value. This evaluation
mechanism conforms with the needed narrowing strategy of [7], as it has been
formally demonstrated in [1].
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Fig. 2. Refined definitional tree for the function “f”of Example 1

3 A Refined Representation of Definitional Trees

As we have just seen, building definitional trees is the first step of the compi-
lation process in high level implementations of needed narrowing into Prolog.
Therefore, providing a suitable representation structure for the definitional trees
associated with a functional logic program may be an important task in or-
der to improve those systems. In this section we give a refined representation
of definitional trees that saves memory allocation and is the basis for further
improvements.

It is noteworthy that the function f of Example 1 has two definitional trees:
the one depicted in Figure 1 and a second one obtained by exploiting position 2 of
the generic pattern f(X1, X2, X3). Hence, this generic pattern has two inductive
positions. We can take advantage of this situation if we “simultaneously” exploit
these two positions to obtain the definitional tree depicted in the Figure 2. This
new representation cuts the number of nodes of the definitional tree from eight
to five nodes. Note also that this kind of representation reduces the number
of possible definitional trees associated to a function. Actually, using the new
representation, there is only one definitional tree for f .

The main idea of the refinement is as follows: when a pattern has several
inductive positions, exploit them altogether. Therefore we need a criterion to
detect inductive positions. This criterion exists and it is based on the concept of
uniformly demanded position of [15].

Definition 3. [Uniformly demanded position]
Given a pattern π and a TRS R, Let be Rπ = {l → r|(l → r) ∈ R ∧ π ≤ l}.
A variable position p of the pattern π is said to be: (i) demanded by a lhs l of
a rule in Rπ if Root(l|p) ∈ C. (ii) uniformly demanded by Rπ if p is demanded
for all lhs in Rπ.

We write UDPos(π) to denote the set of uniformly demanded positions of the
pattern π. The following proposition establishes a necessary condition for a po-
sition of a pattern to be an inductive position.

Proposition 1. Let R be an inductively sequential TRS and let π be the pattern
of a branch node of a definitional tree P of a function defined in R. If o is an
inductive position of π then o is uniformly demanded by Rπ.
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Proof. We proceed by contradiction. Assume o is not uniformly demanded by
Rπ. Hence, there must exist some (l → r) ∈ Rπ such that Root(l|o) = c ∈ C,
and some (l′ → r′) ∈ Rπ such that l′|o ∈ X . Since o is the inductive position
of the branch node whose pattern is π, by definition of definitional tree, π <
π[c(xn)]o ≤ l and π ≤ l′. Therefore it is impossible to built a partial definitional
tree with leaves l and l′ by exploiting the position o, which contradicts the
hypothesis that o is an inductive position.

Hence, the concept of uniformly demanded position and Proposition 1 give us
a syntactic criterion to detect if a variable position of a pattern is an inductive
position or not and, therefore, a guideline to built a definitional tree: (i) Given
a branch node, select a uniformly demanded position of its pattern; fix it as
an inductive position of the branch node and generate the corresponding child
nodes. (ii) If the node doesn’t have uniformly demanded positions then there two
possibilities: the node is a leaf node, if it is a variant of a lhs of the considered
TRS, or it is a “failure” node, and it is impossible to build the definitional tree.
The following algorithm, in the style of [14], uses this scheme to build a refined
partial definitional tree rpdt(π,Rπ) for a pattern π and rules Rπ = {l → r |
(l → r) ∈ R ∧ π ≤ l}:

1. If UDPos(π) = ∅ and there is only one rule (l → r) ∈ Rπ and a renaming ρ
such that π = ρ(l):

rpdt(π,Rπ) = rule(π, ρ(l) → ρ(r));

2. If UDPos(π) 6= ∅ and for all (ci1 , . . . , cim
) ∈ Cπ, Pi = rpdt(πi,Rπi

) 6= fail:

rpdt(π,Rπ) = branch(π, om,Pk);

where om is the sequence of uniformly demanded positions in UDPos(π),
Cπ = {(ci1 , . . . , cim

)|(li → ri) ∈ Rπ ∧ Root(li|o1) = ci1 ∧ . . . ∧ Root(li|om
) =

cim
}, k = |Cπ| > 0, πi = π[ci1(xni1

)]o1 . . . [cim(xnim
)]om and xni1

, . . . , xnim

are new variables.
3. Otherwise, rpdt(π,Rπ) = fail.

Given an inductively sequential TRS R and a n–ary defined function f in R,
the definitional tree of f is rdt(f,R) = rpdt(π0,Rπ0) where π0 = f(xn). Note
that, for an algorithm like the one described in [14] the selection of the inductive
positions of the pattern π is non–deterministic, if UDPos(π) 6= ∅. Therefore, it is
possible to build different definitional trees for an inductively sequential function,
depending on the inductive position which is selected. On the contrary, our al-
gorithm deterministically produces a single definitional tree for each inductively
sequential function. Note also that it matches the more informal algorithm that
appears in [14] when, for each branch node, there is only one inductive position.

We illustrate the previous algorithm and last remarks by means of a new
example.

Example 2. Given the rules defining the function f/2

R1 : f(0, 0) → 0, R2 : f(s(X), 0) → s(0), R3 : f(s(X), s(s(Y ))) → f(X, Y ).
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Fig. 3. Refined definitional tree for the function “f”of Example 2

the last algorithm builds the following definitional tree for f :

branch(f(X1, X2), (1, 2),
rule(f(0, 0), R1),
rule(f(s(X3), 0), R2),
branch(f(s(X3), s(X4)), (2.1), rule(f(s(X3), s(s(X5))), R3))

which is depicted in Figure 3. The algorithm for generating definitional trees of
[14] may build two definitional trees for f (depending on whether position 1 or
position 2 is selected as the inductive position of the generic pattern f(X1, X2)).
Both of these trees have seven nodes, while the new representation of Figure 3
reduces the number of nodes of the definitional tree to five nodes.

As it has been proposed in [8], it is possible to obtain a simpler translation
scheme of functional logic programs into Prolog if definitional trees are first
compiled into case expressions. That is, functions are defined by only one rule
where the lhs is a generic pattern and the rhs contains case expresions to specify
the pattern matching of actual arguments. The use of case expressions doesn’t
invalidate our argumentation. Thus, we can transform the definitional tree of
Example 2 in the following case expression:

f(X1, X2) = case (X1, X2) of
(0, 0) → 0
(s(X3), 0) → s(0)
(s(X3), s(X4)) → case (X4) of

s(X5) → f(X3, X5)

A case expression, like this, will be evaluated by reducing a tuple of arguments
to their hnf and matching them with one of the patterns of the case expression.

4 Improving Narrowing Implementations into Prolog

The refined representation of definitional trees introduced in Section 3 is very
close to the standard representation of definitional trees, but it is enough to
provide further improvements in the translation of functional logic programs
into Prolog.

It is easy to adapt the translation algorithm that appears in [13] to use our
refined representation of definitional trees as input. If we apply this slightly
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different algorithm to the refined definitional tree of Figure 2, we obtain the
following set of clauses:

% Clause for the root node:

f(X1, X2, X3, H) :- hnf(X1, HX1), hnf(X2, HX2), f_1_2(HX1, HX2, X3, H).

% Clauses for the remainder nodes:

f_1_2(a, b, X3, H):- hnf(r1, H).

f_1_2(b, a, X3, H):- hnf(X3, HX3), f_1_2_b_a(HX3, H).

f_1_2_b_a(c, H):- hnf(r2, H).

f_1_2(c, b, X3, H):- hnf(r3, H).

where we have cut the number of clauses with regard to the standard represen-
tation into Prolog (of the rules defining function f) presented in Section 2.2.
The number of clauses is reduced in the same proportion the number of nodes
of the standard definitional tree for f were cut. As we are going to show in the
next section, this refined translation technique is able to improve the efficiency
of the implementation system.

Note that the analysis of definitional trees provide further opportunities for
improving the translation of inductively sequential programs into Prolog. For
instance, we can take notice that the definitional tree of function f in Example 1
has a “deterministic” (sub)branch, that is, a (sub)branch whose nodes have only
one child (see Figure 2). This knowledge can be used as an heuristic guide for
applying unfolding transformation steps selectively. Hence, for the example we
are considering, the clauses:

f_1_2(b, a, X3, H):- hnf(X3, HX3), f_1_2_b_a(HX3, H).

f_1_2_b_a(c, H):- hnf(r2, H).

can be transformed in:

f_1_2(b, a, X3, H):- hnf(X3, c), hnf(r2, H).

We think this selective unfolding is preferable to the more costly and gen-
eralized (post–compilation) unfolding transformation process suggested in [13]
and [8].

On the other hand, it is important to note that the kind of improvements we
are mainly studying in this work can not be obtained by an unfolding transfor-
mation process applied to the set of clauses produced by the standard algorithm
of [13]: In fact, it is not possible to obtain the above set of clauses by unfolding
transformation of the set of clauses shown in Section 2.2.

5 Experiments

We have made some experiments to verify the effectiveness of our proposal. We
have instrumented the Prolog code obtained by the compilation of simple Curry
programs by using the curry2prolog compiler of Pakcs [9] (an implementation
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of the multi–paradigm declarative language Curry [14]). We have introduced our
translation technique in the remainder Prolog code. The results of the experi-
ments are shown in Table 1. Runtime and memory occupation were measured on
a Sun4 Sparc machine, running sicstus v3.8 under SunOS v5.7. The “Speedup”
column indicates the percentage of execution time saved by our translation tech-
nique. The values shown on that column are the percentage of the quantity
computed by the formula (t1− t2)/t1, where t1 and t2 are the average runtimes,
for several executions, of the proposed terms (goals) and Prolog programs ob-
tained when we don’t use (t1) and we use (t2) our translation technique. The
“G. stack Imp.” column reports the improvement of memory occupation for
the computation. We have measured the percentage of global stack allocation.
The amount of memory allocation measured between in each execution remains
constant. Most of the benchmark programs are extracted from [14] and the stan-

Table 1. Runtime speed up and memory usage improvements for some benchmark
programs and terms.

Benchmark Term Speedup G. stack Imp.

family grandfather( , ) 19.9% 0%

geq geq(100000, 99999) 4.6% 16.2%

geq geq(99999, 100000) 4.3% 16.2%

xor xor( , ) 18.5% 0%

zip zip(L1, L2) 3.6% 5.5%

zip3 zip3(L1, L2, L2) 4.5% 10%

Average 9.2% 7.9%

dard prelude for Curry programs with slight modifications. For the benchmark
programs family and xor we evaluate all outcomes. The natural numbers are
implemented in Peano notation, using zero and succ as constructors of the sort.
In the zip and zip3 programs the input terms L1 and L2 are lists of length 9.

More detailed information about the experiments and benchmark programs
can be found in http://www.inf-cr.uclm.es/www/pjulian/publications.html.

6 Discussion and Conclusions

Although the results of the preceding section reveals a good behavior of our
translation technique, it is difficult to evaluate what may be its impact over the
whole system, since the improvements appear when we can detect patterns which
have several uniformly demanded positions. For the case of inductively sequen-
tial functions without this feature, our translation scheme is conservative and
doesn’t produce runtime speedups or memory allocation improvements. On the
other hand it is noteworthy that, in some cases, the benefits of our translation
scheme are obtained in an ad hoc way in actual needed narrowing into Pro-
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log implementation systems. For instance, the standard definition of the strict
equality used in non–strict functional logic languages is [11, 18]:

c == c → true
c(Xn) == c(Yn) → X1 == Y1&& . . .&&Xn == Yn

where c is a constructor of arity 0 in the first rule and arity n > 0 in the second
rule. There is one of these rules for each constructor that appears in the program
we are considering. Clearly, the strict equality has an associate definitional tree
whose pattern (X1 == X2) has two uniformly demanded positions (positions 1
and 2) and, therefore, it can be translated using our technique, that produces a
set of Prolog clauses similar to the one obtained by the curry2prolog compiler.
In fact, the curry2prolog compiler translates these rules into the following set
of Prolog clauses2:

hnf(A==B,H):-!,seq(A,B,H).

seq(A,B,H):-hnf(A,F),hnf(B,G),seq_hnf(F,G,H).

seq_hnf(true,true,H):-!,hnf(true,H).

seq_hnf(false,false,H):-!,hnf(true,H).

seq_hnf(c,c,H):-!,hnf(true,H).

seq_hnf(c(A1,...,Z1),c(A2,...,Z2),H):-!,

hnf(&&(A1==A1,&&(B1==B2,&&(...,&&(Z1==Z2,true)))),H).

Thus, the curry2prolog compiler produces an optimal representation of the
strict equality which is treated as a special system function with an ad hoc
predefined translation into Prolog, instead of using the standard translation
algorithm which is applied for the translation of user defined functions.

Although our contribution, as well as the overall theory of needed evaluation,
is interesting for computations that succeed, it is important to say that some
problems may arise when a computation does not terminate or fails. For example,
given the (partial) function

f(a, a) → a

the standard compilation into Prolog is:

f(A,B,C) :- hnf(A,F), f_1(F,B,C).

f_1(a,A,B) :- hnf(A,E), f_1_a_2(E,B).

f_1_a_2(a,a).

whilst our translation technique produces:

f(A,B,C) :- hnf(A,F), hnf(B,G), f_1(F,G,C).

f_1(a,a,a).

Now, if we want to compute the term f(b, expensive term), the standard
implementation detects the failure after the computation of the first argument.
On the other hand, the new implementation computes the expensive term (to
2 Note that, we have simplified the code produced by the curry2prolog compiler in

order to increase its readability and facilitate the comparison with our proposal.
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hnf) for nothing. Of course, the standard implementation has problems too —e.g.
if we compute the term f(expensive term, b), it also computes the expensive
term (to hnf)—, but it may have a better behavior on this problem. Thus, in
a sequential implementation, the performance of our translation technique may
be endanger when subterms, at uniformly demanded positions, are evaluated
(to hnf) jointly with an other subterm whose evaluation (to hnf) produces a
failure. An alternative to overcome this practical disadvantage is to evaluate
these subterms in parallel, introducing monitoring techniques able to detect the
failure as soon as possible and then to stop the streams of the computation.

Nevertheless, our work shows that there is a potential for the improvement of
actual (needed) narrowing implementation systems: we obtain valuable improve-
ments of execution time and memory allocation when our translation technique
is relevant, without an appreciable slowdown in the cases where it is not appli-
cable. Also, our simple translation technique is able to eliminate some ad hoc
artifices in actual implementations of (needed) narrowing into Prolog, providing
a systematic and efficient translation mechanism. Moreover, the ideas we have
just developed can be introduced with a modest programming effort in standard
implementations of needed narrowing into Prolog (such as the Pakcs [9] imple-
mentation of Curry) and in other implementations based on the use of defini-
tional trees (e.g., the implementation of the functional logic language T OY[16]),
since they don’t modify their basic structures.

7 Future Work

Failing derivations are rather a problematic case where the performance of our
translation technique may be endanger. We want to deal with these problem in
order to guarantee that slowdowns, with regard to standard implementations
of needed narrowing into Prolog, are not produced. Also we like to study how
clause indexing [19], in the context of Prolog implementation, relates with our
work.

On the other hand, we aim to investigate how definitional trees may be used
as a guide to introduce selective program transformation techniques.
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Abstract. In this paper we show how to transfer some developments
done in the field of functional–logic programming (FLP) to a pure func-
tional setting (FP). More exactly, we propose a complete fold/unfold
based transformation system for optimizing lazy functional programs.
Our main contribution is the definition of a safe instantiation rule which
is used to enable effective unfolding steps based on rewriting. Since in-
stantiation has been traditionally considered problematic in FP, we take
advantage of previous experiences in the more general setting of FLP
where instantiation is naturally embedded into an unfolding rule based
on narrowing. Inspired in the so called needed narrowing strategy, our
instantiation rule inherits the best properties of this refinement of nar-
rowing. Our proposal optimises previous approaches defined in the liter-
ature (that require more transformation effort) by anticipating bindings
on unifiers used to instantiate a given program rule and by generating re-
dexes at different positions on instantiated rules in order to enable subse-
quent unfolding steps. As a consequence, our correct/complete technique
avoids redundant rules and preserve the natural structure of programs.

Keywords: Rewriting, Narrowing, Instantiation, Fold/Unfold

1 Introduction

In this paper we are concerned with first order (lazy) functional programs ex-
pressed as term rewriting systems (TRS’s for short). Our programming language
is similar to the one presented in [7, 17] in which programs are written as a set
of mutually exclusive recursive equations, but we do not require that the set
of equations defining a given function f be exhaustive (i.e., we let f to be un-
defined for certain elements of its domain). More precisely , we use inductively
sequential TRS’s, i.e., the mainstream class of pattern-matching functional pro-
grams which are based on a case distinction. This is a reasonable class of TRS’s
not only for modeling pure functional programs but also for representing multi-
paradigm functional–logic programs that combine the operational methods and
advantages of both FP and LP (logic programming) [3]. If the operational prin-
ciple of FP is based on rewriting, integrated programs are usually executed by
? This work has been partially supported by CICYT under grant TIC 2001-2705-C03-

03, and by the Valencian Research Council under grant GV01-424.
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narrowing, a generalization of rewriting that instantiates variables in a given
expression and then, it applies a reduction step to a redex of the instantiated
expression. Needed narrowing extends the Huet and Lévy’s notion of a needed
reduction [12], and is the currently best narrowing strategy for first-order (in-
ductively sequential) integrated programs due to its optimality properties w.r.t.
the length of derivations and the number of computed solutions and it can be
efficiently implemented by pattern matching and unification [4].

The fold/unfold transformation approach was first introduced in [7] to opti-
mize functional programs (by reformulating function definitions) and then used
in LP [21] and FLP [2, 16]. This approach is commonly based on the construction,
by means of a strategy, of a sequence of equivalent programs each obtained from
the preceding ones by using an elementary transformation rule. The essential
rules are folding and unfolding, i.e., contraction and expansion of subexpressions
of a program using the definitions of this program (or of a preceding one). Other
rules which have been considered are, for example: instantiation, definition in-
troduction/elimination, and abstraction.

Instantiation is a purely functional transformation rule used for introducing
an instance of an existing equation in order to enable subsequent unfolding steps
based on rewriting. For instance, if we want to apply an unfolding step on rule
R1 : f(s(X)) → s(f(X)) by reducing its right hand side (rhs) by using rule R1

itself, we firstly need to “instantiate” the whole rule with the binding {X 7→ s(Y)}
obtaining the new (instantiated) rule R2 : f(s(s(Y))) → s(f(s(Y))). Now, we can
perform a rewriting step1 on the underlined subterm in the rhs of R2 using R1,
and then we obtain the desired (unfolded) rule R3 : f(s(s(Y))) → s(s(f(Y))).
In contrast with this naive example, we will see in Section 3 that, in general, it
is not easy to decide neither the binding to be applied nor the subterm to be
converted in a reducible expression in the considered rule.

The instantiation rule is avoided in LP and FLP transformation systems:
the use of SLD-resolution or narrowing (respectively) empowers the fold/unfold
system by implicitly embedding the instantiation rule into unfolding by means of
unification. Moreover, instantiation is not treated explicitly even in some pure
functional approaches, as is the case of [20] where the role of instantiation is
assumed to be played by certain distribution laws for case expressions (which
are even more problematic than instantiation since they are defined in a less
“constructive” way). Nevertheless, the need for a transformation that generates
redexes on rules is crucial in a functional setting if we really want to apply
unfolding steps based on rewriting.

Similarly to the instantiation process generated implicitly by most unfolding
rules for LP ([21, 17]) and FLP ([16]), classical instantiation rules for pure FP
([7, 8, 17]) consider a unique subterm t in a rule R to be converted in a redex
and then, R is instantiated with the most general unifiers obtained by unifying
t with every rule in the program. Anyway (and as said in [20]), unrestricted
instantiation is problematic because it is not even locally equivalence preserving,
since it can force premature evaluation of expressions (a problem noted in [6],

1 Note that this reduction step is unfeasible on the original rule R1.
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and addressed in some detail in [19]) and is better suited to a typed language
in which one can ensure that the set of instances is exhaustive. Moreover, the
use of mgu’s in (the also called “minimal”) instantiation rules2 instead of more
precise unifiers may produce sets of non mutually exclusive (i.e., overlapping)
rules, which leads to corrupt programs.

All these facts strongly contrast with the transformation methodology for
lazy (call-by-name, call-by-need) FLP based on needed narrowing presented in
[2]. The use of needed narrowing inside an unfolding step is able to reduce
redexes at different positions in a rule once it as been instantiated by using
unifiers which are more precise than the standard most general ones. Moreover,
the transformation preserves the original structure (inductive sequentiality) of
programs and offers strong correctness results (i.e., it preserves the semantics
not only of values, but also of computed answer substitutions). Inspired in all
these nice results, we show in this paper how to extrapolate the rules presented
in [2] to a pure FP setting and, in particular, we built a safe instantiation rule
that transcends the limitations of previous approaches.

The structure of the paper is as follows. After recalling some basic definitions
in the next section, we introduce our needed narrowing based instantiation rule
in Section 3. Section 4 defines an unfolding rule that reinforces the effects of
the previous transformation. By adding new rules for folding, abstracting and
introducing new definitions, we obtain a complete transformation system for FP
in Section 5. Section 6 illustrates our approach with real examples and finally,
Section 7 concludes. More details can be found in [14].

2 Functional Programs versus Functional-Logic Programs

For the purposes of this paper, functional and functional–logic programs are
undistinguished by syntactic aspects since both can be seen as (inductively se-
quential) TRS’s and they only differ from its corresponding operational seman-
tics which are based on rewriting and narrowing, respectively. In this section
we briefly recall some preliminary concepts and notation subjects. We assume
familiarity with basic notions from TRS’s, FP and FLP [5, 10]. In this work we
consider a (many-sorted) signature Σ partitioned into a set C of constructors
and a set F of defined functions. The set of constructor terms with variables is
obtained by using symbols from C and X . The set of variables occurring in a term
t is denoted by Var(t). We write on for the list of objects o1, . . . , on. A pattern
is a term of the form f(dn) where f/n ∈ F and d1, . . . , dn are constructor terms
(note the difference with the usual notion of pattern in functional programming:
a constructor term). A term is linear if it does not contain multiple occurrences
of one variable. A position p in a term t is represented by a sequence of natural
numbers (Λ denotes the empty sequence, i.e., the root position). t|p denotes the
subterm of t at position p, and t[s]p denotes the result of replacing the subterm
t|p by the term s. We denote by {x1 7→ t1, . . . , xn 7→ tn} the substitution σ with

2 Specially when trying to generate redexes at different positions on instantiated rules.
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σ(xi) = ti for i = 1, . . . , n (with xi 6= xj if i 6= j), and σ(x) = x for all other
variables x. id denotes the identity substitution. We write t ≤ t′ (subsumption)
iff t′ = σ(t) for some substitution σ.

A set of rewrite rules l → r such that l 6∈ X , and Var(r) ⊆ Var(l) is called a
term rewriting system (TRS). The terms l and r are called the left-hand side (lhs)
and the right-hand side (rhs) of the rule, respectively. In the remainder of this
paper, functional programs are a subclass of TRS’s called inductively sequential
TRS’s. To provide a precise definition of this class of programs we introduce
definitional trees [3]. A definitional tree of a finite set of linear patterns S is a
non-empty set P of linear patterns partially ordered by subsumption having the
following properties:

Root property: There is a minimum element pattern(P), also called the pattern
of the definitional tree.

Leaves property: The maximal elements, called the leaves, are the elements of
S. Non-maximal elements are also called branches.

Parent property: If π ∈ P, π 6= pattern(P), there exists a unique π′ ∈ P, called
the parent of π (and π is called a child of π′), such that π′ < π and there is
no other pattern π′′ ∈ T (C ∪ F ,X ) with π′ < π′′ < π.

Induction property: Given π ∈ P\S, there is a position o of π with π|o ∈ X (the
inductive position), and constructors c1, . . . , cn ∈ C with ci 6= cj for i 6= j,
such that, for all π1, . . . , πn which have the parent π, πi = π[ci(xni

)]o (where
xni are new distinct variables) for all 1 ≤ i ≤ n.

The definitional trees are similar to standard matching trees of FP3.However,
differently from left-to-right matching trees used in either Hope, Miranda, or
Haskell, definitional trees deal with dependencies between arguments of func-
tional patterns. As a good point, optimality is achieved when definitional trees
are used (in this sense, they are closer to matching dags or index trees for TRSs
[12, 11]). Roughly speaking, a definitional tree for a function symbol f is a tree
whose leaves contain all (and only) the rules used to define f and whose inner
nodes contain information to guide the (optimal) pattern matching during the
evaluation of expressions. Each inner node contains a pattern and a variable
position in this pattern (the inductive position) which is further refined in the
patterns of its immediate children by using different constructor symbols. The
pattern of the root node is simply f(xn), where xn are different variables.

It is often convenient and simplifies the understanding to provide a graphic
representation of definitional trees, where each node is marked with a pattern,
the inductive position in branches is surrounded by a box, and the leaves contain
the corresponding (underlined) rules. For instance, the definitional tree for the
function “6”:

0 6 N → true (R1)
s(M) 6 0 → false (R2)
s(M) 6 s(N) → M 6 N (R3)

3 Definitional trees can also be encoded using case expressions, another well-known
technique to implement pattern matching in FP [18].



134 G. Moreno

can be illustrated as follows:

0 6 Y→ true s(X′) 6 Y

s(X′) 6 0→ false s(X′) 6 s(Y′) → X′ 6 Y′

X 6 Y
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A defined function is called inductively sequential if it has a definitional tree.
A rewrite system R is called inductively sequential if all its defined functions are
inductively sequential. An inductively sequential TRS can be viewed as a set
of definitional trees, each defining a function symbol. There can be more than
one definitional tree for an inductively sequential function. In the following we
assume that there is a fixed definitional tree for each defined function.

The operational semantics of FP is based on rewriting. A rewrite step is an
application of a rewrite rule to a term, i.e., t →p,R s if there exists a position
p in t, a rewrite rule R = (l → r) and a substitution σ with t|p = σ(l) and
s = t[σ(r)]p. The instantiated lhs σ(l) is called a redex. →+ denotes the transi-
tive closure of → and →∗ denotes the reflexive and transitive closure of →. By
giving priority to innermost or, alternatively outermost redexes, we obtain two
different rewriting principles, corresponding to the so called eager (strict or call-
by-value) and lazy (non-strict, call-by-name or call-by-need) functional programs,
respectively.

On the other hand, the operational semantics of integrated languages is usu-
ally based on narrowing, a combination of variable instantiation and reduction.
Formally, t ;p,R,σ s is a narrowing step if p is a non-variable position in t and
σ(t) →p,R s. Modern functional–logic languages are based on needed narrowing
and inductively sequential programs (a detailed description can be found in [4]).

3 Instantiation

Following [7], the instantiation rule is used in pure functional transformation
systems to introduce, or more appropriately, to replace substitution instances of
an existing equation in a program. Similarly to the implicit instantiation pro-
duced by the narrowing calculus, the goal here is to enable subsequent rewriting
steps. This is not an easy task, since there may exist many different alternatives
to produce bindings and redexes, and many approaches do not offer correctness
results or/and they do not consider instantiation explicitly [7, 20]. In this section
we face this problem by defining a safe instantiation rule inspired in the needed
narrowing based unfolding transformation for FLP of [2]. This last rule mirrors
the needed narrowing calculus by implicitly performing instantiation operations
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that use more precise bindings than mgu’s and generate redexes at different
positions on rules.

For the definition of needed narrowing we assume that t is a term rooted
with a defined function symbol and P is a definitional tree with pattern(P) = π
such that π ≤ t. We define a function λ from terms and definitional trees to
sets of tuples (position, rule, substitution) such that, for all (p, R, σ) ∈ λ(t,P),
t ;p,R,σ t′ is a needed narrowing step. Function λ is not only useful for defining
needed narrowing, but also for defining our instantiation rule. We consider two
cases for P4:

1. If π is a leaf, then λ(t,P) = {(Λ, π → r, id)}, where P = {π}, and π → r is
a variant of a rewrite rule.

2. If π is a branch, consider the inductive position o of π and some child πi =
π[ci(xn)]o ∈ P. Let Pi = {π′ ∈ P | πi ≤ π′} be the definitional tree where
all patterns are instances of πi. Then we consider the following cases for the
subterm t|o:

λ(t,P) 3



(p, R, σ ◦ τ) if t|o = x ∈ X , τ = {x 7→ ci(xn)}, and
(p, R, σ) ∈ λ(τ(t),Pi);

(p, R, σ ◦ id) if t|o = ci(tn) and (p, R, σ) ∈ λ(t,Pi);

(o.p,R, σ ◦ id) if t|o = f(tn) for f ∈ F , and (p, R, σ) ∈ λ(t|o,P ′)
where P ′ is a definitional tree for f .

Informally speaking, needed narrowing applies a rule, if possible (case 1), or
checks the subterm corresponding to the inductive positions of the branch (case
2): if it is a variable, it is instantiated to the constructor of some child; if it is
already a constructor, we proceed with the corresponding child; if it is a function,
we evaluate it by recursively applying function λ. Thus, the strategy differs from
lazy functional languages only in the instantiation of free variables. Note that
we compose in each recursive step during the computation of λ the substitution
with the local substitution of this step (which can be the identity).

Now, we re-use function λ for defining our instantiation rule. Given the last
(inductively sequential) program Rk in a transformation sequence R0, . . . ,Rk,
and a rule (l → r) ∈ Rk where r is rooted by a defined function symbol with
definitional tree Pr, we may get programRk+1 by application of the instantiation
rule as follows:

Rk+1 = Rk \ {l → r} ∪ {σ(l) → σ(r) | (p, R, σ) ∈ λ(r,Pr)}.

In order to illustrate our instantiation rule, consider again a program R with
the set of rules defining “6” together with the new rules for test and double:

test(X, Y) → X 6 double(Y) (R4)
double(0) → 0 (R5)

double(s(X)) → s(s(double(X))) (R6)

4 This description of a needed narrowing step is slightly different from [4] but it results
in the same needed narrowing steps.
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Then, function λ computes the following set for the initial term X 6 double(Y):
{(Λ,R1, {X 7→ 0}), (2,R5, {X 7→ s(X′),Y 7→ 0}), (2,R6, {X 7→ s(X′), Y 7→ s(Y′)})}.
Now, by application of the instantiation rule, we replace R4 in R by the rules:

test(0, Y) → 0 6 double(Y) (R7)
test(s(X′), 0) → s(X′) 6 double(0) (R8)

test(s(X′), s(Y′)) → s(X′) 6 double(s(Y′)) (R9)

In contrast with the usual instantiation rule used in pure FP and similarly to
the needed narrowing calculus used in FLP, we observe two important properties
enjoyed by our transformation rule:

1. It is able to instantiate more than a unique subterm at a time. In fact, sub-
terms at positions Λ and 2 have been considered in the example. Observe
that, if, for instance, we only perform the operation on subterm at position
Λ, only rule R7 could be achieved and then, the correctness of the transfor-
mation would be lost (i.e., function test would remain undefined for other
terms different from 0 as first parameter).

2. It uses more specific unifiers than mgu’s. This is represented by the extra
binding X 7→ s(X′) applied in rules R8 and R9. Observe that the generation
of this extra binding is crucial to preserve the structure (inductive sequen-
tiality) of the transformed program. Otherwise, the lhs’s of rules R8 and R9

would (erroneously) be test(X, 0) and test(X, s(Y′)) that unify with the lhs
of rule R7.

Experiences in FLP show that the preservation of the program structure is the
key point to prove the correctness of a transformation system based on needed
narrowing [2, 1]. Since the instantiation rule is not explicitly used in [2], we
now formally establish the following result specially formulated for this (purely
functional) transformation in an isolated way5.

Theorem 1. The application of the instantiation rule to an inductively sequen-
tial program generates an inductively sequential program too.

4 Unfolding

In this section we focus on the counterpart of the instantiation rule, that is, the
unfolding transformation which basically consists of replacing a rule by a new
one obtained by the application of a rewriting step to a redex in its rhs. This
transformation is strongly related to the previous one, since it is usually used in
pure FP to generate redexes in the rhs of program rules. In our case, we take
advantage once again of the information generated by function λ to proceed with
our rewriting based unfolding rule. Hence, given the last (inductively sequential)

5 This property is formally proved in [1], since instantiation is automatically performed
by the (needed narrowing based) unfolding rule presented there.
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program Rk in a transformation sequence R0, . . . ,Rk, and a (previously instan-
tiated) rule (σ(l) → σ(r)) ∈ Rk such that (p,R, σ) ∈ λ(r,Pr), then we may get
program Rk+1 by application of the unfolding rule as follows:

Rk+1 = Rk \ {σ(l) → σ(r)} ∪ {σ(l) → r′ | σ(r) →p,R r′}.

Observe that, as defined in Section 2, given a term r, if (p, R, σ) ∈ λ(r,Pr) then
t ;p,R,σ t′ is a needed narrowing step. Hence, a program obtained by substituting
one of its rules, say l → r, by the set {σ(l) → r′ | r ;p,R,σ r′}, can be considered
as the result of transforming it by applying the appropriate instantiation and
unfolding steps. In fact, the unfolding rule based on needed narrowing presented
in [2] is defined in this way, and for this reason it is said that instantiation is
naturally embedded by unfolding in FLP.

Continuing now with our example, we can unfold rule R7 by rewriting the
redex at position Λ of its rhs (i.e., the whole term 0 6 double(Y)) and using rule
R1, obtaining the new rule R10: test(0, Y) → true. Similarly, the unfolding of
rules R8 and R9 (on subterms at position 2 of its rhs’s, with rules R5 and R6

respectively) generates:

test(s(X′), 0) → s(X′) 6 0 (R11)
test(s(X′), s(Y′)) → s(X′) 6 s(s(double(Y′))) (R12)

Finally, rules R11 and R12 admit empty instantiations and can be unfolded with
rules R2 and R3 respectively, obtaining:

test(s(X′), 0) → false (R13)
test(s(X′), s(Y′)) → X′ 6 s(double(Y′)) (R14)

Let us see now the effects that would be produced (in our original program) by
the application of unfolding steps preceded by the classical instantiation steps
used in traditional functional transformation systems. Starting again with rule
R4, we try to generate a redex in its rhs by instantiation. We have seen in Section
3 that, by applying the binding {X 7→ 0} to R4 in order to enable a subsequent
unfolding step with rule R1, we obtain an incorrect program. Hence, we prefer
to act on subterm double(Y) in rule R4 in order to later reduce its associated
redexes with rules R5 and R6. This is achieved by applying the (“minimal”)
bindings {Y 7→ 0} and {Y 7→ s(Y′)} to R4:

test(X, 0) → X 6 double(0) (R′
7)

test(X, s(Y′)) → X 6 double(s(Y′)) (R′
8)

This process is called “minimal” instantiation in [8], since it uses the mgu’s
obtained by exhaustively unifying the subterm to be converted in a redex with
the lhs’s of the rules in the program. The corresponding unfolding steps on R′

7

and R′
8 return:

test(X, 0) → X 6 0 (R′
9)

test(X, s(Y′)) → X 6 s(s(double(Y′))) (R′
10)
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Now, we can perform two instantiation steps, one for rule R′
9 and one more for

rule R′
10, using the bindings {X 7→ 0} and {X 7→ s(X′)}, and obtaining the rules

(previously generated by our method) R11 and R12 together with:

test(0, 0) → 0 6 0 (R′
11)

test(0, s(Y′)) → 0 6 s(s(double(Y′))) (R′
12)

Finally, the unfolding of R′
11 and R′

12 returns:

test(0, 0) → true (R′
13)

test(0, s(Y′)) → true (R′
14)

Observe now that our method, instead of producing these last rules, only gener-
ates the unique rule R10 that subsumes both ones. Moreover, compared with the
traditional transformation process, our method is faster apart from producing
smaller (correct) programs. Our transformation rules inherit these nice proper-
ties from the optimality of needed narrowing (see [4]) with respect to:

1. the (shortest) length of successful derivations for a given goal which, in our
framework, implies that less instantiation and unfolding steps are needed
when building a transformation sequence, and

2. the independence of (minimal) computed solutions associated to different
successful derivations, which guarantees that no redundant rules are pro-
duced during the transformation process.

5 Folding and Related Rules

In order to complete our transformation system, let us now introduce the folding
rule, which is a counterpart of the previous transformation, i.e., the compression
of a piece of code into an equivalent call. Roughly speaking, in FP the folding
operation proceeds in a contrary direction to the usual reduction steps, that
is, reduction is performed against a reversed program rule. Now we adapt the
folding operation of [2] to FP. Given the last (inductively sequential) program
Rk in a transformation sequence R0, . . . ,Rk, and two rules belonging to Rk, say
l → r (the “folded” rule ) and l′ → r′ (the “folding” rule), such that there exists
an operation rooted subterm of r which is an instance of r′, i.e., r|p = θ(r′), we
may get program Rk+1 by application of the folding rule as follows:

Rk+1 = Rk \ {l → r} ∪ {l → r[θ(l′)]p}.

For instance, by folding rule f(s(0)) → s(f(0)) with respect to rule g(X) →
f(X), we obtain the new rule f(s(0)) → s(g(0)). Observe that substitution θ
used in our definition is not a unifier but just a matcher. This is similar to
many other folding rules for LP and FLP, which have been defined in a similar
“functional style” (see, e.g., [17, 21, 2]), and can still produce at a very low cost
many powerful optimizations.
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In order to increase the optimization power of our folding rule we now in-
troduce a new kind of transformation called definition introduction rule. So,
given the last (inductively sequential) program Rk in a transformation sequence
R0, . . . ,Rk, we may get program Rk+1 by adding to Rk a new rule, called defini-
tion rule or eureka, of the form f(x) → r, where f is a new function symbol not
occurring in the sequence R0, . . . ,Rk and Var(r) = x. Now, we can reformulate
our folding rule by imposing that the “folding” rule be an eureka belonging to
any program in the transformation sequence whereas the “folded” rule never be
an eureka. Note that these new applicability conditions enhances the original
definition by relaxing the (strong) condition that the “folding” rule belong to
the last program in the sequence, which in general is crucial to achieve effective
optimizations [21, 17, 2]. Moreover, the possibility to unsafely fold a rule by itself
(“self folding”) is disallowed.

Let us illustrate our definitions. Assume a program containing the set of rules
defining “+” together with the following rule R1 : twice(X, Y) → (X+Y)+(X+Y).
Now, we apply the definition introduction rule by adding to the program the
following eureka rule R2: new(Z) → Z + Z. Finally, if we fold R1 using R2, we
obtain rule R3: twice(X, Y) → new(X+Y). Note that the new definition of twice
enhances the original one, since rules R2 and R3 can be seen as a lambda lifted
version (inspired in the one presented by [20]) of the following rule, which is
expressed by means of a local declaration built with the where construct typical
of functional languages: twice(X, Y) → Z + Z where Z = X + Y. This example
shows a novel, nice capability of our definition introduction and folding rules:
they can appropriately be combined in order to implicitly produce the effects of
the so-called abstraction rule of [7, 20] (often known as where–abstraction rule
[17]). The use of this transformation is mandatory in order to obtain the benefits
of the powerful tupling strategy [7, 8, 15], as we will see in the following section6.

The set of rules presented so far is correct and complete (for FP), as formal-
ized in the following theorem, which is an immediate consequence of the strong
correctness of the transformation system (for FLP) presented in [2]7.

Theorem 2. Let (R0, . . . ,Rn) be a transformation sequence, t a term without
new function symbols and s a constructor term. Then, t →∗ s in R0 iff t →∗ s
in Rn.

6 Some examples

In the following, we illustrate the power of our transformation system by tackling
some representative examples regarding the optimizations of composition and
tupling (more experiments can be found in [14]). Both strategies were originally
introduced in [7] for the optimization of pure functional programs (see also [17]).

6 In [2] we formalize an abstraction rule that allows the abstraction of different ex-
pressions simultaneously.

7 We omit the formal proof here since it directly corresponds to the so called invariant
I1 proved there. Proof details can be found in [1].
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By using the composition strategy (or its variants), one may avoid the con-
struction of intermediate data structures that are produced by some function
g and consumed as inputs by another function f, as illustrates the following
example where function sum prefix(X, Y) (defined in the following program R0)
returns the sum of the Y consecutive natural numbers, starting from X.

sum prefix(X, Y) → suml(from(X), Y) (R1) from(X) → [X|from(s(X))] (R4)
suml(L, 0) → 0 (R2) 0 + X→ X (R5)

suml([H|T], s(X)) → H + suml(T, X) (R3) s(X) + Y→ s(X + Y) (R6)

Note that function from is non-terminating (which does not affect the correctness
of the transformation). We can improve the efficiency of R0 by avoiding the
creation and subsequent use of the intermediate, partial list generated by the
call to function from :

1. Definition introduction: new(X, Y) → suml(from(X), Y) (R7)
2. Now, since function λ applied to suml(from(X), Y) returns the couple of tuples

(Λ, R2, {Y 7→ 0}) and (1, R4, {Y 7→ s(Y′)}), we apply the instantiation rule as
follows:

new(X, 0) → suml(from(X), 0) (R8)
new(X, s(Y′)) → suml(from(X), s(Y′)) (R9)

3. Unfolding of the underlined subtems on rules R8 and R9 using R2 and R4:

new(X, 0) → 0 (R10)
new(X, s(Y′)) → suml([X|from(s(X))], s(Y′)) (R11)

4. Instantiation of rule R11 using the tuple (Λ, R3, id):

new(X, s(Y′)) → suml([X|from(s(X))], s(Y′)) (R12)

Observe that the unifier generated by the call to function λ is empty and
hence, it is not relevant for the instantiation step itself. However, we need the
more significant position and rule information to perform the next unfolding
step.

5. Unfolding of the underlined subterm in R12 using R3 (note that this is in-
feasible with an eager strategy):

new(X, s(Y′)) → X + suml(from(s(X)), Y′) (R13)

6. Folding of the underlined subterm in rule R13 using the eureka rule R7:

new(X, s(Y′)) → X + new(s(X), Y′) (R14)

7. Folding rule R1 using R7: sum prefix(X, Y) → new(X, Y) (R15)

Then, the transformed and enhanced final program is formed by rules R15, R10

and R14 (together with the initial definitions for +, from, and suml). Note
that the use of instantiation and unfolding rules based on needed narrowing is
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essential in the above example. It ensures that no redundant rules are produced
and it also allows the transformation to succeed even in the presence of non-
terminating functions.

On the other hand, the tupling strategy essentially proceeds by grouping
calls with common arguments together so that their results are computed only
once. When the strategy succeeds, multiple traversals of data structures can be
avoided, thus transforming a nonlinear recursive program into a linear recursive
one [17]. The following well-known example illustrates the tupling strategy.

fib(0) → s(0) (R1)
fib(s(0)) → s(0) (R2)

fib(s(s(X))) → fib(s(X)) + fib(X) (R3)

(together with the rules for addition +). Observe that this program has an
exponential complexity that can be reduced to linear by applying the tupling
strategy as follows:

1. Definition introduction: new(X) → (fib(s(X)), fib(X)) (R4)
2. Instantiation of rule R4 by using the intended tuples (1, R2, {X 7→ 0}) and

(1, R3, {X 7→ s(X′)}):

new(0) → (fib(s(0)), fib(0))) (R5)
new(s(X′)) → (fib(s(s(X′))), fib(s(X′))) (R6)

3. Unfolding (the underlined subterms in) rules R5 and R6 using R2 and R3,
respectively, and obtaining the new rules:

new(0) → (s(0), fib(0)) (R7)
new(s(X′)) → (fib(s(X′)) + fib(X′), fib(s(X′))) (R8)

Before continuing with our transformation sequence we firstly reduce sub-
term fib(0) in rule R7 in order to obtain the following rule R9 which repre-
sents a case base definition for new: new(0) → (s(0), s(0)) (R9). This kind
of normalizing step that does not require a previous instantiation step is
performed automatically by the tupling algorithm described in [15].

4. In order to proceed with the abstraction of rule R8, we decompose the process
in two low level transformation steps as described in Section 5, obtaining the
new rules R10 and R11:
– Definition introduction: new aux((Z1, Z2)) → (Z1 + Z2, Z1)
– Folding R8 w.r.t. R10: new(s(X′)) → new aux((fib(s(X′)), fib(X′)))

5. Folding R11 using R4: new(s(X′)) → new aux(new(X′)) (R12)
6. Abstraction of R3 obtaining the new rules R13 and R14:

– Definition introduction: fib aux((Z1, Z2)) → Z1 + Z2
– Folding R3 w.r.t. R13: fib(s(s(X))) → fib aux((fib(s(X)), fib(X)))

7. Folding R14 using R4: fib(s(s(X))) → fib aux(new(X)) (R15)
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Now, the transformed program (with linear complexity thanks to the use of the
recursive function new), is composed by rules R1, R2 and R9 together with:

fib(s(s(X))) → Z1 + Z2 where (Z1, Z2) = new(X)
new(s(X)) → (Z1 + Z2, Z1) where (Z1, Z2) = new(X)

where the abstracted and folded rules (R13, R15) and (R10, R12) are expressed
by using local declarations for readability.

7 Conclusions

We have defined a safe instantiation rule that combined with other transforma-
tion rules for unfolding, folding, abstracting and introducing new definitions, is
able to optimize lazy functional programs. The main novelty of our approach is
that it is inspired in the kind of instantiation that needed narrowing implicitly
produces before reducing a given term. As a nice consequence, our transforma-
tion methodology inherits the best properties of needed narrowing and enhances
previous pure FP approaches in several senses. For instance, it preserves the
structure of transformed programs, it is able to use specific (as opposed to most
general) unifiers and it produces redexes at different positions of a given rule
after being instantiated with different unifiers, thus minimizing not only the set
of transformed rules but also the transformation effort.

Beyond instantiation, the set of rules presented so far has been implemented
and proved correct/complete in FLP i.e., all them preserve the semantics of
values (corresponding to its functional dimension) and computed answer sub-
stitutions (which is associated to its logic counterpart). Since the operational
semantics of FLP is based on narrowing, and narrowing subsumes rewriting (i.e.,
the operational semantics of FP), this directly implies that the whole transforma-
tion system specially tailored for FP is also semantics preserving in this context,
which guarantees its effective use in real tools. For the future, we plan to extend
our transformation system in order to cope with lazy functional programs with
different pattern matching semantics, higher-order and sharing.

Acknowledgements. Many thanks to Maŕıa Alpuente, Moreno Falaschi and
Germán Vidal for collaborative work on fold/unfold transformations in FLP and
helpful discussions on its extensions.
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Abstract. Declarative multi-paradigm languages combine the main fea-
tures of functional and logic programming, like laziness, logic variables
and non-determinism. Pure functional and pure logic programming have
for long time taken advantage of tabling or memoization schemes [15, 23,
6], which motivates the interest in adapting this technique to the inte-
grated paradigm. In this work, we introduce an operational description of
narrowing with memoization whose main aim is to provide the basis for
a complete sequential implementation. Since the success of memoization
critically depends on efficiently indexing terms and accessing the table,
we study the adequacy of known term representation techniques. Along
this direction, we introduce a novel data structure for representing terms
and show how to use this representation in our setting.

1 Introduction

Declarative multi-paradigm languages [12] combine the main features of func-
tional and logic programming. In comparison with functional languages, such in-
tegrated languages are more expressive thanks to the ability to perform function
inversion and to implement partial data structures by means of logical variables.
With respect to logic languages, multi-paradigm languages have a more efficient
operational behaviour since functions allow more deterministic evaluations than
predicates. The most important operational principle of functional logic lan-
guages is narrowing [21], a combination of resolution from logic programming
and term reduction from functional programming. Essentially, narrowing instan-
tiates the term variables so that a reduction step is possible, and then reduces
the instantiated term.
Several techniques from pure functional and pure logic languages have been

extended to implement multi-paradigm languages. In particular, both pure para-
digms have exploited memoization1. This technique is useful to eliminate redun-
dant computations. The central idea is to memoize sub-computations in a table
and reuse their results later. Although this technique entails an overhead which
depends on the cost of accessing the table, in some situations a drastic reduction

1 From now on, we will use this terminology even though other terms (tabling, caching,
etc.) are commonly used to refer to the same concept too.
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of the asymptotic cost can be obtained. In fact, memoization can be viewed as
an automatic technique for applying dynamic programming optimization [8].
The performance advantages of memoization have long been known to the

functional programming community [15, 7]. A memoized function remembers the
arguments to which it has been applied together with the results it generates on
them. Tamaki and Sato [23] proposed an interpretation for logic programming
based on memoization; this seminal paper has stimulated a large body of work
[6, 19, 17, 5]. In addition to reuse previous computed sub-goals, infinite paths in
the search space can be detected, enabling better termination properties (in-
deed termination can be guaranteed for programs with the bounded term size

property [6]).
From the aforementioned properties, it becomes natural to adapt memoiza-

tion to the integrated functional logic paradigm. This adaptation is not straight-
forward due to some differences between functional evaluation and narrowing.
Firstly, in addition to the computed normal form, functional logic programs also
produces a computed answer. Secondly, non-determinism of narrowing compu-
tations leads to a large, possibly infinite, set of results arising from different
sequences of narrowing steps. Previous work attempting to introduce memoiza-
tion in narrowing [4] focused in finding a finite representation of a (possibly
infinite) narrowing space by means of a graph representing the narrowing steps
of a goal.
The main motivation of our work is to provide an operational description of

a complete (i.e., without backtracking) narrowing mechanism taking advantage
of a memoization technique inspired in the graph representation proposed in [4].
This description is intended to be used in a compiler for flat programs [14] into
C++, which is currently under development2. Since the success of memoization
critically depends on efficiently accessing the tables, we face the problem of data
structure representation and indexing [19, 20, 18, 22, 9, 10]. In this direction, we
introduce a novel data structure for representing terms and show how to use this
representation in our setting.
The rest of the paper is organized as follows. In the next section we introduce

some foundations in order to describe the theoretical context of our approach.
Section 3 presents the main ideas of our proposal and Section 4 presents its op-
erational description. Section 5 describes some characteristics of the implemen-
tation under development, focusing in the term representation. Finally, Section
6 sketches planned extensions and offers some conclusions.

2 Foundations

In this section, we recall some definitions and notations about term rewriting
systems. We also describe the kernel of a modern functional logic language whose
execution model combines lazy evaluation with non-determinism.
Terms are built from a (many-sorted) signature which is divided into two

groups: constructors (e.g. a,b,c) and functions or operations (e.g. f ,g,h), and

2 http://www.dsic.upv.es/users/elp/soft.html
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variables (e.g. u,v,w,x,y,z) as usual. A constructor term is a term without oper-
ation symbols. We say that a term is operation-rooted (resp. constructor-rooted)
if it has a defined function symbol (resp. a constructor symbol) at the outermost
position. Values are terms in head normal form, i.e., variables or constructor-
rooted terms. The set of variables which occurs in a term t, is denoted by Var(t).
If Var(t) is ∅ then t is a ground term. A position p in a term t is represented by
a sequence of natural numbers. t|p specifies a subterm which occurs in a position
p in t, and t[s]p denotes the result of replacing the subterm t|p by the term s.
We denote by {x1 7→ t1, . . . , xn 7→ tn} the substitution σ with σ(xi) = ti

for i = 1, . . . , n (with xi 6= xj , if i 6= j) and σ(x) = x for all other variables x.
Substitutions are extended to morphisms on terms as usual.
Recent proposals of multi-paradigm programming consider as source pro-

grams inductively sequential systems [3] and a combination of needed narrow-
ing [21] and residuation as operational semantics [13]. A flat representation of
programs has been introduced in order to express pattern-matching by case ex-
pressions [14]. In this work we will consider only the following subset of the flat
representation:

P ::= D1 . . . Dm

D ::= f(x1, . . . , xn) = e

e ::= x (variable)
| c(e1, . . . , en) (constructor call)
| f(e1, . . . , en) (function call)
| case e of {p1 → e1; . . . ; pn → en} (rigid case)
| fcase e of {p1 → e1; . . . ; pn → en} (flexible case)
| e1 or e2 (disjunction)

p ::= c(x1, . . . , xn) (pattern)

where P denotes a program, D a function definition, p a pattern and e an
expression. The general form of a case expression is

(f )case e of {c1(xn1
)→ e1; . . . ; ck(xnk

)→ ek}

where e is an expression, c1, . . . , ck are different constructors, and e1, . . . , ek
are expressions (possibly containing nested (f )case expressions). The pattern
variables xni

are locally introduced and bind the corresponding variables of the
subexpression ei. The difference between case and fcase only shows up when the
argument e is a free variable: case suspends whereas fcase non-deterministically
binds this variable to the pattern in a branch of the case expression. Without lost
of generality, we will assume some restrictions in flat programs in the following:
on the one hand, all (f )case arguments are variables; on the other, or and
(f )case expressions appear at the outermost positions i.e., they do not appear
inside function and constructor calls.

Example 1. The following flat program will be used to illustrate some examples
throughout the paper. It defines some functions on natural numbers which are
represented by terms built from Zero and Succ. coin nondeterministically com-
putes Zero or Succ(Zero). add is the arithmetic addition and leq defines the
relation “less than or equal to”.
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leq(u,add(u,v))

leq(Succ(w),Succ(add(w,v)))

true

{w 7→ u}

{u 7→ Zero}

{u 7→ Succ(w)}

Fig. 1. Graph representation of the narrowing space of the goal leq(u, add(u, v))

double(x) = add(x, x)
coin = Zero or Succ(Zero)
add(x, y) = fcase x of {Zero→ y; Succ(m)→ Succ(add(m, y))}
leq(x, y) = fcase x of {Zero→ True;

Succ(m)→ fcase y of {Zero→ False;
Succ(n)→ leq(m, n)}}

3 The proposed approach

Previous work aiming at introducing memoization in narrowing [4] focused in
finding a finite representation of a (possibly infinite) narrowing space by means
of a graph representing the narrowing steps of a goal. Let us consider the example
of Figure 1 extracted from [4]. This figure shows the graph representation3 of
the narrowing space of the goal leq(u, add(u, v)).

The vertices of this graph are goals i.e., terms being narrowed, and the edges
are narrowing steps between these goals. Terms are considered the same vertex
if they differ only by a renaming of variables. Solutions can be obtained by
composing the set of substitutions which appear in any path in the graph whose
origin is the goal vertex and whose destination vertex is a value. The set of
computed answers in this example can be represented by {u 7→ Succn(Zero)}
where Succn denotes the composition of Succ(Succ(. . .)) n times; this is called
a regular substitution [4] (an extension of regular expressions to the domain of
sets of substitutions) and can be obtained with (a modification of) any algorithm
that computes the regular expression accepted by a finite state automaton.

Despite the possibility of representing an infinite set of solutions in a finite
way, some difficulties have to be considered, from a practical point of view, when
an implementation is envisaged. Note that the addition of a new single edge in
the graph could change the entire regular substitution. This is the reason why
retrieving solutions at different times might produce results more informative
than previous ones. In order to overcome this problem, the retrieval of results

3 For simplicity, we omitted some intermediate steps which basically correspond to
(f )case reductions.
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might be delayed until the entire graph is constructed. Unfortunately, this is
operationally incomplete if the graph is not finite.

As we will see below, our approach is based on the idea of explicitly introduce
in the graph the search space of all derived subgoals. This way, some goals should
be instantiated with the answers computed for subgoals. If these answers were
represented by regular substitutions, we must face the problem of instantiating
terms with regular substitutions.

Our proposal is based in a graph representation too. In contrast to [4], we
do not use regular substitutions to represent the sets of results. The following
points summarizes the proposed approach:

– Every subgoal is explicitly introduced in the graph in order to take more
profit of memoization. Therefore, the graph represents no longer the search
space of the original goal, but also contains the search space of all derived
subgoals.

– Search spaces from different goals share common parts in order to further
improve memoization. For instance, consider the narrowing space of the goal
double(coin) shown in Figure 3. The term add(coin, coin) denoted by v2

requires subgoal coin at position 1 to be reduced, thus a new vertex v3

associated to coin is introduced in the graph. Later, v2 is reduced to v3.
Therefore, v3 has played a double role.

– Computed expressions may be generated at any time. Thus, a dynamic asso-
ciation is needed. Every pending evaluation that needs a goal to be solved is
stored in a pending table together with the set of the set of goal’s solutions
used to continue the evaluation. Obviously, these solutions are computed
only once for every goal and this set is shared by all pending evaluations
that depends on the same goal.

– Solutions are represented as pairs composed by a value and a computed
answer.

– Path finding algorithms [8] are used to obtain the solutions associated to a
goal. These algorithms may efficiently detect whether or not a graph updat-
ing changes the set of solutions associated to a goal.

– Non-determinism (for instance, variable instantiation in a (f )case) is ad-
dressed by considering every possible choice and creating an evaluation as-
sociated to it. The number of choices is finite for a single step. Since the
computation process must pursue only a single branch in a given moment,
we maintain a set of ready evaluations where they are inserted. Several strate-
gies may be used to select the next evaluation from the set Ready to continue.
For instance, breadth-first or iterative deepening does not compromise com-
pleteness. Note that despite non-determinism, only one graph is considered
which memoizes the information of all these branches as soon as they are
computed.
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4 Operational Description

In this section we introduce a state transition system LNTM, which stands for
LNT [14] with Memoization. A LNTM-State belongs to

Eval× Ready× Suspended×Graph

where the following domains are used to define it:

Eval : is (EvaluationState ∪ {void})
EvaluationState: is defined by Term × Expr × Substitution, where Term and

Substitution denote respectively the set of terms and substitutions described
in section 2. The first component of EvaluationState indicates which goal is
being solved. Expr differs from terms in that elements of Expr may contain
or operations and (f )case expressions. The special symbol void does not
belong to the EvaluationState domain.

Ready: is the domain 2EvaluationState

Suspended: set of partial mappings from EvaluationState to 2Substitution×Term .
All suspended EvaluationStates have a (f )case expression at the outermost
possition and this expression has a function call as argument. This field
stores, for every suspended EvaluationState, all solutions of its goal argument
that had been used to continue its computation.

Graph: is the set of partial mappings from Term to 2Substitution×Term a set of
pairs (edge label, destination vertex). Vertices(G) will denote Dom(G)

The partial mappings Suspended and Graph described above consider terms
modulo variable renaming, although variable names are used in the examples to
represent substitutions between adjacent terms in the graph.
LNTM-state transitions are described in Figure 2. The following auxiliary

functions are used to simplify the description:

ObtainSolution: Searches a path in the graph from a given vertex to a value ver-
tex and composes the path’s sequence of substitutions in order to obtain the
computed answer. This function is non-deterministic, but it must guarantee
that every solution will be sometime found.

UnionMap: This function performs the union of two partial mappings and is used
to update the mapping Suspended and the Graph. Dom(UnionMap(G,H)) =
Dom(G)∪Dom(H). UnionMap(G,H)(x) = G(x) if x 6∈ Dom(H), and vice-
versa. UnionMap(G,H)(x) = G(x) ∪ H(x) whenever both exists. For in-
stance, UnionMap(G, {t→ {}}) adds a new vertex t to G.

Unfold: Given a function call f(t1, . . . , tn), Unfold creates a new EvaluationState

〈f(t1, . . . , tn), e, σ〉 where e is obtained by unfolding f(t1, . . . , tn) and σ is
the associated substitution. Example: Unfold(add(coin, coin)) is:

〈add(coin, coin), fcase coin of { Zero → coin;
Succ(m)→ Succ(add(m, coin)), {}〉
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Given an initial goal g(e1, . . . , en), the initial LNTM-state associated to it is the
tuple: 〈void, {〈g(e1, . . . , en), g(e1, . . . , en), {}〉}, ∅, ∅〉. The calculus proceed until
the set Ready is empty and the rule (sol) cannot be applied.
To illustrate the description, a trace of double(coin) is shown in Figure 3.
Let us briefly explain the aforementioned rules. (sel) and (sol) are the only

ones which overlap and the only non-deterministic too. They may be applied to
a LNTM-state with void in the Eval field:

(sel) This rule takes an EvaluationState element of the set Ready following some
given strategy (e.g., breadth-first, iterative deepening, etc.) and puts it in the
field Eval to be used later by other rules.

(sol) A new solution is searched in the graph for some vertex v corresponding to
a goal appeared in the (f )case argument of some suspended EvaluationState.
A new EvaluationState is created from the suspended one by replacing its
goal argument by the founded solution. It is stored in the set Ready to be
selected later. The mapping Suspended is updated to reflect the fact that
this solution has already been used.

The rest of the rules are non-overlapping and deterministic:

(or) The outermost position in the field Eval is an or expression. This rule
breaks this expression into two who are introduced in the set Ready to be
selected later.

(val) The field Eval must contain a value in order to apply this rule. A new edge
in the graph is inserted connecting the goal being solved to the value.

(goal) The outermost position in the field Eval is a function call f(t1, . . . , tn).
This expression is always a term because of the restrictions imposed to flat
programs. An edge is added from the goal being solved to this function call
when they are different. If the goal was not in the graph, a new evaluation
Unfold(f(t1, . . . , tn)) is introduced in the set Ready to be selected later.

The three following rules (casec), (casef) and (casev) correspond to the case
where an expression of the form (f )case e of {c1(xn1

)→ e1; . . . ; ck(xnk
)→ ek}

is at the outermost position of the field Eval.

(casec) This rule is used when e in the above expression is constructor rooted
(with root ci). The corresponding pattern ci(xni

) is selected and matched
against e. The associated expression ei replaces the current expression of the
field Eval. Other fields remain unchanged.

(casef) In this case, e is a function call f(t1, . . . , tn) which must be computed.
The current EvaluationState of field Eval is stored in the mapping Suspended.
The evaluation 〈f(t1, . . . , tn), f(t1, . . . , tn), {}〉 is also introduced in the set
Ready.

(casev) This rule is applied to a fcase expresion whenever e is an unbound vari-
able. This variable may be bound to every ci(xni

) pattern. Thus, a new
evaluation is inserted in the set Ready for every possible variable instantia-
tion. This set of EvaluationStates is finite and equal to the arity of the fcase
expression.
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Rule Eval Ready Suspended Graph

(sel) void R S G

=⇒ e R− {e} S G

where R 6= ∅, e ∈ R

(sol) void R S G

=⇒ void R ∪ {e} S′ G
where s = 〈t, (f )case f(t1, . . . , tn) of {p1 → e1; . . . ; pn → en}, σ〉

s ∈ Dom(S)
〈r, ϕ〉 = ObtainSolution(G, f(t1, . . . , tn))
f(t1, . . . , tn) ∈ V ertices(G)
〈r, ϕ〉 6∈ S(s)
e = 〈t, (f )case r of {p1 → ϕ(e1); . . . ; pn → ϕ(en)}, ϕ ◦ σ〉
S′ = UnionMap(S, {s → {〈r, ϕ〉}})

(or) 〈t, e1 or e2, σ〉 R S G

=⇒ void R′ S G

where R′ = R ∪ {〈t, e1, σ〉, 〈t, e2, σ〉}

(val) 〈t, val, σ〉 R S G

=⇒ void R S G′

where val is in head normal form
G′ = UnionMap(G, {t → {〈σ, val〉}})

(goal) 〈t, f(t1, . . . , tn), σ〉 R S G

=⇒ void R′ S G′

where

G′ =

{

UnionMap(G, {t → {〈σ, f(t1, . . . , tn)〉}}) if t 6= f(t1, . . . , tn) ∨ σ 6= {}
UnionMap(G, {t → {}}) otherwise

R′ =

{

R ∪ {Unfold(f(t1, . . . , tn))} if f(t1, . . . , tn) 6∈ vertices(G)
R otherwise

(casec) e R S G

=⇒ e′ R S G
where e = 〈t, (f )case c(b1, . . . , bk) of {p1 → e1; . . . ; pn → en}, σ〉

pi = c(x1, . . . , xk) is the pattern that matches c(b1, . . . , bk)
ϕ = {x1 7→ b1, . . . , xk 7→ bk}
e′ = 〈t, ϕ(ei), ϕ ◦ σ〉

(casef) e R S G

=⇒ void R′ S′ G
where e = 〈t, (f )case f(t1, . . . , tn) of {p1 → e1; . . . ; pn → en}, σ〉

S′ = UnionMap(S, {e → {}})
R′ = R ∪ {〈f(t1, . . . , tn), f(t1, . . . , tn), {}〉}

(casev) e R S G

=⇒ void R′ S G
where e = 〈t, fcase x of {p1 → e1; . . . ; pn → en}, σ〉

ϕi = {x 7→ pi}, ∀i = 1, . . . , n
R′ = R ∪ {〈t, ϕi(ei), ϕi ◦ σ〉 : i ∈ {1, . . . , n}}

Fig. 2. Operational description (LNTM Calculus)
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v1 double(coin)

v2

v3 v6

v4 v5

add(coin,coin)

Succ(Zero)Zero

coin

e2−3

e3−4 e3−5

e2−6

e1−2

Succ(add(Zero,coin))

ev1 = 〈double(coin), double(coin), {}〉
ev2 = 〈double(coin), add(coin, coin), {}〉
ev3 = 〈add(coin, coin), fcase coin of {Zero → coin;

Succ(m) → Succ(add(m, coin)), {}〉
ev4 = 〈coin, coin, {}〉
ev5 = 〈coin, Zero or Succ(Zero), {}〉
ev6 = 〈coin, Zero, {}〉
ev7 = 〈coin, Succ(Zero), {}〉
ev8 = 〈add(coin, coin), fcase Zero of {Zero → coin;

Succ(m) → Succ(add(m, coin)), {}〉
ev9 = 〈add(coin, coin), coin, {}〉
ev10 = 〈add(coin, coin), fcase Succ(Zero) of

{Zero → coin; Succ(m) → Succ(add(m, coin)), {}〉
ev11 = 〈add(coin, coin), Succ(add(Zero, coin)), {}〉

Step Rule Eval Ready Suspended Graph
void {ev1} ∅ ∅

1 sel ev1 ∅ ∅ ∅
2 goal void {ev2} ∅ 〈{v1}, {}〉
3 sel ev2 ∅ ∅ 〈{v1}, {}〉
4 goal void {ev3} ∅ 〈{v1,v2}, {e1-2}〉
5 sel ev3 ∅ ∅ 〈{v1,v2}, {e1-2}〉
6 casef void {ev4} {ev3 → {}} 〈{v1,v2}, {e1-2}〉
7 sel ev4 ∅ {ev3 → {}} 〈{v1,v2}, {e1-2}〉
8 goal void {ev5} {ev3 → {}} 〈{v1,v2,v3}, {e1-2}〉
9 sel ev5 ∅ {ev3 → {}} 〈{v1,v2,v3}, {e1-2}〉
10 or void {ev6, ev7} {ev3 → {}} 〈{v1,v2,v3}, {e1-2}〉
11 sel ev6 {ev7} {ev3 → {}} 〈{v1,v2,v3}, {e1-2}〉
12 val void {ev7} {ev3 → {}} 〈{v1,v2,v3,v4}, {e1-2,e3-4}〉
13 sel ev7 ∅ {ev3 → {}} 〈{v1,v2,v3,v4}, {e1-2,e3-4}〉
14 val void ∅ {ev3 → {}} 〈{v1,v2,v3,v4,v5}, {e1-2,e3-4,e3-5}〉
15 sol void {ev8} {ev3 → {Zero}} 〈{v1,v2,v3,v4,v5}, {e1-2,e3-4,e3-5}〉
16 sel ev8 ∅ {ev3 → {Zero}} 〈{v1,v2,v3,v4,v5}, {e1-2,e3-4,e3-5}〉
17 casec ev9 ∅ {ev3 → {Zero}} 〈{v1,v2,v3,v4,v5}, {e1-2,e3-4,e3-5}〉
18 goal void ∅ {ev3 → {Zero}} 〈{v1,v2,v3,v4,v5}, {e1-2,e3-4,e3-5,e2-3}〉
19 sol void {ev10} {ev3 → {Zero, Succ(Zero)}} 〈{v1,v2,v3,v4,v5}, {e1-2,e3-4,e3-5,e2-3}〉
20 sel ev10 ∅ {ev3 → {Zero, Succ(Zero)}} 〈{v1,v2,v3,v4,v5}, {e1-2,e3-4,e3-5,e2-3}〉
21 casec ev11 ∅ {ev3 → {Zero, Succ(Zero)}} 〈{v1,v2,v3,v4,v5}, {e1-2,e3-4,e3-5,e2-3}〉
22 val void ∅ {ev3 → {Zero, Succ(Zero)}} 〈{v1,v2,v3,v4,v5,v6},

{e1-2,e3-4,e3-5,e2-3,e2-6}〉

Fig. 3. Trace of the goal double(coin). Bottom table corresponds to the sequence of
LNTM-states. The graphs in this sequence are represented as pairs of sets: The first
component is the set of vertices. The second component is the set of edges. Both sets
use the notation of the graph in the top-left part of the figure. Top left is the search
space graph; dashed edges represent dependence relations between goals and suspended
evaluations in these vertices; edges are no labeled since this example has not variables.
Top right table corresponds to EvaluationStates used in the trace.
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5 Term representation

In this section, we outline some aspects concerning the applicability of the pro-
posed framework. The benefits of memoization are obtained at the expense of
space memory and an overhead which depends on the cost of accessing the ta-
bles. Memory consumption is a critical issue in our approach, because terms
in the graph are never deleted. Moreover, terms are not modified; instead, new
terms are created from previous ones. This is the reason why we address the
problem of term representation.
Several indexing data structures for term representation have been studied

in the context of pure logical and pure functional languages (and also in others
contexts like automated theorem proving, see [20] for a survey). Given their tree
like structure, representing terms by trees seems to be a natural choice. An ex-
tension is to represent terms as dags (directed acyclic graphs), like WAM-terms,
so that common subterms can be shared. Other representation is flatterms which
is a linear representation of the preorder traversal of a term. A discrimination

tree [19] is a trie-like structure where terms are considered linear data structures
(like flatterms) and common prefixes are shared. Substitution tree [11] is an in-
dexing technique where the tree structure is preserved and common parts are
shared via variable instantiation.
Most of these data structures are indented to store a large number of terms

and support the fast retrieval, for any given query term t, of all terms in the index
satisfying a certain relation with t, such as matching, unifiability, or syntactic
equality. Nevertheless, in our framework, only syntactic equality modulo variable
renaming (i.e., variant check) is needed. Other required operations are subterm
extraction and term construction by composing previous subterms. We believe
that sharing common substructures fulfills these requirements. Tries share parts
in a very limited way; substitution trees share common subparts, but it is difficult
to create new terms from arbitrary common subterms. This is is the reason why
a novel term representation is introduced.
The proposed novel term representation combines dag and linear representa-

tions. A term is decomposed into two parts: skeleton and binding information.
Skeletons are like terms without the binding of variables, they are built from the
same many-sorted signature as terms, together with a special 0-ary symbol “∗”
which represents any variable. Binding information is represented by the list of
variables obtained by a preorder traversal of the term. This information will be
represented by a finite sequence of natural numbers [n1, . . . , nk]. The skeleton
and the binding information of a term can be obtained by means of functions
sk : Term → Skeleton and vlist : Term → Binding which are defined:

sk(t) =







t t is a 0-ary functor or constructor
∗ t is a variable
f(sk(t1), . . . , sk(tn)) t is f(t1, . . . , tn)

vlist(t) =







[ ] t is a 0-ary functor or constructor
[t] t is a variable
vlist(t1)++ · · ·++vlist(tn) t is f(t1, . . . , tn)
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where we use ++ to denote list concatenation. For instance, given a term t =
add(x, add(x, y)), we have sk(t) = add(∗, add(∗, ∗)), and vlist(t) = [x, x, y].
A binding [n1, . . . , nk] is normalized if n1 = 1 and, for every i, such that

ni > 1, there exists j < i with nj = ni − 1. Example: binding [1, 2, 3, 1, 1]
is normalized but [1, 3, 2] is not because n2 = 3 and nj 6= 2 for all j < 2.
Roughly speaking, normalization consist of assigning a new natural number to
every new encountered variable in the sequence in order to obtain a canonical
representation. That is, for every finite sequence [s1, . . . , sk], there exists a unique
normalized binding b and a one-to-one mapping ϕ : {si : i = 1, . . . , k} → N such
that [ϕ(s1), . . . , ϕ(sk)] is normalized. Let norm : Var → Binding be the function
that obtains the normalized binding associated to a list of variables. For instance,
norm([x, y, y, x]) = [1, 2, 2, 1], norm([2, 1]) = [1, 2]. The above functions allow
us to represent a term t by the tuple 〈sk(t), norm(vlist(t))〉. Given a term t,
numvar(t) denotes the number of variables in t. When applied to a skeleton,
this function counts the number of “∗”, so numvar(t) = numvar(sk(t)).
Skeletons are represented in a global dag so that common parts are always

shared. Every different skeleton is assigned to a unique (numerical) identifier.
These identifiers indexes an array where the root term and child identifiers are
stored. Therefore, given a skeleton identifier, subterm extraction can be per-
formed efficiently. The cost of obtaining a subterm at position n1 · · ·nk is O(k).
Other important operation is skeleton construction. Given a functor symbol

f with arity n, and given n ordered skeletons si with identifiers idi, we want to
obtain the skeleton identifier associated to f(s1, . . . , sn). This operation can be
done with hashing [8] in O(n). The number of “∗” is also stored in the skeleton
table, this information is needed to relate the skeleton and binding parts of the
terms. Bindings are also stored in an array, although they could be organized
in a trie too. The length and number of different variables is also stored. Given
a sequence of length n, the binding identifier is obtained with hashing in O(n).
Binding normalization may also be computed in O(n).
In this way, nodes in the graph are represented by 2 numerical identifiers.

Edges of this graph represent substitutions: a mapping from numerical identifiers
to pairs of skeleton and binding identifiers. Bindings appearing in substitutions
are not normalized, since they are related to the destination node. For example,
Figure 4 shows the data structures needed to represent the graph from Figure 1.
The advantages of this representation in terms of memory space are obvious.

For example, n ·m different terms may be represented with n different skeletons
(with the same number k of “∗”), and m bindings with the same length k.
Moreover, this representation solves completely the variant check problem.
Memory reduction is not the only criterion to select this representation, it is

also necessary to show that the proposed representation suffices to perform all
the required operations. Some obvious propositions arise from the constructive
definitions of skeletons and bindings:

Proposition 1. Given a representation 〈s, b〉 of a term t, the length of b is the

same as the number of “∗” in s i.e. numvar(sk(t)) = length(vlist(t)).
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Fig. 4. Data structures representing the graph from Figure 1. The second field of the
Skeleton Table stores the root term and the indexes of arguments. These indexes refer
to entries in the same table. The second field of the Binding Table is a list of natural
numbers whose length is given by the first field. Every vertex in the graph has two
values, the skeleton index and the binding index. For instance, vertex 5,3 refer to
〈leq(∗, add(∗, ∗)), [1, 1, 2]〉

Proposition 2. Let r be a subterm of s at position p i.e. s|p = r. Then sk(r)
is a subterm of sk(s) at the same position i.e. sk(s)|p = sk(r).

As a consequence of vlist definition and propositions 1 and 2:

Proposition 3. Let s be a term and r a subterm of s at position p, i.e. s|p = r.

The binding of r is a normalized interval of the binding of s; moreover this

interval can be determined from sk(s) and position p.

Proposition 4. Given a representation 〈s, n1 . . . nk〉 of a term t, for every i,

1 ≤ i ≤ k, it is possible to obtain the position p in s such that t|p is associated
to the ith variable occurrence.

Proposition 5. If two terms have the same skeleton and normalized bindings,

these terms are syntactically equivalent modulo variable renaming.

The basic operations required in our proposal are:

Subterm extraction This is a direct consequence of Propositions 2 and 3.
Variable instantiation Let 〈s, b〉 be a representation of a term t and let σ a

substitution {x1 7→ t1, . . . , xn 7→ tn}. sk(σ(t)) is obtained by replacing in
sk(t) the “∗” associated to xi (Proposition 4) by sk(ti). vlist(σ(t)) is ob-
tained by replacing in vlist(t) the values xi by vlist(ti). Since bindings have
lost the information about variables, bindings in substitutions are related
to bindings in the term and, therefore, they are not normalized. For exam-
ple, σ(leq(u, add(u, v))) = leq(Succ(x), Succ(add(x, y))) where σ = {u 7→
s(x), v 7→ y}. The corresponding skeleton binding tuples associated to these
terms are

〈leq(∗, add(∗, ∗)), [1, 1, 2]〉 and 〈leq(Succ(∗), Succ(Add(∗, ∗))), [1, 1, 2]〉
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respectively, where σ can be represented by {1 7→ 〈Succ(∗), [1]〉, 2 7→ 〈∗, [2]〉}.
Note that 〈∗, [2]〉 is not normalized.

Note that these operations may be significantly improved when they are compiled
from a flat program.

6 Conclusions and future work

We have presented an operational description of narrowing with memoization
whose main aim is to provide the basis for a complete sequential implementation.
The narrowing space is viewed as a graph where generated subgoals are explicitly
represented. A novel term representation which combines dag (directed acylic
graph) and linear representations has been proposed which may be used for
both representing the graph and performing the narrowing steps.
We should note that sharing substructures in the term representation does

not restrict the use of this representation to functional logic programs with
sharing [16]. Indeed, the goal double(coin) has three different results as can be
shown in Figure 3 and these three results are obtained with this representation.
A compiler based on these ideas is under development; experimental results

are needed to show the practical viability of this memoization technique and the
proposed term representation. As a future work, the computed graph may be
used for other purposes such as partial evaluation [2] and debugging [1].
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Abstract. We propose a semantically well-founded combination of the
constraint solvers used in the constraint programming languages CLP(SET )
and CLP(FD). This work demonstrates that it is possible to provide
efficient executions (through CLP(FD) solvers) while maintaining the
expressive power and flexibility of the CLP(SET ) language. We develop
a combined constraint solver and we show how static analysis can help in
organizing the distribution of constraints to the two constraint solvers.

1 Introduction

Several proposals aimed at developing declarative programming frameworks that
incorporate different types of set-based primitives have been presented (e.g., [1,
10, 13, 4, 5, 2]). These frameworks provide a high level of data abstraction, where
complex algorithms can be encoded in a natural fashion, by directly using the
popular language of set theory. These features make this type of languages par-
ticularly effective for modeling and rapid prototyping of algorithms. One of the
main criticisms moved to these approaches is that the intrinsic computational
costs of some set operations (e.g., the NP-completeness of set-unification) make
them suited for fast prototyping but not for the development of efficient solutions.
On the other hand, various proposals have been made to introduce constraint-
based language primitives for dealing with simple forms of sets—i.e., finite sub-
sets of a predefined domain (typically Z). Constraint-based manipulation of finite
domains provides the foundations of the popular CLP(FD) framework [15, 3],
that has been demonstrated well-suited for the encoding and the fast resolution
of combinatorial and optimization problems [11].

The overall goal of this work is to develop a bridge between the expres-
sive power and the high level of abstraction offered by constraint solving over
generic hereditarily finite sets—as possible in CLP(SET ) [5]—and the efficient
use of constraint propagation techniques provided by constraint solving over fi-
nite domains—as possible in CLP(FD). In order to accomplish these results, we
extend the CLP(SET ) framework by introducing integer constants and integer
intervals, as a natural extension of the existing constraint handling capabilities—
the new language is called CLP(SET )int. We develop novel constraint solving al-
gorithms that allow the CLP(SET ) and CLP(FD) solvers to communicate and
cooperate in verifying the satisfiability of constraint formulae over the combined
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structure (finite domains + hereditarily finite sets). We also present static anal-
ysis strategies for CLP(SET ) programs which make it possible to automatically
discover situations in which the CLP(FD) constraint solver can be used in place
of the CLP(SET ) solver to check constraint satisfiability. Moreover, the analyzer
can detect entire fragments of CLP(SET ) programs that can be translated to
equivalent CLP(FD) programs and as such executed more efficiently.

This work represents a natural evolution of the previous research on pro-
gramming with sets, starting from the logic language {log} [4], later developed
as a constraint logic programming language (CLP(SET ) [5]) and endowed with
more set-theoretic primitives. The methodology proposed in this paper extends
the ideas in CLP(SET ) in two directions. On one hand, we provide CLP(SET )
with a methodology to execute programs more efficiently, by relying on the fast
propagation mechanisms developed for CLP(FD); on the other hand, we allow
CLP(SET ) to become a high-level language to express constraint-based manip-
ulation of CLP(FD) domains. A similar idea is behind the work by Flener et
al. [6], where the authors compile the language ESRA, that includes set-based
primitives, into the constraint-based language OPL. Gervet in [7] introduces set
operations over finite domains in the CLP language ECLiPSe [8]. In [17] the au-
thors propose a tuple-based treatment of sets in ECLiPSe and compare it with
Gervet’s approach. These two approaches, however, do not allow a complete and
easy handling of programs involving sets.

2 CLP(SET ) with Intervals

The signature Σ upon which CLP(SET ) [5] is based is composed of the set F
of function symbols, that includes ∅ and {· | ·}, the set ΠC = {=,∈,∪3, ||, set}
of constraint predicate symbols, and a denumerable set V of variables. The in-
tuitive semantics of the various symbols is the following: ∅ represents the empty
set, while {t | s} represents the set composed of the elements of the set s plus the
element t (i.e., {t | s} = {t}∪s). = and ∈ represent the equality and the member-
ship relations. ∪3 represents the union relation: ∪3(r, s, t) holds if t = r ∪ s. The
predicate || captures the disjoint relationship between two sets: s||t holds if and
only if s∩ t = ∅. The constraint predicate set is used to enforce the multi-sorted
nature of the language; terms are separated into two sorts, one representing set
terms (called Set) and one representing non-set terms. The predicate set checks
whether a term belongs to the sort Set (e.g., set({a, b}) holds while set(1) does
not). The semantics of CLP(SET ) has been described with respect to a prede-
fined structure ASET [5].

We will use the notation {t1, t2, . . . , tn | t} for {t1 | {t2 | · · · {tn | t} · · ·}} and
the notation {t1, t2, . . . , tn} as a shorthand for {t1 | {t2 | · · · {tn | ∅} · · ·}}. The
primitive constraints in CLP(SET ) are all the positive literals built from sym-
bols in Πc∪F ∪V. A (SET -)constraint is a conjunction of primitive constraints
and negation of primitive constraints of CLP(SET ). Other basic set-theoretic
operations (e.g., ∩, ⊆) are easily defined as SET -constraints. CLP(SET ) pro-
vides also a syntactic extension called Restricted Universal Quantifiers (RUQs),
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that allows one to write subgoals of the form (∀X1 ∈ S1) · · · (∀Xn ∈ Sn)(C ∧B)
where C is a SET -constraint and B is a CLP(SET ) program goal. The seman-
tics of (∀X ∈ S)G is simply ∀X (X ∈ S → G). The implementation of RUQs is
accomplished via program transformation—generating two recursive CLP(SET )
clauses using set terms and constraints [4].

In this paper we assume that the constant symbols 0, 1,−1, 2,−2, . . . are in
F . Let us call these terms integer constants (or, simply, integers). Let us also
assume that a total order ≺ is defined on T (F) (see [5] for details) such that
. . . − 2 ≺ −1 ≺ 0 ≺ 1 ≺ 2 ≺ . . .. We say that s � t iff s ≺ t or s ≡ t.
When clear from the context, we denote with x + y (x− y) the integer constant
corresponding to the sum (difference) of the values of the two integer constants
x and y. We will also use < and ≤ with the usual meaning. These terms are seen
as different, uninterpreted, constant terms. Since they are not interpreted, the
constraint domain for CLP(SET ) does not need to be changed.

We also introduce in F the binary function symbol int. A term int(ti, tf ),
where ti and tf are integer constants, is called an interval term. int(ti, tf ) is a
shorthand for the set term {ti, ti +1, . . . , tf −1, tf}. If tf ≺ ti, then int(ti, tf ) is a
shorthand for the set term ∅. We only allow variables or integer constants as ar-
guments of the function symbol int. To start, however, we require the terms ti, tf
in int(ti, tf ) to be non-variable. This restriction will be relaxed in the successive
sections. Terms of the form int(t1, t2) with either t1 or t2 not integer constants
or variables are considered ill-formed terms. Occurrences of ill-formed terms in a
constraint cause the CLP(SET ) solver to return a false result. Moreover, if it is
not ill-formed, set(int(t1, t2)) holds. CLP(SET ) with these extensions is referred
to as CLP(SET ) with intervals or, simply, CLP(SET )int.

3 CLP(SET )int: Constraint Solving modifying SATSET

CLP(SET ) provides a sound and complete constraint solver (SATSET ) to ver-
ify satisfiability of SET -constraints. Given a constraint C, SATSET (C) non-
deterministically transforms C either to false (if C is unsatisfiable) or to a finite
collection {C1, . . . , Ck} of constraints in solved form [5]. A constraint in solved
form is guaranteed to be satisfiable in the considered structure ASET . Moreover,
the disjunction of all the constraints in solved form generated by SATSET (C) is
equi-satisfiable to C. For instance, SATSET ({1, 2 |X} = {1 |Y }∧2 /∈ X) returns
the three solved form constraints:
• Y = {2 |X} ∧ 2 /∈ X ∧ set(X)
• X = {1 |N} ∧ Y = {2 |N} ∧ set(N) ∧ 2 /∈ N
• Y = {1, 2 |X} ∧ 2 /∈ X ∧ set(X)
where N is a new variable—to be treated as an existentially quantified variable.
A detailed description of the CLP(SET ) solver can be found in [5]; a sound and
complete implementation of SATSET is included in the {log}-interpreter [12].

Interval terms can be treated simply as syntactic extensions and automat-
ically removed before processing the constraints. The simplest solution is to
replace each interval term int(ti, tf ) with the corresponding extensional set term
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{ti, ti + 1, . . . , tf}. Obviously, this is a rather inefficient solution, as it may lead
to an explosion in the size of the constraint.

A more effective way to handle constraints involving interval terms is to
modify the rewriting procedures of the CLP(SET ) constraint solver. The mod-
ifications should guarantee that atomic constraints involving intervals (e.g., t ∈
int(ti, tf )) have the expected semantics, but without having to expand interval
terms into the corresponding set terms. The modified rewriting rules for ∈ con-
straints are shown in the figure below. We omit the details of the procedures for
the other constraint predicates for space reasons.

(1) s ∈ ∅ ∧ C′ }
7→ false

(2) r ∈ {s | t} ∧ C′ }
7→ C′ ∧ r = s or

C′ ∧ r ∈ t

(3) t ∈ X ∧ C′ }
7→ X = {t |N} ∧ set(N) ∧ C′

(4.1)
tn ∈ int(ti, tf ) ∧ C′

tf ≺ ti, ti, tf integers

}
7→ false

(4.2)
tn ∈ int(ti, tf ) ∧ C′

ti � tn � tf , ti, tf , tn integers

}
7→ C′

(4.3)
X ∈ int(ti, tf ) ∧ C′

ti � tf , ti, tf integers
and X is a variable

 7→ C′ ∧X = ti or
C′ ∧X ∈ int(ti + 1, tf )

(4.4)
tn ∈ int(ti, tf ) ∧ C′

ti � tf , ti, tf , tn integers
tn ≺ ti or tf ≺ tn

 7→ false

(4.5)
r ∈ int(ti, tf ) ∧ C′

r is neither a variable
nor an integer

 7→ false

Although this solution avoids exploding interval terms to set terms and en-
sures good efficiency in processing each individual membership constraint over
intervals, it is still unsatisfactory whenever the constraint involves more than one
interval term. For example, consider the SET -constraint: X ∈ int(1, 1000)∧X ∈
int(1001, 2000). According to the above definition of the membership rewriting
procedure, solving this constraint will cause the constraint solver to repeatedly
(through backtracking) generate at least 1000 integer constants to solve the first
or the second constraint, before concluding that the constraint is unsatisfiable.
This problem derives from the fact that the constraint solver does not fully
exploit the semantic properties of interval constraints.

4 CLP(FD): Language and Constraint Solving

The language CLP(FD) [15, 3, 11] is an instance of the CLP scheme, and it
is particularly suited to encode combinatorial problems. The constraint do-
main used by CLP(FD) contains an alphabet of constraint predicate symbols
ΠC = {{∈ m..n},=, 6=, <,≤, >,≥} (see, e.g. [9]) and an interpretation structure
AFD, whose interpretation domain is the set Z of the integer numbers and the
interpretation function (·)FD maps symbols of the signature to elements of Z and
to functions and relations over Z in the natural way. In particular, the interpre-
tation of the constraint u ∈ m..n is: u ∈FD m..n holds if and only if m ≤ u ≤ n.4

4 u ∈ m..n is expressed as u in m..n in SICStus and as u::m..n in ECLiPSe.
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The constraint predicates {∈ m..n} are used to identify intervals representing
the domains of the variables in the problem. Additional constraint predicates
are often provided in CLP(FD) languages, e.g., cumulative constraints and la-
beling, but for the purpose of this paper we will only focus on the primitive
constraints mentioned above. A FD-constraint is a conjunction of literals built
from symbols in the given signature.

Let SATFD be a constraint solver for the FD-constraint domain. Here we
consider SATFD as a black-box, i.e., a procedure that takes as input a FD-
constraint and returns a set of FD-constraints. The resulting constraints cover
the same solution space as the input constraint, but they are simplified con-
straints. The CLP(FD) solvers adopted in SICStus [14] and ECLiPSe [8] are
incomplete solving procedures; e.g., given the goal
| ?- X in 1..2, Y in 1..2, Z in 1..2, X #\= Y, X #\= Z, Y #\= Z.

the CLP(FD) solvers provided by SICStus and ECLiPSe are not able to find
out the inconsistency (actually they leave the given constraint unchanged). A
complete solver can be obtained by adding chronological backtracking to force
exploration of the solution space. E.g., if we conjoin the goal above with the atom
labeling([X,Y,Z]) (labeling([], [X,Y,Z]) in SICStus) then the constraint
solver will successfully determine the unsatisfiability of the constraint.

Thus, given a constraint C, using CLP(FD), we can either obtain a constraint
C ′ implying C, possibly not in solved form and possibly unsatisfiable, or, via
labeling, a solved form—possibly ground—solution. This can be compared with
the case of CLP(SET ), where we always obtain a disjunction of solved form
satisfiable constraints C ′

i (or false if C is unsatisfiable) (see Section 3).

5 CLP(SET )int: Combining Solvers

The solution we propose is to exploit the CLP(FD) constraint solver within the
CLP(SET ) constraint solver to solve membership constraints over intervals, by
mapping the ∈ constraints of CLP(SET ) to {∈ m..n} constraints of CLP(FD),
as well as equations and disequations over integers, which may occur in a SET -
constraint. Extensions that deals with < and ≤ are discussed in Section 6. In
the specific implementation described here we make use of the constraint solver
offered by SICStus Prolog [14], though the proposed technique is general and
applicable to other CLP(FD) solvers. Let us assume that the two languages make
use of the same set of variables and the same representation of integer constants.
The function τ that translates atomic SET -constraints to FD-constraints is
defined as follows:

τ(c) =


s ∈ ti..tf if c ≡ s ∈ int(ti, tf ) (or s ∈ {ti, ti + 1, . . . , tf})

s = t if c ≡ s = t or c ≡ s is t
s 6= t if c ≡ s 6= t
true otherwise

where s, ti, tf , t are either variables or integer constants. In concrete syntax, the
CLP(SET ) constraint s ∈ int(m,n) will correspond to the SICStus CLP(FD)
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constraint s in m..n, whereas s 6= t and s = t will correspond to s #\= t
and s #= t, respectively. τ can be naturally extended to conjunctions of prim-
itive constraint. We will also refer to the inverse function τ−1, where τ−1(s ∈
ti..tf ) = (s ∈ int(ti, tf )). The case τ−1(s = t) is mapped to (s is t) only if
s is either a variable or an integer constant, and to (s = t) otherwise. It is
also possible to extend the function τ to cover some other cases; for example, a
CLP(SET )-constraint such as s ∈ {t1, . . . , tn} where t1, . . . , tn are integer con-
stants, {t1, . . . , tn} = i1 ∪ · · · ∪ ik and i1, . . . , ik are intervals, can be translated
as s in i1\/ · · · \/ik (SICStus Prolog’s syntax).

Proposition 1. Let C be a SET -constraint consisting of a conjunction of liter-
als of the form ` ∈ int(ti, tf ), ` = r, ` 6= r, where ti, tf are integer constants and
` and r are integer constants or variables. Then FD |= ∃τ(C) iff SET |= ∃C.

Proof. (Sketch) Since SET contains a submodel isomorphic to FD, the (→)
direction follows trivially. For the (←) direction, if σ is s.t. SET |= σ(C), we
build σ′ s.t. FD |= σ′(τ(C)). If σ(X) is not an integer constant, assign σ′(X) to
a large, unused integer. If σ(X) = σ(Y ), use the same integer for them. ut

From a practical point of view, we know that, given a constraint C, SATSET (C)
always detects its satisfiability or unsatisfiability. Conversely, the solvers for
CLP(FD) are typically incomplete. We can obtain a complete solver by us-
ing labeling primitives. Specifically, if C is a SET -constraint as in Proposition 1
and V∈ is the set of variables occurring in the ∈-constraints, if V∈ = vars(C),
then the CLP(FD) solver of SICStus Prolog returns a ground solution (or detect
unsatisfiability) to the constraint τ(C) ∧ labeling([vars(C)]).

5.1 Integration of SATSET and SATFD

We decompose each CLP(SET )int constraint in three parts: CS ∧ CF ∧ CC ,
where CS is a constraint that can be handled only by a SET solver, CF is a
constraint that can be handled only by a FD solver, and CC is a constraint that
can be handled by both solvers—i.e., CC is composed of those constraints for
which τ produces a result different from true. The CC part effectively represents a
communication conduit between the two constraint solvers. From now on we will
replace each constraint with a pair 〈C,D〉, where C = CS ∧ CC and D = CF ∧
τ(CC). The procedure SATSET is modified to handle a constraint subdivided
into these two components, and to distribute the different components to the
proper solver.

The modified rewriting rules for membership constraints are illustrated in the
figure in the next page. Whenever a domain constraint X ∈ int(ti, tf ) is encoun-
tered in C, the solver passes the corresponding FD-constraint τ(c) to the SATFD
procedure, which in turn will check the satisfiability of the constraint τ(c) ∧D.
If τ(c) ∧D turns out to be unsatisfiable, then also SATSET will terminate with
a false result, otherwise, SATSET will continue. Note that SATFD may return
an improved constraint D′ (e.g., by narrowing intervals through node and arc
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consistency); in this case SATSET will be reactivated on 〈C∧τ−1(D′), D′〉. More-
over, the component τ−1(D′) returned to the SET solver may contain different
types of constraints—i.e., simplified domain, equality and inequality constraints.

(1) 〈s ∈ ∅ ∧ C′, D〉
}
7→ false

(2) 〈r ∈ {s | t} ∧ C′, D〉
}
7→ 〈C′ ∧ r = s, D ∧ τ(r = s)〉 or

〈C′ ∧ r ∈ t, D ∧ τ(r ∈ t)〉
(3) 〈t ∈ X ∧ C′, D〉

}
7→ 〈X = {t |N} ∧ set(N) ∧ C′, D〉

(4.1)
〈r ∈ int(ti, tf ) ∧ C′, D〉

r is neither a variable nor an integer
ti, tf integers

 7→ false

(4.2)
〈r ∈ int(ti, tf ) ∧ C′, D〉

ti, tf integers
SATFD(D ∧ τ(r ∈ int(ti, tf ))) = false

 7→ false

(4.3)
〈r ∈ int(ti, tf ) ∧ C′, D〉

ti, tf integers
SATFD(D ∧ τ(r ∈ int(ti, tf ))) = D′

 7→ 〈C′ ∧ τ−1(D′), D′〉

Similar modifications can be applied to the procedures that handle the other
primitive constraints, that we omit due to lack of space. Observe that each new
constraint that is generated during SATSET computation should be translated
with τ and made available to SATFD in the second part of the constraint. For
example, each time we process constraints of the type X = i with i integer con-
stant, then the equation X = i has to be provided to CLP(FD) as well. Observe,
moreover, that FD-constraints could be simply accumulated in the CLP(FD)
constraint store, without solving them during the SATSET computation. The
CLP(FD) constraint store could be processed by SATFD at the end, after the
termination of SATSET . Interleaving SATFD and SATSET , as done in the re-
writing rules discussed above, provides significant pruning of the search space.

5.2 The Global Constraint Solver

The global constraint solver SATSET+FD is the same
CLP(SET ) constraint solver SATSET [5], in which
CLP(SET ) rewriting rules are replaced by the new
rules defined in the previous section. These rules allow
us to exploit the SATFD constraint solver whenever
it is possible (and convenient).

SATSET+FD(〈C, D〉) :
set infer(C);
repeat

〈C′, D′〉 := 〈C, D〉;
set check(C);
STEP(〈C, D〉);

until 〈C, D〉 = 〈C′, D′〉

SATSET+FD uses the procedure set check to check the set constraints and
the procedure set infer to add set constraints for those variables that are re-
quired to belong to the sort Set; set check and set infer are the same procedures
already used in CLP(SET ), suitably updated in order to account for interval
terms. The STEP procedure is the core part of SATSET+FD: it calls the rewrit-
ing procedures on the constraint 〈C,D〉 in a predetermined order (to ensure
termination—see [5]). At the end of the execution of the STEP procedure, non-
solved primitive constraints may still occur in 〈C,D〉; therefore, the execution
of STEP has to be iterated until a fixed-point is reached—i.e., the constraint
cannot be simplified any further.

As mentioned in Section 2, if C is satisfiable, then SATSET non-deterministically
returns satisfiable constraints in solved form. This is not the case for the SATSET+FD
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solver. Let 〈C ′, D′〉 be one of the pairs returned by the procedure SATSET+FD.
C ′ ∧ τ−1(D′) is no longer guaranteed to be satisfiable in SET . For example, a
possible unsatisfiable output for SATSET+FD is:〈

X 6∈ S , X 6= Y ∧ X 6= Z ∧ Y 6= Z ∧ X ∈ 1..2 ∧ Y ∈ 1..2 ∧ Z ∈ 1..2
〉
.

On the other hand, observe that SATSET+FD still preserves the set of so-
lutions of the original constraint, thanks to Proposition 1. A complete solver
can be obtained by adding chronological backtracking to force exploration of
the solution space, e.g., by using labeling predicates. However, requiring direct
execution of a complete labeling within SATSET+FD each time SATFD is called
would cause, in practice, the loss of most of the advantages of using the SATFD
solver—it will effectively lead to a translation of each interval into an exten-
sional set. Also, our approach is to maintain a behavior as close as possible to
that of the traditional SATSET solver; thus we do not want to require the user
to explicitly request an enumeration of the solutions.

The solution we propose is to modify the global solver as follows. Given a
CLP(SET )int constraint C, the resolution of C is performed according to the
following steps:

step 1. The SATSET+FD solver is initially applied to the constraint 〈C, true〉;
this will lead either to false (in this case we stop) or to the constraint 〈C ′, D′〉.

step 2. Let D′ be the FD part of the constraint obtained from the last call to
SATSET+FD. A constraint of the form X ∈ t1..t2 is selected from D′ and
the solutions R1, . . . , Rk are collected from the execution of SATFD(D′ ∧
labeling([X])). Each Ri, in particular, will contain a constraint of the type
X = ri for some ri ∈ t1..t2. The execution of SATSET+FD is restarted from
each constraint 〈C ′ ∧ τ−1(Ri), Ri〉. The step is repeated until there are no
constraints of the form X ∈ t1..t2 in D′.

Additional improvements to the resolution process can be achieved through
a refinement of the sorts system used by CLP(SET )int. Currently the system
recognizes two sorts, Set and Ker, describing respectively set terms and non-
set terms. The sort Ker requires now a further refinement, by distinguishing
integer constants (Int) from all other non-set terms (Ker). Enforcing the sorts
requires the introduction of additional constraints: integer(s) and ker(s) are sat-
isfiable only by terms belonging to the sort Int and Ker, respectively. During the
rewriting process, each time a constraint of the type s ∈ int(ti, tf ) is generated,
the following constraint is introduced: integer(s) ∧ integer(ti) ∧ integer(tf ). Ob-
serve that if one of the endpoints of the interval (i.e., ti or tf ) is a variable, then
the new constraint will guarantee that the variable can be assigned only integer
values. Constraints integer(X) are also generated via static program analysis, as
shown in Section 7.

6 Encoding New Operators

CLP(FD) allows us to properly and efficiently deal with constraints of the form
` ∈ ti..tf , ` = r, ` 6= r, ` < r, ` ≤ r. Moreover, arithmetic operations can be used
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in terms ` and r. The capability of dealing with arithmetic operations and with
the natural ordering between integers can be used to improve the capabilities
of CLP(SET )int as well. We could deal with this new constraints directly in
CLP(SET ), since with a set-based encoding of integer terms, < can be directly
encoded by ∈. However, this approach is highly inefficient, and, moreover, it
turns out to be not adequate to deal with more general algebraic expressions
like X = Y + 3 ∧ X − Z ≤ Y + 1, since arithmetic function symbols are not
interpreted in CLP(SET ).

A more effective solution can be achieved by avoiding any direct treatment
of < and ≤ within SATSET , and simply relying on SATFD to handle this type
of constraints. Let us assume that the language of CLP(SET )int is extended as
follows: Πc = {=,∈,∪3, ‖, set, integer, ≤} and that F includes the traditional
arithmetic function symbols (e.g., +, −). Let us call integer terms those terms
built using arithmetic operators, integer constants and variables. Integer terms
are interpreted on the subset of the domain of SET containing integer constants
(i.e., on terms of sort Int). Interpretation of arithmetic function symbols is the
expected one. Their sort will be 〈{Int}, {Int}, {Int}〉.

Integer terms can occur as arguments of primitive constraints based on =,
6=, and ≤. Rewriting rules for these constraints are modified so that as soon as
they recognize that one of the arguments of the predicate symbol at hand is an
integer term, solution of the constraint is committed to SATFD. The translation
function τ is modified to allow s, ti, tf , t to be either variables or integer terms
(not only constants), and such that τ(s ≤ t) = s ≤ t, where s, t are either integer
terms or variables. The rewriting rules for ≤ constraints used in SATSET+FD
are defined as follows:

(1)
〈s ≤ t ∧ C, D〉

s or t not integers or
SATFD(D ∧ τ(s ≤ t)) = false

 7→ false

(2)
〈s ≤ t ∧ C, D〉

s, t integers or variables
SATFD(D ∧ τ(s ≤ t)) = D′

 7→ 〈C ∧ τ−1(D′), D′〉

The definitions for the = and 6= constraints are updated accordingly. We as-
sume that terms built using arithmetic operators but involving also non-integer
terms are considered ill-formed terms (i.e., not respecting the sorts). For instance
X+f(a) is an ill-formed term. In CLP(SET )int the presence of ill-formed syntac-
tic objects is detected within the constraint solver procedure by exploiting sort
constraints, set, integer, and ker, automatically generated by the solver itself or
provided by the user as part of the input constraint. Whenever the solver detects
an inconsistency among sort constraints it terminates with a false result.

The presence of < and ≤ allows us also to introduce new expressive con-
straints in SET . For example, it becomes possible to provide a general cardi-
nality constraint size in the context of CLP(SET ): the constraint size(s, t) is
satisfied if s is a set, t is an integer, and t corresponds to the cardinality of s.
These constraints can be handled using new rewriting rules that we omit due to
lack of space.

As an example of how constraints on integer terms can be conveniently ex-
ploited in CLP(SET )int consider the problem of finding solutions for a system of
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linear equations. The following code shows a CLP(SET )int implementation for
this problem, while the table shows experimental results obtained running the
code using SATSET and using SATSET+FD.

start(X, Y, Z, L, H) :−
X ∈ int(L, H)∧
Y ∈ int(L, H)∧
Z ∈ int(L, H)∧
X1 = 1 + X∧
X1 = 2 ∗ Y + Z∧
X2 = Z − Y ∧X2 = 3∧
X3 = X + Y ∧X3 = 5 + Z.

Experimental results

L -10 -20 -30 −103 −104 −105 −106

H 10 20 30 103 104 105 106

SATSET 41s 8m 31s 38m ∞ ∞ ∞ ∞
SATSET+FD 0s 0s 0s 0.13s 1.6s 19.5s 3m 58s

Solving the problem using SATSET is feasible but with unacceptable compu-
tation time. Conversely, the solution using the SATSET+FD solver is obtained
in time comparable to that obtained using directly CLP(FD).

As another example, consider the well-known combinatorial problem of solv-
ing the SEND + MORE = MONEY puzzle (i.e., solve the equation by assigning
a distinct digit between 0 and 9 to each letter). The following code shows a
CLP(SET )int possible solution for this problem.

solve puzzle(S, E, N, D, M, O, R, Y ) :−
{S, E, N, D, M, O, R, Y } ⊆ int(0, 9) ∧
size({S, E, N, D, M, O, R, Y }) = 8 ∧
M ∗ 10000 + O ∗ 1000 + N ∗ 100 + E ∗ 10 + Y =

S ∗ 1000 + E ∗ 100 + N ∗ 10 + D +
M ∗ 1000 + O ∗ 100 + R ∗ 10 + E.

Running the program using SATSET results in unacceptable computational time,
while using SATSET+FD we get the solution in 0.01 seconds.

As a final remark, observe that effective solutions have been proposed to
handle cardinality constraints in CLP(FD) [16]. This concept has a semantics
related to the size of a set, but it is not the general cardinality notion. Precisely,
given n variables X1, . . . , Xn with domains D1, . . . , Dn, a cardinality constraint
for a domain element d is a bound k on the number of Xi that can be simoultane-
ously instantiated to d. It is therefore a constraint associated to the availability
of a fixed number k of resources of a certain kind d.

7 Static Analysis for Nested Sets Identification

It is possible to further improve communication between the two constraint
solvers by statically extracting selected properties from programs. We introduce
a static analysis schema for CLP(SET )int programs, checking if the term s is a
nested set of integers. We define ni set(s) as the measure of the depth of nesting
of the sets. The intuitive semantics is the following:

• ni set(s) = 0 if s in an integer constant;
• ni set(s) = n + 1 if s is a set and for each t ∈ s it holds that ni set(t) = n.
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(1) ∅
}
7→ ni set(∅) := ⊥

(2)
f(t1, . . . , tk)

f 6≡ {· | ·}, f 6≡ int,
not an integer constant

 7→ ni set(f(t1, . . . , tk)) := >

(3) an integer constant t
}
7→ ni set(t) := 0

(4)
int(ti, tf )

ti, tf are integers and ti ≤ tf

}
7→ ni set(int(ti, tf )) := 1

(5) {t | s}
}
7→

ni set({t | s}) := (ni set(t) + 1) t ni set(s);
ni set(t) := ni set({t | s})− 1;
ni set(s) := ni set({t | s})

(6) s = t
}
7→ ni set(s) := ni set(s) t ni set(t);

ni set(t) := ni set(s)

(7) t ∈ s
}
7→ ni set(t) := ni set(t) t (ni set(s)− 1));

ni set(s) := ni set(s) t (ni set(t) + 1)

(8) ∪3(r, s, t)
}
7→

ni set(r) := ni set(r) t ni set(s) t ni set(t);
ni set(s) := ni set(r);
ni set(t) := ni set(r)

Fig. 1. Abstract Interpretation steps to compute ni set

Observe that ni set(s) > 0 implies that the constraint set(s) holds. If ni set(s) =
1 then s is a flat set of integers (e.g., {1, 2, 3, 5}). Moreover, we allow two addi-
tional possible values for ni set(s): ⊥, when no information is currently available
for s, and >, when s is not a nested set of integers. The values for ni set(s) are
elements of the lattice L = 〈{⊥,>, 0, 1, 2, . . .},≺〉 represented in Figure 8. The
join operator t is naturally defined on L. We introduce two more operations on
the lattice L, respectively denoted by “+” and “−”, defined in the table below,
where m,n, p denote integers, +Z and −Z represent the standard addition and
subtraction between integers, and x is a generic element of L:

⊥+⊥ = ⊥, ⊥+ n = n +⊥ = ⊥, >+ x = x +> = >, m + n = m +Z n

>− x = >, m− n = m−Z n (m ≥ n), m− n = > (m < n),
⊥−⊥ = ⊥− n = ⊥,⊥−> = >

The process of deriving the values of ni set(·) starts by initializing ni set(X) to
⊥ for each variable X occurring in the CLP(SET )int goal G under consideration.
The rules in Figure 1 are then applied on the terms and subterms of G and
constraint literals until a fixpoint is reached. The case s||t is missing since no
information concerning the elements of s and t can be obtained by the fact that
they are disjoint.

It is immediate to see that the analysis is correct and that terminates in
polynomial time w.r.t. the size of G. It can be further refined, by extracting
additional information from the arithmetic operations. For example, from A+B
one can infer that ni set(A) = ni set(A) t 0 (the same for B). Similarly, the
presence of interval definitions with variables as endpoints, as in X ∈ ni set(1, N)
allows us to infer: ni set(N) = ni set(N) t 0.

For example, consider the constraint: M ∈ int(1, 10), N = {{M}, M},∪3({M}, ∅, S).
The analysis returns ni set(M) = 0, ni set(S) = 1, ni set(N) = >.

8 Analysis of CLP(SET )int Programs
The set of rules presented in the previous section can be used to analyze a com-
plete CLP(SET )int program. Let us assume w.l.o.g. that a program P is com-
posed of a set of clauses of the form p(X1, . . . , Xm) :− C,B where X1, . . . , Xm
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are distinct variables, C is a CLP(SET )int constraint, and B is a conjunction of
program atoms of the form q(Y1, . . . , Yk), where Y1, . . . , Yk are distinct variables.

During the analysis, each variable is assigned an abstract value that repre-
sents its properties. Since the variables are managed with a global scope, we
avoid possible name clashes that can affect the analysis, renaming the variables
in such a way that each of them occurs only in one clause. We also force certain
collisions that may help the analysis task. Consider the set of n clauses defining p:
the variables are renamed such that all these clauses have identical heads. Thus,
given p(X1, . . . , Xk) :− C1, B1, . . . , p(Y1, . . . , Yk) :− Cn, Bn, they are renamed to
p(N1, . . . , Nk) :− C1[Xi/Ni], B1[Xi/Ni] . . . p(N1, . . . , Nk) :− Cn[Yi/Ni], Bn[Yi/Ni],
where Ni are new variables. The analysis gathers more information if we con-
sider the program together with its input . For instance, assume that the goal
G contains the m variables X1, . . . , Xm and that X1, . . . , Xn (n < m) are asso-
ciated to integer numbers. Then, choosing some integer numbers s1, . . . , sn, we
can make available the information to the analysis by adding to the program P
the new clause g(X1, . . . , Xn, Xn+1, . . . , Xm) :−X1 = s1 ∧ . . . ∧Xn = sn, G.

The analysis algorithm proceeds as follows. At the beginning, all the program
variables are initialized with⊥ from the lattice L. The program analysis performs
the fixpoint described in the previous section to determine the ni set values, by
repeatedly executing the following two steps for each clause in the program:
• Local analysis: The analysis described in Section 7 is applied to C.
• Propagation of information to other clauses: For each q(A1, . . . , Ak) in B, the
information related to formal (Xi) and actual (Ai) parameters is updated as
follows: ni set(Xi) := ni set(Xi) t ni set(Ai); ni set(Ai) := ni set(Xi);

Domain Analysis. The static analysis scheme can be also used to infer domain
information for those variables X such that ni set(X) = 0. In this case, the
elements of the abstraction lattice D are integer intervals. The order in the
lattice is provided by the relation [x, y] ≤ [x′, y′] iff x′ ≤ x and y ≤ y′. The
join operation t of two intervals is: [x, y] t [x′, y′]=[min(x, x′),max(y, y′)]. The
analysis rules are similar to those in Figure 1. As an example, consider the
CLP(SET ) program:

a(X, Y ) :−X ∈ int(1, 3) ∧X 6= Y ∧ p(Y ). p(Z) :− Z = 3. p(Z) :− Z = 5.
The analysis determines the following properties: ni set(X) = 0, ni set(Y ) = 0,
ni set(Z) = 0, X ∈ int(1, 3), Y ∈ int(3, 5), Z ∈ int(3, 5). Without this informa-
tion, a constraint such as X 6= Y would be maintained in the SET part of the
constraint, while, after the analysis, it is possible to pass it to SATFD, and to
use X and Y as arguments of a labeling. Thus, this analysis helps in preparing
the domain constraints to be sent to CLP(FD).

Application of the Static Analysis Framework. The results of the static analysis
can generate new constraints. For all variables X such that ni set(X) = 0 we
add the constraints integer(X) and X ∈ dom(X).

Moreover, in some cases it is possible to directly compile a fragment of a
CLP(SET ) program P into CLP(FD). This can be done, for example, when
for all term s in P, ni set(s) ∈ {0, 1}. Consider the following program, used to
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find subsets S of {1, . . . , n} such that, for each pair of (not necessarily distinct)
numbers in S, their sum is not in S (simplification of Shur numbers problem):

shur(N, S) :−
S ⊆ int(1, N) ∧
(∀X ∈ S)(∀Y ∈ S)(∀Z ∈ S)(Z 6= X + Y ).

The ∀ are used to encode RUQs (see Section 2) . The static analysis process
is applied to the program obtained from the removal of the RUQs, and pro-
duces ni set(N) = ni set(X) = ni set(Z) = ni set(T ) = 0, ni set(S) = 1. These
results can be used to directly derive a SICStus CLP(FD) program. The two
programs have been executed for different values of N , using a PC, 1GHz, using
SICStus Prolog 3.10. Precisely, in {log} (implementation of CLP(SET ) [12]) the
goal is Q={A:shur(N,A)} and in SICStus (execution of the program automati-
cally derived from CLP(SET )int using static analysis) setof(A,shur(N,A),Q).
In Figure 8 we report the running times.

N 5 6 7 8 16 24

{log} 11.7s 54s 3m.57s ∞ ∞ ∞
CLP(FD) 0.01s 0.02s 0.04s 0.08s 6.5s 3m.48s

Speedup 1200 2700 6000 ∞ ∞ ∞
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Fig. 2. Computational results and the Lattice L

9 Conclusions
In this paper we presented an extension of the constraint logic programming lan-
guage on hereditarily finite sets CLP(SET ). The extension provides the ability
to combine manipulation of domain variables (as in CLP(FD)) with the abil-
ity to manipulate the domain themselves, seen as finite sets. On one hand, this
extends the expressive power of CLP(FD), allowing domains to play the role
of first-class citizens of the language. On the other hand, the ability to auto-
matically determine domain/domain variables allows the system to effectively
distribute constraints between two constraints solvers (the one for CLP(SET )
and the one for CLP(FD)), thus using the most efficient resolution mechanisms
to solve each constraint. Static analysis mechanisms have been developed to
support the execution of the extended constraint solving system. The extensions
described in this paper have been implemented and will be soon available in the
current distribution of the {log} system [12].

The work presented provides a number of new avenues for further general-
izations. We plan to extend the results to sets of integer (or elements chosen
from a finite universe) elements and to sets of sets of integer elements. These
situations are precisely identified by the program analysis technique, when the
outputs for a set s are ni set(s) = 1 and ni set(s) = 2, respectively. Several algo-
rithms are based on operations on these two kinds of sets. For instance graphs
related problems deal with sets of nodes and sets of sets of nodes (edges and/or
partitions). Similarly, cooperations with constraint solvers on real numbers, as
in CLP (R), will be investigated.
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Constructive Intensional Negation:
a Practical Implementation

(extended abstract)

Susana Mũnoz, Julio Marĩno, and Juan José Moreno-Navarro

Universidad Polit́ecnica de Madrid?

Abstract. While negation in Logic Programming (LP) is a very active area of
research, it was not included in the first Prolog systems. Amazingly, it is still true
because there is no Prolog system implementing a sound and complete negation
capability. One of the most promising techniques in the literature is intensional
negation, following a transformational approach: for each positive predicatep its
negative counterpartintneg(p) is generated. However, from the practical point of
view intensional negation cannot be considered a successful approach because
no implementation is given. The reason is that neither universally quantified
goals can be computed nor many practical issues are addressed. In this paper,
we describe our efficient variant of the transformation of the intensional nega-
tion, calledConstructive Intensional Negationproviding some formal results as
well as discussing a concrete implementation.
Keywords: Negation, Constraint Logic Programming, Program Transformation,
Logic Programming Implementation, Constructive Negation.

1 Introduction

Kowalski and Colmerauer’s decision on the elements of first-order logic supported in
LP was based on the availability of implementation techniques and efficiency consid-
erations. Among those important aspects not included from the beginning we can men-
tion evaluable functions, negationandhigher order features. All of them have revealed
themselves as important for the expressiveness of Prolog as a programming language,
but, while in the case of evaluable functions and higher order features considerable ef-
fort has been invested both in the semantic characterization and its efficient implemen-
tation we cannot say the same of negation. Many research papers do propose semantics
to understand and incorporate negation into logic programming, but only a small subset
of these ideas have their corresponding implementation counterpart. In fact, the nega-
tion capabilities incorporated by current Prolog compilers are rather limited, namely:
the (unsound) negation as failure rule, and the sound (but incomplete) delay technique
of the language G̈odel [8], or Nu-Prolog [11] (having the risk of floundering.) The con-
structive negation of ECLiPSe [1], which was announced in earlier versions has been
removed from recent releases due to implementation errors.

? Dpto. LSIIS – Facultad de Inforḿatica. Campus de Montegancedo s/n, 28660, Madrid, SPAIN.
email:{susana,jmarino,jjmoreno}@fi.upm.es, voice: +34-91-336-7455, fax: +34-91-
336-6595. This research was partly supported by the Spanish MCYT project TIC2000-1632.
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The authors have been involved in a project [9, 10] to incorporate negation in a
real Prolog system (up to now Ciao [5], but the techniques are easily applicable to any
other system). This allows us to keep the very advanced Prolog current implementations
based on WAM technology as well as to reuse thousands of Prolog code lines. The
basis of our work is to combine and refine existing techniques to make them useful for
practical application. Furthermore, we try to use the simplest technique as possible in
any particular case. To help on this distinction, we need to use some tests to characterize
the situation for efficiency reasons. To avoid the execution of dynamic tests, we suggest
to use the results of a global analysis of the source code. For instance, the primary
technique is the built-innegation as failurethat can be used if a groundness analysis
tells that every negative literal will be ground at call time [10].

In order to handle non-ground literals, a number of alternatives to the negation-
as-failure rule have been proposed under the generic name ofconstructive negation:
Chan’sconstructive negation[6, 7, 13], intensional negation[2–4], fail substitutions,
fail answers, etc. From a theoretical viewpoint Chan’s approach is enough but it is quite
difficult to implement and expensive in terms of execution resources. On the other hand,
intensional negation uses a transformational approach, so most of the work is performed
at compile time and then a variant of the standard SLD resolution is used to execute the
resulting program, so a significant gain in efficiency is expected. There are, however,
some problems when transforming certain classes of programs.

In this paper we concentrate on the study of the efficient implementation of inten-
sional negation. As it is formulated in the original papers, it is not possible to derive an
efficient transformation. On one hand, universally quantified goals generated are hard
to be managed. On the other hand the operational behavior of the original program is
modified computing infinitely many answers instead of compact results. Furthermore,
many significant details were missing. We propose a way of implementing the univer-
sal quantification. It is based on the properties of the domain instead of the code of the
program as in [4].

The rest of the paper is organized as follows. Section 2 introduces basic syntactic
and semantic concepts needed to understand our method. Section 3 formally presents
the transformation algorithm of the Constructive Intensional Negation technique. Sec-
tion 4 discuss our universal quantification definition and implementation. Finally, we
conclude and discuss some future work (Section 5). Due to space limitations we do not
provide details of the proofs, that will appear in the full version of the paper.

2 Preliminaries

In this section the syntax of (constraint) logic programs and the intended notion of cor-
rectness are introduced. Programs will be constructed from a signatureΣ = 〈FS

Σ
,PS

Σ
〉

of function and predicate symbols. Provided a numerable set of variablesV the set
Term(FS

Σ
,V) of terms is constructed in the usual way.

A constraintis a first-order formula whose atoms are taken fromTerm(FS
Σ
,V) and

where the only predicate symbol is the binary equality operator=/2. A formula¬(t1 =
t2) will be abbreviatedt1 6= t2. The constants tand fwill denote the neutral elements of
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conjunction and disjunction, respectively. A tuple(x1, . . . ,xn) will be abbreviated byx.
The concatenation of tuplesx andy is denotedx ·y.

A (constrained) Horn clause is a formulah(x)← b1(y·z), . . . ,bn(y·z)[]c(x·y) where
x, y andzare tuples from disjoint sets of variables1. The variables inzare called thefree
variables in the clause. The symbols “,” and “[]” act here as aliases of logical conjunc-
tion. The atom to the left of the symbol “←” is called theheador left hand side(lhs)
of the clause.GeneralizedHorn clauses of the formh(x)← B(y · z)[]c(x · y) where the
bodyB can have arbitrary disjunctions, denoted by “;”, and conjunctions of atoms will
be allowed as they can be easily translated into “traditional” ones.

A Prolog program (inΣ ) is a set of clauses indexed byp∈ PS
Σ

:

p(x)← B1(y1 ·z1)[]c1(x ·y1)
...

p(x)← Bm(ym ·zm)[]cm(x ·ym)

The set of defining clauses for predicate symbolp in programP is denoteddefP(p).
Without loss of generality we have assumed that the left hand sides indefP(p) are
syntactically identical. Actual Prolog programs, however, will be written using a more
traditional syntax.

Assuming the normal form, letdefP(p) = {p(x)← Bi(yi · zi)[]ci(x · yi)|i ∈ 1. . .m}.
Thecompleted definitionof p, cdefP(p) is defined as the formula

∀x.

[
p(x) ⇐⇒

m∨
i=1

∃yi . ci(x ·yi)∧∃zi .Bi(yi ·zi)

]
TheClark’s completionof the program is the conjunction of the completed definitions
for all the predicate symbols in the program along with the formulas that establish the
standard interpretation for the equality symbol, the so calledClark’s Equality Theoryor
CET. The completion of programP will be denotedComp(P). Throughout the paper,
the standard meaning of logic programs will be given by the three-valued interpretation
of their completion – i.e. its minimum 3-valued model. These 3 values will be denoted
t (or success), f (or fail) and u(or unknown).

Example 1.Let us start with a sample program to compute whether a number is even.
It can be expressed as a set of normalized Horn clauses in the following way:

even(X) ← [] X=0.

even(X) ← even(N) [] X=s(s(N)).

Its completion isCET∧∀x. [even(x) ⇐⇒ x = 0∨∃n.x = s(s(n))∧even(n)] .

We are now able to specify intensional negation formally. Given a signatureΣ =
〈FS

Σ
,PS

Σ
〉, let PS′Σ ⊃ PS

Σ
be such that for everyp ∈ PS

Σ
there exists a symbol

neg(p) ∈ PS′Σ \PS
Σ

. Let Σ ′ = 〈FS
Σ
,PS′Σ 〉.

Definition 1 (Intensional Negation of a Program).Given a program P
Σ

, its inten-
sional negationis a program P′

Σ ′ such that for every p in PS
Σ

the following holds:

∀x.
[
Comp(P) |=3 p(x) ⇐⇒ Comp(P′) |=3 ¬(neg(p)(x))

]
1 The notationp(x) expresses thatVars(p(x)) ∈ x, not that it is identical top(x1, . . . ,xn)
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3 Toward a Better Transformation

Some of the problems with the previous methods [2–4] are due to the syntactical com-
plexity of the negated program. A simplified translation can be obtained by taking into
account some properties that are often satisfied by the source program. For instance,
it is usually the case that the clauses for a given predicate are mutually exclusive. The
following definition formalizes this idea:

Definition 2. A pair of constraints c1 and c2 is said to beincompatibleiff their con-
junction c1∧ c2 is unsatisfiable. A set of constraints{ci} is exhaustiveiff

∨
i ci = t. A

predicate definition defP(p) = {p(x)← Bi(yi · zi)[]ci(x · yi)|i ∈ 1. . .m} is nonoverlap-
ping iff ∀i, j ∈ 1. . .m the constraints∃yi .ci(x · yi) and∃y j .c j(x · y j) are incompatible
and it is exhaustive if the set of constraints{∃yi .ci(x ·yi)} is exhaustive.

In the following, the symbols “�” and “‖” will be used as syntactic sugar for “∧”
and “∨” respectively, when writing completed definitions from nonoverlapping and ex-
haustive sets of clauses, remarking their behaviour as acase-like construct. A nonover-
lapping set of clauses can be made into a nonoverlapping and exhaustive one by adding
an extra “default” case:

Lemma 1. Let p be such that its definition defP(p) = {p(x)← Bi(yi · zi)[]ci(x · yi)|i ∈
1. . .m} is nonoverlapping. Then its completed definition is logically equivalent to

cdefP(p)≡ ∀x.[p(x) ⇐⇒ ∃y1. c1(x ·y1) � ∃z1.B1(y1 ·z1) ‖
...
∃ym. cm(x ·ym) � ∃zm.Bm(ym ·zm) ‖∧m

i=1¬∃yi ,zi . ci(x ·yi) � f ]

The interesting fact about this kind of definitions is captured by the following
lemma:

Lemma 2. Given first-order formulas{C1, ...,Cn} and{B1, ...,Bn} the following holds:

¬[∃y1(C1 � B1) ‖ . . . ‖ ∃yn(Cn � Bn)] ⇐⇒ ∃y1(C1 � ¬B1) ‖ . . . ‖ ∃yn(Cn � ¬Bn)

This means that the overall structure of the formula is preserved after negation,
which seems rather promising for our purposes.

The idea of the transformation to be defined below is to obtain a program whose
completion corresponds to the negation of the original program, in particular to a rep-
resentation of the completion where negative literals have been eliminated. This can be
formalized as the successive application of several transformation steps:

1. For every completed definition of a predicatep in PS
Σ

, ∀x. [p(x) ⇐⇒ D], add the
completed definition of its negated predicate,∀x. [negp(x) ⇐⇒ ¬D].

2. Move negations to the right of “�” using lemma 2.
3. If negation is applied to a existential quantification, replace¬∃z.C by ∀z.¬C.
4. Replace¬C by itsnegated normal form NNF(¬C) 2.
5. Replace¬t by f, ¬f by t, for every predicate symbolp, ¬p(t) by negp(t).
2 Thenegated normal formof C, is obtained by successive application of the De Morgan laws

until negations only affect atomic subformulas ofC



176 S. Mũnoz, J. Marĩno, and J.J. Moreno-Navarro

3.1 The Transformation

Definition 3. The syntactic transformation negaterhs is defined as follows:

negaterhs(P;Q) = negaterhs(P),negaterhs(Q)
negaterhs(P,Q) = negaterhs(P);negaterhs(Q)

negaterhs(t) = f

negaterhs(f) = t

negaterhs(p(t)) = negp(t)

Definition 4 (Constructive Intensional Negation).For every predicate p in the origi-
nal program, assuming defP(p) = {p(x)←Bi(yi ·zi)[]ci(x·yi)|i ∈ 1. . .m}, the following
clauses will be added to the negated program:

– If the set of constraints{∃yi .ci(x.yi)} is not exhaustive, a clause

negp(x)← []
m∧
1

¬∃yi .ci(x.yi)

– If zj is empty, the clause

negp(x)← negaterhs(B j(y j))[]∃y j .c j(x.y j)

– If zj is not empty, the clauses

negp(x)← forall([zj ], p j(y j ·zj))[]∃y j .c j(x.y j)

p j(y j ·zj)← negaterhs(B j(y j ·zj))

We can see that negating a clause with free variables introduces “universally quan-
tified” goals by means of a new predicateforall/2 that will be discussed and proved
correct in sections 4 and 4.1. In absence of free variables the transformation is triv-
ially correct as the completion of the negated predicate corresponds to the negation-free
normal form described above.

Theorem 1. The result of applying theConstructive Intensional Negationtransforma-
tion to a (nonoverlapping) program P is an intensional negation (as defined in def. 1).

3.2 Overlapping Definitions

When the definition of some predicate has overlapping clauses the simplicity of the
transformation above is lost. Rather than defining a different scheme for overlapping
rules we will give a translation of general sets of clauses into nonoverlapping ones:

Lemma 3. Let p be such that defP(p) = {p(x)← Bi(yi · zi)[]ci(x · yi)|i ∈ 1. . .m} and
there exist j,k∈ 1. . .m such that∃y j .c j(x ·y j) and∃yk.ck(x ·yk) are compatible. Then
the j-th and k-th clauses can be replaced by the clause

p(x)← B j(y j ·zj);Bk(yk ·zk)[]c j(x ·y j)∧ck(x ·yk)
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and the following additional clauses (in case the new constraints were not equivalent
to f):

p(x)← B j(y j ·zj)[]c j(x ·y j)∧¬ck(x ·yk)

p(x)← Bk(yk ·zk)[]¬c j(x ·y j)∧ck(x ·yk)

without changing the standard meaning of the program. The process can be repeated if
there are more than two overlapping clauses. It is clear that it is a finite process.

3.3 Examples

Let us show some motivating examples:

Example 2.The predicatelesser/2 can be defined by the following nonoverlapping
set of clauses

lesser(0,s(Y))

lesser(s(X),s(Y)) ← lesser(X,Y)

or, normalizing,

lesser(N,M) ← [] N=0, M=s(Y)

lesser(N,M) ← lesser(X,Y) [] N=s(X), M=s(Y)

By lemma 1, the completed definition oflesser is

cdefP(lesser)≡ ∀n,m. lesser(n,m) ⇐⇒ ∃y.n = 0∧m= s(y) � t ‖
∃x,y.n = s(x)∧m= s(y) � lesser(x,y) ‖
m= 0 � f

We have assumed that the constraint¬(∃y.n = 0∧m= s(y))∧¬(∃x,y.n = s(x)∧m=
s(y)) has been simplified tom= 0 (if the only symbols are 0 ands/1).

And the generated Prolog program forneg lesser is:

neg lesser(N,M) ← forall([Z], (X,Y) =/= (0,s(Z))),

forall([V,W], (X,Y) =/= (s(V),s(W)) [] N=X, M=Y

neg lesser(N,M) ← neg lesser(X,Y) [] N=s(X), M=(Y)

whereforall/2 implements the universal quantification (see section 4) and=/= /2 is
the disequation constraint between terms.

Example 3.The second example,family, is also well-known, and includes free vari-
ables in the rhs of the definition of the predicateancestor/2:

parent(john, mary) ancestor(X, Y) ← parent(X, Y)

parent(john, peter) ancestor(X, Y) ← parent(Z, Y) ∧
parent(mary, joe) ancestor(X, Z)

parent(peter, susan)

or, normalizing,
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ancestor(N,M) ← parent(X,Y) ; (parent(Z,Y), ancestor(Y,X)) [] N=X, M=Y

The corresponding Prolog program forneg ancestor is:

neg ancestor(N,M) ← neg parent(X,Y),

forall([Z],neg parent(Z,Y); neg ancestor(Y,X)) [] N=X, M=Y

The Compilative Constructive Negationof [4] follows the ideas of constructive
negation but introducing constraints for predicate lhs and therefore for its negation.
The authors provide denotational semantics in terms of fixpoint of adequate immedi-
ate consequences operators as well as a description of the operational semantics, called
SLD∀. Again, the resulting program should contain universally quantified goals. The
problem of this resolution is that the satisfiability of these quantification is checked for
the clauses of the goal and it is not so “compilative” as we would like. As the authors
are mainly concerned with formal semantics, the resulting program may contain useless
clauses and by no means is optimal neither in the size of the program nor in the num-
ber of solutions. Let us describe our own novel method to handle universally quantified
goals in the next section.

4 Universal Quantification

We have achieved a compilative implementation of the universal quantification working
over the Herbrand Universe instead over the definition of the program. Our implemen-
tation of universal quantification is based on two ideas:

1. A universal quantification of the goalQ over a variableX succeeds whenQ suc-
ceeds without binding (or constraining)X.

2. A universal quantification ofQ overX is true ifQ is true for all possible values for
the variableX.

This can be expressed formally in this way:

∀X. Q(X)≡Q(sk)∨ [∀X1. Q(c1(X1))∧·· ·∧∀Xn. Q(cn(Xn))]

where{c1 . . .cn}= FSandsk is a Skolem constant, that is,sk /∈ FS. In practice, the al-
gorithm proceeds by trying the Skolem case first and, if it fails, the variable expansion.
The following definitions try to capture some delicate details of the procedure, neces-
sary to ensure its completeness. In order to reduce the complexity of the presentation,
in the following we will only consider quantifications of the form∀x.Q whereQ has
neither quantifiers nor free variables.

Definition 5 (Covering). A coveringof Term(FS,V) is any finite sequence of terms
〈t1 . . . tn〉 such that:

– For every i, j with i 6= j, ti and tj do not superpose, i.e. there is no ground substitu-
tion σ with tiσ = t jσ .
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– For every ground term s of the Herbrand Universe there exists i and a ground
substitutionσ with s= tiσ .

The simplest covering is a variableC1 = {X}. E. g., if a program uses only natural
numbersC2 = {0,s(X)}, C3 = {0,s(0),s(s(X))} andC4 = {0,s(0),s(s(0)),s(s(s(X)))}
are all coverings. This example also suggests how to generate coverings incrementally.
We start from the simplest coveringX. From one covering we generate the next one
choosing one term and one variable of this term. The term is removed and then we
add all the terms obtained replacing the variable by all the possible instances of that
element.

Definition 6 (Next Covering).Given a covering C= 〈t1, . . . , tm〉, thenext coveringto
C over the variable X is defined as next(C,X) = 〈t1, . . . , t j−1, t j+1, . . . , tm, t j1, . . . , t jn〉
where each tjk = t jσk is obtained from the symbols in FS by applying, for each ck ∈ FS

the substitutionσk = [X 7→ ck(Xk)] whereXk∩Vars(t j) = /0. We can say that a covering
C is less instantiated that next(C,X) in the sense of [12].

Definition 7 (Sequence of Coverings).S= 〈C1, . . . ,Cn〉 is a sequence of coveringsif
C1 = 〈X〉, for some variable X and for every i∈ {1. . .n−1}, Ci+1 = next(Ci ,Xi), where
Xi is the variable appearing in Ci at the leftmost position.

In order to use coverings as successive approximations of a universal quantification
it is necessary to replace their variables by Skolem constants:

Definition 8 (Evaluation of a Covering).Given a covering C, we define skolem(C) as
the result of replacing every variable by a different Skolem constant. Theevaluationof C
for the quantified goal∀X.Q is the three-valued conjunction of the results of evaluating
Q with all the elements in skolem(C). That is

eval(C,∀X.Q) = Q[X 7→ t1]∧·· ·∧Q[X 7→ tm]

where skolem(C) = 〈t1 . . . tm〉.

After the evaluation of a coveringCi for a given quantified goal, several situations
may arise:

1. eval(Ci ,∀X.Q) = t. We can infer that the universal quantification ofQ succeeds.
2. eval(Ci ,∀X.Q) = u. We can infer that the universal quantification ofQ loops.
3. eval(Ci ,∀X.Q) = f. According to the three-valued semantics of conjunction this

will happen whenever there exists somet j in skolem(Ci) such thatQ[X 7→ t j ] ; f.
We can consider two subcases:
– There is somet j in skolem(Ci) which does not contain Skolem constants such
thatQ[X 7→ t j ] ; f. We can infer that the universal quantification ofQ fails.
– Otherwise, for everyt j in skolem(Ci) such thatQ[X 7→ t j ] ; f, t j contains Skolem
constants. We cannot infer that the universal quantification ofQ fails, andeval(Ci+1,∀X.Q)
must be considered. We will say thatCi is undeterminedfor ∀X.Q.

During this process, nontermination may arise either during the evaluation of one
covering or because the growth of the sequence of coverings does not end. The follow-
ing lemmata show that this does not affect the completeness of the method:
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Lemma 4. Let S= 〈C1,C2, . . .〉 be a sequence of coverings. If there is any Ci in S such
that eval(Ci ,∀X.Q) = u, then eval(Ci+1,∀X.Q) = u.

Lemma 5. Let S= 〈C1,C2, . . .〉 be an infinite sequence of coverings such that for every
i > 0 Ci is undetermined for∀X.Q. Then it can be proved that, under the three-valued
semantics of the program the quantification∀X.Q is undefined.

That is, loops introduced during the computation of coverings are consistent with
the semantics of universal quantification. Finally:

Theorem 2 (Correctness).When the procedure above provides a result (t or f) for
∀X.Q this is the result that would be obtained from the application of Fitting’s 3-valued
operator to the computation of the universal quantification.

4.1 Implementation Issues

Disequality Constraints An instrumental step in order to manage negation in a more
advanced way is to be able to handle disequalities between terms such ast1 6= t2. Prolog
implementations typically include only the built-in predicate\== /2 which can only
work with disequalities if both terms are ground and simply succeeds in the presence
of free variables. A “constructive” behavior must allow the “binding” of a variable with
a disequality. On the other hand, the negation of an equationX = t(Y) produces the
universal quantification of the free variables in the equation, unless a more external
quantification affects them. The negation of such an equation is∀ Y. X 6= t(Y). As
we explained in [9], the inclusion of disequalities and constrained answers has a very
low cost as a direct consequence of [6, 7, 13]. It incorporates negative normal form
constraints instead of bindings and the decomposition step can produce disjunctions.

Implementation of Universal Quantification We implement the universal quantifi-
cation by means of the predicatef orall([X1, . . . ,Xn], Q), whereX1, . . . ,Xn are the
universal quantified variables andQ is the goal to quantify. We start with the initial
covering{(X1, . . . ,Xn)} of depth 1.

There are two important details that optimize the execution. The first one is that
in order to check if there are bindings in the covering variables, it is better to replace
them by new constants that do not appear in the program. In other words, we are using
“Skolem constants”.

The second optimization is much more useful. Notice that the coverings grow up
incrementally, so we only need to check the most recently included terms. The other
ones have been checked before and there is no reason to do it again.

As an example, consider a program which uses only natural numbers: the sequence
of coverings for the goal∀ X,Y,Z. p(X,Y,Z) will be the following (whereSki , with i a
number, represents the ith Skolem constant).

C1 = [(Sk1,Sk2,Sk3)]
C2 = [(0,Sk1,Sk2),(s(Sk1),Sk2,Sk3)]
C3 = [(0,0,Sk1),(0,s(Sk1),Sk2),(s(Sk1),Sk2,Sk3)]
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C4 = [(0,0,0),(0,0,s(Sk1)),(0,s(Sk1),Sk2),(s(Sk1),Sk2,Sk3)]
C5 = [(0,0,0),(0,0,s(0)),(0,0,s(s(Sk1))),(0,s(Sk1),Sk2),

(s(Sk1),Sk2,Sk3)]
C6 = . . .

In each step, only two elements need to be checked, those that appear underlined.
The rest are part of the previous covering and they do not need to be checked again.

Let us show some examples of the use of theforall predicate, indicating the covering
found to get the solution. We are still working only with natural numbers:

| ?- forall([X], even(X)).

no

with the covering of depth 3{0,s(0),s(s(Sk1)}.

| ?- forall([X], X =/= a).

yes

with the covering of depth 1{Sk1}.

| ?- forall([X], less(0, X) -> less(X, Y)).

Y = s(s( A))

with the covering of depth 2{0,s(Sk1)}.
| ?- forall([X], (Y=X ; lesser(Y, X))).

Y = 0

with the covering of depth 2{0,s(Sk1)}.
As we have seen in the definition of the quantifier, this implementation is correct

and if we use a fair selection rule to chose the order in which the terms of the covering
are visited then it is also complete. We can implement this because in Ciao Prolog is
possible to ensures AND-fairness by goal shuffling [5].

If we implement this in a Prolog compiler using depth first SLD-resolution, the
selection will make the process incomplete. When we are evaluating a coveringC =
{t1, ..., tm} for a goalQ(X) if we use the depth first strategy from the left to the right, we
can find that the evaluation of aQ(t j) is unknown and is there exists onek > j such that
tk is ground andQ(tk) fails, then we would obtain thatf orall([X],Q(X)) is unknown
when indeed it is false.

Experimental Results Let us show some experimental results very encouraging. Ta-
ble 1 includes some measurements of execution times to get the first solution of a list of
positive goals, their negations as failure, their negation using our implementation of the
constructive classical negation of Chan, and their negation using our implementation of
the constructive intensional negation. There are represented the ratios of the construc-
tive negation and the intensional negation w.r.t. the positive goal and the ratio of the
constructive negation w.r.t. the intensional negation.

We present three set of examples. The first one collects some examples where it is
slightly worst or a little better to use intensional negation instead of negation as failure.
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goals - G G naf(G) cneg(G) ratio intneg(G) ratio cneg/intneg
boole(1) 780 829 1319 1.69 780 1.00 1.69
positive(500) 1450 1810 2090 1.44 3430 2.36 0.60
positive(700) 1450 1810 2099 1.44 5199 3.58 0.40
positive(1000) 2070 2370 2099 1.01 8979 4.33 0.23
less(0,50000) 1189 1199 23209 19.51 6520 5.48 3.55
less(50000,0) 1179 1140 4819 4.08 10630 9.01 0.45

average 4.86 4.29 1.15

boole(X) 829 - 1340 1.61 830 1.00 1.61
ancestor(peter,X)820 - 1350 1.64 821 1.00 1.64

average 1.63 1.00 1.62

less(50000,X) 1430 - 28159 19.69 6789 4.74 4.14
less(100000,X) 1930 - 54760 28.37 13190 6.83 4.15
less(X,50000) 1209 - 51480 42.58 12210 10.09 4.21
less(X,100000) 1580 - 102550 64.90 24099 15.25 4.25
add(X,Y,100000)2219 - 25109 11.31 4209 1.81 5.96
add(100000,Y,Z)2360 - 12110 5.10 2659 1.12 4.55
add(X,100000,Z)2160 - 23359 10.81 2489 1.15 9.38

average 26.10 5.86 5.23

Table 1.Runtime comparison

The second set contains examples in which negation as failure cannot be used. In-
tensional negation is very efficient in the sense that the execution time is similar as the
time needed to execute the positive goal.

The third set of examples is the most interesting because contains more complex
goals where negation as failure cannot be used and the speed-up of intensional negation
over constructive negation is over 5 times better.

5 Conclusion and Future Work

Intensional Negation is just a part of a more general project to implement negation
where several other approaches are used: negation as failure possibly combined with
dynamical goal reordering, intensional negation, and constructive negation. The deci-
sion of what approach can be used is fixed by the information of different program anal-
yses: naf in case of groundness of statically detected goal reordering, finite constructive
negation in case of finiteness of the number of solutions, etc. See [10] for details. Notice
that the strategy also ensures the soundness of the method: if the analysis is correct, the
precondition to apply a technique is ensured, so the results are sound.

Prolog can be more widely used for knowledge representation based applications
if negated goals can be included in programs. We have presented a collection of tech-
niques [9], more or less well-known in logic programming, that can be used together
in order to produce a system that can handle negation efficiently. In our approach, in-
tensional negation plays a significant role and a deeper study of it have been presented.
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To our knowledge it is one of the first serious attempts to include such proposals as
implementations into a Prolog compiler.

The main novelties of our constructive intensional negation approach are:

– The formulation in terms of disequality constraints, solving some of the problems
of intensional negation [3] in a more efficient way than [4] because of the definition
of the universal quantification without using the program code.

– The computation of universally quantified goals, that was sketched in [3], and we
provide here an implementation and a discussion about its soundness and complete-
ness.

As a future work, we plan to include this implementation into a compiler in order
to produce a version of Ciao Prolog with negation. Our implementation of construc-
tive intensional negation can be generalized to other simple Prolog Systems with the
attributed variables extension that is the only requirement for implementing disequality
constraints.

Another field of work is the optimization of the implementation of theforall using
different search techniques and more specialized ways of generating the coverings of
the Herbrand Universe of our negation subsystem.
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Abstract. We propose a demand conditional narrowing calculus in which a 
variant of definitional trees [2] is used to efficiently control the narrowing   
strategy. This calculus is sound and strongly complete w.r.t. Constructor-based 
ReWriting Logic (CRWL) semantics [7] for a wide class of constructor-based 
conditional term rewriting systems. The calculus maintains the optimality      
properties of the needed narrowing strategy [5]. Moreover, the treatment of 
strict equality as a primitive rather than a defined function symbol, leads to an 
improved behaviour w.r.t. needed narrowing. 

1   Introduction 

Many recent approaches to the integration of functional and logic programming take               
constructor-based conditional rewrite systems as programs and some lazy narrowing strategy 
or calculus as a goal solving mechanism and as operational semantics (see [8] for a detailed 
survey). On the other hand, non-deterministic functions are an essential feature of these         
integrated languages, since they allow problem solving using programs that are textually 
shorter, easier to understand and maintain, and more declarative than their deterministic      
counterparts (see [3], [7] or [13] for several motivating examples). 

In this context, efficiency has been one of the major drawbacks associated to the functional 
logic programming paradigm, where the introduction of non-deterministic computations often 
generates huge search spaces with their associated overheads both in terms of time and space. 
Actually, the adoption of a demand-driven narrowing strategy can result in a large reduction of 
the search space [15]. The demand-driven strategy evaluates an argument of a function only if 
its value is needed to compute the result. An appropriate notion of need is a subtle point in the 
presence of a non-deterministic choice, e.g., a typical computation step, since the need of an 
argument might depend on the choice itself. For the case of rewriting, an adequate theory of 
neednedness has been proposed by Huet and Lévy [12] for orthogonal and unconditional         
rewrite systems and extended by Middeldorp [16] to the more general case of needness          
for the computation of root-stable forms. The so-called needed narrowing strategy [5]           
has been designed for Inductively Sequential Systems (ISS), a proper subclass of orthogonal            
rewriting systems which coincides with the class of strongly sequential constructor-     
based orthogonal TRSs [11] and defines only deterministic functions by means of           
unconditional rewrite rules. 
Both needed narrowing and the demand driven strategy from [15] were originally defined with 
the help of definitional trees, a tool introduced by Antoy [2] for achieving a reduction strategy 
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which avoids unneeded reductions. The needed narrowing strategy is sound and complete for 
the class ISS, and it enjoys interesting and useful optimality properties, but has the              
disadvantage that it refers only to a closed version of strict equality [5] where the goals are 
often solved by enumerating infinitely many ground solutions, instead of computing a single 
more general one. 
 
Example 1. Consider the following ISS, and let sk(t) be result of applying the constructor s,      
k consecutives times, to the term t. 
 

X + 0       →  X                  
X + s(Y)  →  s(X + Y)    
 

For the goal X + Y == Z, needed narrowing as presented in [5] enumerates infinitely many 
ground solutions {Y a s(0), X a sn(0), Z a sn+1(0)} (for all n ≥ 0) instead of computing an 
open solution {Y a s(0), Z a s(X)} which subsumes the previous ground ones. The reason of 
this behaviour is the formal treatment of == as a function defined by rewrite rules. In this         
example: 
 
           0 == 0       →  true                    true, Z  →  Z 

 s(X) == s(Y)  →  X == Y                                                                                                       p 
 

A more recent paper [3] has proposed an extension of needed narrowing called inductively 
sequential narrowing. This strategy is sound and complete for overlapping inductively            
sequential systems, a proper extension of the class of ISSs which permits non-deterministic 
functions, but conditional rules and an ‘open’ strict equality are not adopted. The optimality 
properties of needed narrowing are retained in a weaker sense by inductively sequential        
narrowing. Even more recently, [10] has proposed a reformulation of needed narrowing as a 
goal transformation system, as well as an extension of its scope to a class of higher-order     
inductively sequential TRSs. Higher-order needed narrowing in the sense of [10] is sound and 
relatively complete, and it enjoys optimality properties similar to those known for the first-
order case. 

In spite of the good results from the viewpoint of neededness, [5, 2, 10] stick to a simplistic 
treatment of strict equality as a defined function symbol. Other recent works [14, 17, 7] have 
developed various lazy narrowing calculi based on goal transformation systems, where an 
open semantics of strict equality does not require the computation of ground solutions, as 
illustrated by Example 1. Moreover, [7] allows non-deterministic functions with so-called    
call-time choice semantics, borrowed from [13], and illustrated by the next example: 
 
Example 2. Consider the TRS consisting of the rewrite rules for + given in Example 1 and the 
following rules: 
 

     coin  →  0                                  double(X)  →  X + X 
     coin  →  s(0) 

 
Intuitively, the constant function coin represents a non-deterministic choice. In order to       
evaluate the expression double(coin), call-time choice semantics chooses some possible value 
for the argument expression coin, and then applies the function double to that value. Therefore, 
when using call-time choice, double(coin) can be reduced to 0 and s2(0), but not to s(0).          p 
As argued in [7, 13], the call-time choice view of non-determinism is the convenient one for 
many programming applications. Unfortunately, the narrowing methods proposed in [5, 2, 14, 
17] are unsound w.r.t. call-time choice semantics. In [7], the Constructor-based ReWriting 
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Logic CRWL is proposed to formalize rewriting with call-time non-deterministic choices, and 
the Constructor-based Lazy Narrowing Calculus CLNC is provided as a sound and strongly 
complete goal solving method. Therefore, CLNC embodies the advantages of open strict equal-
ity and call-time choice non-determinism. 

The aim of this paper is to refine CLNC in order to enrich its advantages with those of 
needed narrowing. We will combine goal transformation rules similar to those in [14, 17, 7] 
with the use of definitional trees to guide the selection of narrowing positions, in the vein of 
[15, 5, 3, 10]. As a result, we will propose a Demand-driven Narrowing Calculus DNC which 
can be proved sound and strongly complete w.r.t. CRWL’s semantics (call-time choice       
non-determinism and open strict equality), contracts needed redexes, and maintains the good 
properties shown for needed narrowing in [5, 3]. All these properties qualify DNC as a conven-
ient and efficiently implementable operational model for lazy FLP languages. 

The organization of this paper is as follows: Section 2 contains some technical preliminaries 
regarding the constructor-based rewriting logic CRWL. Section 3 defines the subclass of         
rewriting systems used as programs in this work. In Section 4 we give a formal presentation of 
the calculus DNC. We discuss the soundness, completeness and optimality results in Section 5. 
Finally, some conclusions and plans for future work are drawn in Section 6. 

2   Preliminaries 

The reader is assumed to be familiar with the basic notions and notations of term rewriting, as 
presented e.g. in [6]. 
 

We assume a signature Σ = DCΣ ∪ FSΣ where DCΣ = Un∈Ù DCΣ
n is a set of ranked            

constructor symbols and FSΣ = Un∈Ù FSΣ
n is a set of ranked function symbols, all of them with 

associated arity and such that DCΣ ∩ FSΣ = ∅. We also assume a countable set V of variable 
symbols. We write TermΣ for the set of (total) terms built over Σ and V  in the usual way, and 
we distinguish the subset CTermΣ of (total) constructor terms or (total) c-terms, which only 
make use of DCΣ and V . The subindex Σ will usually be omitted. Terms intend to represent 
possibly reducible expressions, while  c-terms represent data values, not further reducible. The 
CRWL semantics also uses the constant symbol ⊥, that plays the role of the undefined value. 
We define Σ⊥ = Σ ∪ {⊥}; the sets Term⊥ and CTerm⊥ of (partial) terms and (partials) c-terms 
respectively, are defined in a natural way, by using the symbol ⊥ just as a constant for syntatic 
purposes. Partial c-terms represent the result of partially evaluated expressions; thus, they can 
be seen as approximations to the value of expressions in the CRWL semantics. As usual   
notations we will write X,Y,Z for variables, c,d for constructor symbols, f,g for functions, e for 
terms and s,t for c-terms. Moreover, Var(e) will be used for the set of variables occurring in the 
term e. A term e is called ground term, if Var(e) = ∅. A term is called linear if it is does not 
contain multiple occurrences of any variable. A natural approximation ordering m over Term⊥ 
can be defined as the least partial ordering over Term⊥ satisfying the following properties: ⊥ m e 
for all e ∈ Term⊥, and h(e1,...,en) m h(e1’,...,en’), if ei m ei’ for all i ∈ {1,…,n}, h ∈ DCn ∪ FSn. 

To manipulate terms we give the following definitions. An occurrence or position is a se-
quence p of positive integers identifying a subterm in a term. For every term e, the set O(e) of 
positions in e is inductively defined as follows: the empty sequence denoted by ε, identifies e 
itself. For every term of the form f(e1,...,en), the sequence i⋅q, where i is a positive integer not 
greater than n and q is a position, identifies the subterm of ei at q. The subterm of e at p is 
denoted by e|p and the result of replacing e|p with e’ in e is denoted by e[e’]p. If p and q are 
positions, we write p Ç q if p is above or is a prefix of q, and we write p || q if the positions are 
disjoint. The expression p⋅q denotes the position resulting from the concatenation of the      
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positions p and q. The set O(e) is partitioned into Õ(e) and OV (e) as follows: Õ(e) = {p ∈ O(e) |    
e|p ∉ V } and  OV (e) = {p ∈ O(e) | e|p ∈ V }. If e is a linear term, pos(X,e) will be used for the 
position of the variable X occurring in e. The notation Varc(e) stands for the set of all variables 
occurring in e at some position whose ancestor positions are all occupied by constructors. 

The sets of substitutions CSubst and CSubst⊥ are defined as applications σ from V  into 
CTerm and CTerm⊥ respectively such its domain Dom(σ) = {X ∈ V  | σ(X) ≠ X} is finite. We 
will write θ,σ,µ for substitutions and {} for the identity substitution. Substitutions are extended 
to morphisms on terms by σ(f(e1,...,en)) = f(σ(e1),...,σ(en)) for every term f(e1,...,en). The         
composition of two substitutions θ and σ is defined by (θ°σ)(X) = θ(σ(X)) for all X ∈ V.         
A substitution σ is idempotent iff σ°σ = σ. We frequently write {X1 a e1,…,Xn a en} for the 
substitution that maps X1 into e1 … Xn into en. The restriction σ ≠V of a substitution σ to a set  
V ⊆ V, is defined by σ ≠V (X) = σ(X) if X ∈ V and σ ≠V (X) = X if X ∉ V. A substitution σ is 
more general than σ’, denoted by σ d σ’, if there is a substitution τ with σ’ = τ°σ. If V is a set 
of variables, we write σ = σ’ [V] iff σ ≠V = σ’ ≠V, and we write σ d σ’ [V] iff there is a             
substitution τ with σ’ = τ°σ [V]. A term e’ is an instance of e if there is a substitution σ with   
e’ = σ(e). In this case we write e Å e’. A term e’ is a variant of e if e Å e’ and e’ Å e. 

Given a signature Σ, a CRWL-program ℜ is defined as a set of conditional rewrite rules of 
the form f(t1,...,tn) → r ⇐ a1 == b1, ..., am == bm (m ≥ 0) with f ∈ FSn,  t1,...,tn ∈ CTerm,     
r,ai,bi ∈ Term, i = 1,...,m, and f(t1,...,tn) is a linear term. The term f(t1,...,tn) is called left hand 
side and r is the right hand side. From a CRWL-program we are interested in deriving           
sentences of two kinds: approximation statements a → b, with  a ∈ Term⊥ and b ∈ CTerm⊥, 
and joinability statements a == b, with a, b ∈ Term⊥. 

We formally define a goal-oriented rewriting calculus CRWL [7] by means of the follow-
ing inference rules: 
 
B    Bottom:     e → ⊥    for any e ∈ Term⊥. 
 

RR Restricted Reflexivity:     X → X      for any variable X. 
 

DC DeComposition:                     e1 → t1   ...   en → tn 
                                        c(e1,...,en) → c(t1,...,tn)          

  for c ∈ DCn, ti ∈ CTerm⊥. 
 

OR Outer Reduction:             e1 → t1  ...  en → tn     C     r → t 
                                                            f(e1,...,en) → t 
   if t ≠ ⊥ and (f(t1,...,tn) → r ⇐ C) ∈ [ℜ]⊥ where [ℜ]⊥ = {θ(l → r ⇐ C) | (l → r ⇐ C) 
   ∈ ℜ, θ ∈ CSubst⊥} is the set of all partial c-instances of rewrite rules in ℜ. 

 

J     Join                                            a → t        b → t 
                                                      a == b                                       

  for total t ∈ CTerm. 
 

In the sequel we will use the notations ℜ |–CRWL ϕ to indicate that ϕ (an approximation 
statement or a joinability statement) can be deduced from the CRWL-program ℜ by finite 
application of the above rules. In the following lemma we collect some simple facts about 
provable statements involving c-terms, which will be used several times, possibly without 
mentioning them explicitly. The proof is straightforward by induction over the structure of        
c-terms or over the structure of CRWL-proofs (see [7] and [18] for details). 
Lemma 1 (basic properties of the CRWL-deductions). Let ℜ be a CRWL-program. For any 
e ∈ Term⊥, t,s ∈ CTerm⊥ and θ,θ’ ∈ CSubst⊥, we have: 
 

a) ℜ |–CRWL t → s ⇔ t } s. Furthermore, if s ∈ CTerm is total, then t } s can be replaced    
by  t = s. 
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b) ℜ |–CRWL e → t, t } s ⇒ ℜ |–CRWL e → s. 
 

c) ℜ |–CRWL θ(e) → t, θ m θ’ ⇒ ℜ |–CRWL θ’(e) → t, with the same length and structure in 
both deductions. 

 

d) ℜ |–CRWL e → s ⇒ ℜ |–CRWL θ(e) → θ(s), if θ is a total substitution. 
 

e) ℜ |–CRWL e → s ⇔ ℜ |–CRWL e|p → t’,ℜ |–CRWL e[t’]p → s for a certain t’∈ CTerm⊥ and for 
all p ∈ O(e). 

3   Overlapping Definitional Tree and COISS 

The demand narrowing calculus that we are going to present works for a class of CRWL-
programs in which conditional rewrite rules with possibly overlapping left hand sides must be 
organized in a hierarchical structure called definitional tree [2]. More precisely, we choose to 
reformulate the notion of overlapping definitional tree and overlapping inductively sequential 
system introduced in [3] including now conditional rules. 
 
Definition 1 (ODT). Let Σ = DC ∪ FS be a signature and ℜ a CRWL-program over Σ.            
A pattern is any linear term of the form f(t1,...,tn), where f ∈ FSn is a function symbol and ti are 
c-terms.ℑ is an Overlapping Definitional Tree (ODT for short) with pattern π iff its depth is 
finite and one of the following cases holds: 
 

• ℑ = rule(l → r1 ⇐ C1 | ... | rm ⇐ Cm), where l → ri ⇐ Ci for all i in {1,…,m} is a variant 
of a rule in ℜ such that l = π. 

 

• ℑ = case(π,X,[ℑ1,...,ℑk]), where X is a variable in π, c1,...,ck ∈ DC for some k > 0 are 
pairwise different constructors of ℜ, and for all i in {1,…,k}, ℑi is an ODT with pattern 
σi(π), where σi = {X a ci(Y1,...,Ymi)}, mi is the arity of ci and Y1,...,Ymi are new distinct 
variables. 

 
We represent an ODT ℑ with pattern π using the notation ℑπ. An ODT of a function symbol f 
∈ FSn defined by ℜ is an ODT ℑ with pattern f(X1,...,Xn), where X1,...,Xn are new distinct 
variables. 
 
Definition 2 (COISS). A function f is called overlapping inductively sequential w.r.t. a 
CRWL-program ℜ iff there exists an ODT ℑf of f such that the collection of all the rewrite 
rules l → ri ⇐ Ci (1≤i≤m) obtained from the different nodes rule(l → r1 ⇐ C1 | ... | rm ⇐ Cm) 
occurring in ℑf equals, up to variants, the collection of all the rewrite rules in ℜ whose left 
hand side has the root symbol f. A CRWL-program ℜ is called Conditional Overlapping 
Inductively Sequential System (COISS, for short) iff each function defined by ℜ is overlap-
ping inductively sequential. 
 
Example 3. We consider the next CRWL-program ℜ. Is easy to check that ℜ is a COISS: 
 

     insertion (X, [ ]       , Zs)  → true  ⇐  Zs == [X] 
     insertion (X, [Y|Ys], Zs)  → true  ⇐  Zs == [X, Y|Ys]  
     insertion (X, [Y|Ys], Zs)  → true  ⇐  insertion (X, Ys, Us) == true, Zs == [Y|Us] 
The defined symbol insertion has the following ODT: 
 
     case(insertion (X, Xs, Zs), Xs, [ 
             rule(insertion (X, [ ]       , Zs)  →  true  ⇐  Zs == [X]), 
             rule(insertion (X, [Y|Ys], Zs)  →  true  ⇐  Zs == [X, Y|Ys] |   
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                                      true  ⇐  insertion (X, Ys, Us) == true, Zs == [Y|Us]) ])                       p 
 

Let ℜ be any COISS. For our discussion of a demand narrowing calculus with ODTs over 
COISSs we are going to use a presentation similar to that of the CLNC calculus (see [7]). So, 
goals for ℜ are essentially finite conjunctions of CRWL-statements, and solutions are c-
substitutions such that the goal affected by the substitution becomes CRWL-provable. The 
precise definition of admissible goal includes a number of technical conditions which will be 
defined and explained below. The general idea is to ensure the computation of solutions which 
are correct w.r.t. CRWL’s call-time choice semantics, while using ODTs in a similar way to [5, 
3] to ensure that all the narrowing steps performed during the computation are needed ones. 

4   The DNC Calculus 

In this section we present the basis of our Demand Narrowing Calculus (shortly, DNC) for goal 
solving. We give first a precise definition for the class of admissible goals and solutions we are 
going to work with. 
 
Definition 3 (Admissible goals). An admissible goal for a given COISS ℜ must have the form 
G ≡ ∃ U. S p P p E, where the symbols p  and ‘,’ must be interpreted as conjunction, and: 
 

• EVar(G) =def U is the set of so-called existential variables of the goal G. These are     
intermediate variables, whose bindings in a solution may be partial c-terms. 

 

• S ≡ X1 ≈ s1 , ... , Xn ≈ sn is a set of equations, called solved part. Each si must be a total   
c-term, and each Xi must occur exactly once in the whole goal. This represents an         
idempotent c-substitution σS = {X1 a s1, ... , Xn a sn}. 

 

• P ≡ t1 → R1 , ... , tk → Rk is a multiset of productions where each Ri is a variable and ti is 
a term or a pair of the form <π,ℑ>, where π is an instance of the pattern in the root of an 
ODT ℑ. Those productions l → R whose left hand side l is simply a term are called        
suspensions, while those whose left hand side is of the form<π,ℑ> are called demanded 
productions. PVar(P) =def {R1,...,Rk} is called the set of produced variables of the goal 
G. The production relation between G-variables  is defined by X pP Y iff there is some 
1≤i≤k such that X ∈ Var(ti) and Y = Ri (if ti is a pair <π,ℑ>, X ∈ Var(ti) must be             in-
terpreted as X ∈ Var(π)). 

 
 

• E ≡ l1 == r1 , ... , lm == rm is a multiset of strict equations. DVar(P p E), called the set of 
demanded variables of the goal G, is the least subset of Var(P p E) which fulfills the fol-
lowing conditions: 

 

- (l == r) ∈ E ⇒ VarC(l) ∪ VarC(r) ⊆ DVar(P p E). 
 

- (<t,case(π,X,[ℑ1,...,ℑq])> → R) ∈ P with t|pos(X,π) = Y ∈ Var(t) and R ∈ DVar(P p E) 
⇒ Y ∈ DVar(P p E). 

 
Additionally, any admissible goal must fulfill the following admissibility conditions: 
 

LIN   Each produced variable is produced only once, i.e. variables R1,...,Rk must be different. 
 

EX     All the produced variables must be existential, i.e. PVar(P) ⊆ EVar(G). 
 

CYC  The transitive closure of the production relation pP must be irreflexive, or equivalently,  
           a strict partial order. 
 

SOL  The solved part S contains no produced variables. 
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DT     For each production < π,ℑ > → R in P, the variable R is demanded (i.e. R ∈ DVar(P p E)), 
          and the variables of ℑ have no occurrences in other place of the goal. 
 

Admissibility conditions are natural in so far they are satisfied by all the goals arising from 
initial goals G0 ≡ ∃ ∅. ∅ p ∅ p E by means of the goal transformations presented below. The 
following distinction between the two possible kinds of productions is useful: 
 

1. Demanded productions <π,ℑ> → R are used to compute a value for the demanded        
variable R. The value will be shared by all occurrences of R in the goal, in order to respect 
call-time choice semantics. 

 

2. Suspensions f(t1,...,tn) → R eventually become demanded productions if R becomes            
demanded, or else disappear if R becomes absent from the rest of the goal. See the goal 
transformations SA and EL in Subsection 4.2. Suspensions X → R and c(e1,...,en) → R are 
suitably treated by other goal transformations. 

 

Definition 4 (Solutions). Let G ≡ ∃ U. S p P p E be an admissible goal for a COISS ℜ, and θ a 
partial c-substitution. We say that θ is a solution for G with respect to ℜ if: 
 

• For each X ∉ PVar(P), θ(X) is a total c-term. 
 

• For each solved equation (Xi ≈ si) ∈ S, θ(Xi) = θ(si). 
 

• For each suspension (t → R) ∈ P, ℜ |–CRWL θ(t) → θ(R). 
 

• For each demanded production (<f(t1,...,tn),ℑ> → R)∈ P,ℜ |–CRWL θ(f(t1,...,tn)) → θ(R). 
 

• For each strict equation (l == r) ∈ E, ℜ |–CRWL θ(l) == θ(r). 
 

A witness M for the fact that θ is a solution of G is defined as a multiset containing the CRWL 
proofs mentioned above. We write Sol(G) for the set of all solutions for G.  
 

The next result will be useful to prove properties about DNC and shows that CRWL seman-
tics does not accept an undefined value for demanded variables. 
 

Lemma 2 (Demand lemma). If θ is a solution of an admissible goal G ≡ ∃U. S p P p E for a 
COISS ℜ and X ∈ DVar(P p E), then θ(X) ≠ ⊥. 
 

Proof. Let G ≡ ∃U. S p P p E be an admissible goal for a COISS ℜ and X ∈ DVar(P p E). We 
use induction on the order pP

+ (the transitive closure of the production relation is well 
founded, due to the property CYC of admissible goals). We consider the two cases for X. 
 

a) X ∈ VarC(l) ∪ VarC(r) with (l == r) ∈ E. 
 

We suppose that X ∈ VarC(l) (analogous if X ∈ VarC(r)). There are a finite number k≥0 of 
constructor symbols above X in l. Due to θ is a solution of G, ℜ |–CRWL θ(l) == θ(r) and 
exists u ∈ CTerm with ℜ |–CRWL θ(l) → u and ℜ |–CRWL θ(r) → u using the CRWL-rule J. 
Since ℜ |–CRWL θ(l) → u, where θ ∈ CSubst⊥ and u ≠ ⊥, it is easy to see that u has the 
same constructor symbols and in the same orden that θ(l). So, the CRWL-deduction takes 
the rule DC k times on θ(l) → u to obtain ℜ |–CRWL θ(X) → t with t ∈ CTerm. It follows 
that θ(X) ≠ ⊥ because t ≠ ⊥. Moreover, θ(X) ∈ CTerm⊥ and t ∈ CTerm implies that θ(X) 
is a total c-term. 

b) X = t|pos(Y,π) with (<t,case(π,Y,[ℑ1,...,ℑk])> → R) ∈ P.     
 

In this case, t = f(t1,...,tn) with f ∈ FSn, and since θ is a solution, ℜ |–CRWL f(θ(t1),...,θ(tn)) 
→ θ(R). By Definition 3, X pP R and hence X pP

+ R. Since R ∈ DVar(P p E) due to the 
property DT of admissible goals, the induction hypothesis yields θ(R) ≠ ⊥. Moreover, 
pos(Y,π) = i⋅p with 1≤i≤n and p ∈ O(ti) because π Å t. Therefore, the CRWL-deduction   
ℜ |–CRWL f(θ(t1),...,θ(tn)) → θ(R) must be of the form OR: 
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θ(t1) → t1’  ...  θ(ti) → ti’  ...  θ(tn) → tn’   C   r → θ(R) 
f(θ(t1),...,θ(tn)) → θ(R) 

 

where (f(t1’,...,ti’,...,tn’) → r ⇐ C) ∈ [ℜ]⊥, and t1’,...,ti’,...,tn’ ∈ CTerm⊥. Due to the form 
of the ODT in the production, ti’ has a constructor symbol cj (1≤j≤k) in the position p. 
Moreover, there must be only constructor symbols above cj in ti’. So, ti’ ≠ ⊥. Moreover, 
since ℜ |–CRWL θ(ti) → ti’ where ti’ ∈ CTerm⊥ and θ ∈ CSubst⊥, there must be the same 
constructor symbols and in the same order above θ(X) in the position p of θ(ti) (recall       
π Å t with X = ti|p). It follows that ℜ |–CRWL θ(ti) → ti’ applies the CRWL-rule DC over 
θ(ti) → ti’ to yield ℜ |–CRWL θ(X) → cj(...). We conclude that θ(X) ≠ ⊥.                            p 

                         
The aim when using DNC is to transform an initial goal into a solved goal of the form ∃ U. S p p 
with S ≡ X1 ≈ s1,...,Xn ≈ sn representing a solution σS = {X1 a s1,...,Xn a sn}. The notation ü, 
used in failure rules, represents an inconsistent goal without any solution. The calculus DNC 
consists of a set of transformation rules for goals. Each transformation takes the form G k G’, 
specifying one of the possible ways of performing one step of goal solving. Derivations are 
sequences of k-steps. In addition, to the purpose of applying the rules, we see conditions a == 
b as symmetric. 

4.1   Rules for Strict Equations 

DPI Demanded Production Introduction 
 

        ∃U . S p P p f(s1,...,sn) == t, E k ∃R, U . S p <f(s1,...,sn) , ℑf(X1,...,Xn)> → R, P p R == t, E 
 

         if f ∈ FS, and both R and all variables in ℑf(X1,...,Xn) are new variables. 
 

DC  DeComposition 
 

   ∃U . S p P p c(s1,...,sn) == c(t1,...,tn), E k ∃U . S p P p s1 == t1, ... , sn == tn, E   if c ∈ DC. 
 

ID   IDentity 
 

   ∃U . S p P p X == X, E k ∃U . S p P p E     if X ∉ PVar(P). 
 

BD  BinDing 
 

    ∃U . S p P p X == t, E k ∃U . X ≈ t , σ(S p P p E) 
 

    if t ∈ CTerm, Var(t) ∩ PVar(P) = ∅, X ∉ PVar(P), X ∉ Var(t), and σ = {X a t}. 
 

IM  IMitation 
 

    ∃U . S p P p X == c(s1,...,sn), E k 
                                         ∃X1,...,Xn, U . X ≈ c(X1,...,Xn) , σ(S p P p X1 == s1,...,Xn == sn, E) 

 

     if  c ∈ DC,  c(s1,...,sn)  ∉  CTerm  or  Var(c(s1,...,sn)) ∩ PVar(P) ≠ ∅, X ∉ PVar(P),  X ∉ 
     Varc(c(s1,...,sn)), and σ = {X a c(X1,...,Xn)} with X1,...,Xn new variables. 

4.2   Rules for Productions 

IB     Input Binding 
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     ∃R, U . S p t → R, P p E k ∃U . S p σ(P p E)     if t ∈ CTerm, and σ = {R a t}. 
 
IIM  Input IMitation 
 

     ∃R, U . S p c(t1,...,tn) → R, P p E k ∃R1,...,Rn, U . S p σ(t1 → R1, ... , tn → Rn, P p E) 
 

     if c(t1,...,tn) ∉ CTerm,  R ∈ DVar(P p E),  and σ = {R a c(R1,...,Rn)} with R1,...,Rn new variables. 
 
SA    Suspension Awakening 
 

     ∃R, U . S p f(t1,...,tn) → R, P p E k ∃R, U . S p <f(t1,...,tn) , ℑf(X1,...,Xn)> → R, P p E 
 

     if f ∈ FS, R ∈ DVar(P p E),  and all variables in ℑf(X1,...,Xn) are new variables. 
 
EL    ELimination 
 

     ∃R, U . S p t → R, P p E k ∃U . S p P p E     if R ∉ Var(P p E). 
 
RRA Rewrite Rule Application   (don’t know choice: 1≤i≤k) 
 

           ∃R, U. S p <t , rule(l → r1 ⇐ C1 | ... | rk ⇐ Ck)> → R, P p E k 
                                   ∃8, R, U. S p σf(R1) → R1,..., σf(Rm) → Rm, σc(ri) → R, P p σc(Ci), E 
 

 

      where 
 

• σ = σc ∪ σf  with Dom(σ) = Var(l) and σ(l) = t 
• σc =def σ ≠ Domc(σ), where Domc(σ) = {X ∈ Dom(σ) | σ(X) ∈ CTerm} 
• σf =def σ ≠ Domf(σ), where Domf(σ) = {X ∈ Dom(σ) | σ(X) ∉ CTerm} = {R1,...,Rm} 
• 8 = Var(l → ri ⇐ Ci) \ Domc(σ) 

 
CS     Case Selection 
 

      ∃R, U . S p <t , case(π,X,[ℑ1,...,ℑk])> → R, P p E k ∃R, U . S p <t , ℑi> → R, P p E 
 

      if t|pos(X,π) = ci(...), with 1≤i≤k given by t, where ci is the constructor symbol associated to ℑi. 
 
DI     Demanded Instantiation   (don’t know choice: 1≤i≤k) 
 

      ∃R, U . S p <t , case(π,X,[ℑ1,...,ℑk])> → R, P p E k 
                                              ∃Y1,...,Ymi,R, U . Y ≈ ci(Y1,...,Ymi), σ(S p <t , ℑi> → R, P p E) 

 

       if  t|pos(X,π) = Y,  Y ∉ PVar(P),  σ = {Y a ci(Y1,...,Ymi)} with ci  (1≤i≤k)  the constructor 
       symbol associated to ℑi and Y1,...,Ymi are new variables. 

 
DN    Demanded Narrowing 
 

      ∃R, U . S p <t , case(π,X,[ℑ1,...,ℑk])> → R, P p E k 
                                                                      ∃R’,R, U . S p <t|pos(X,π) , ℑg(Y1,...,Ym)> → R’, 
                                                                      <t[R’]pos(X,π) , case(π,X,[ℑ1,...,ℑk])> → R, P p E 

 

      if  t|pos(X,π)  =  g(...)  with g ∈ FSm,  and  both  R’ and all variables in  ℑg(Y1,...,Ym)  are new 
      variables. 
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4.3  Rules for Failure Detection 

CF  ConFlict 
 

   ∃U . S p P p c(s1,...,sn) == d(t1,...,tm), E k ü     if c,d ∈ DC and c ≠ d. 
 

CY  CYcle 
 

   ∃U .  S p P p X == t, E k ü     if X ≠ t and X ∈ Varc(t). 
 

UC  Unconvered Case 
 

   ∃R, U . S p <t , case(π,X,[ℑ1,...,ℑk])> → R, P p E k ü 
 

   if  t|pos(X,π)  =  c(...)  and  c ∉ {c1,...,ck}, where  ci  is  the  constructor symbol  associated  to 
   ℑi (1≤i≤k). 

 
Example 4. We compute the solutions from Example 2. This ilustrates the use of productions 
for ensuring call-time choice and the use of ODTs for ensuring needed narrowing steps.  
 

p p doble(coin) == N k                                                                                  DPI 
∃R . p <doble(coin),ℑdoble(X)> → R p R == N k                                            RRA 
∃X,R . p coin → X, X+X → R p R == N k                                                    SA 
∃X,R . p coin → X, <X+X,ℑA+B> → R p R == N k                                      SA 
∃X,R . p <coin,ℑcoin> → X, <X+X,ℑA+B> → R p R == N k                    RRA 
∃X,R . p 0 → X, <X+X,ℑA+B> → R p R == N k{X a 0}                                  IB 
∃R . p <0+0,ℑA+B> → R p R == N k                                                             CS 
∃R . p <0+0,ℑ0+B> → R p R == N k                                                             RRA 
∃R . p 0 → R p R == N k{R → 0}                                                                     IB 
p p 0 == N k{N a 0}                                                                                         BD 
N ≈ 0 p p            ⇒   computed solution: σ1 = {N a 0} 
 

p p doble(coin) == N k                                                                                 DPI 
∃R . p <doble(coin),ℑdoble(X)> → R p R == N k                                           RRA 
∃X,R . p coin → X, X+X → R p R == N k                                                   SA 
∃X,R . p coin → X, <X+X,ℑA+B> → R p R == N k                                      SA 
∃X,R . p <coin,ℑcoin> → X, <X+X,ℑA+B> → R p R == N k                        RRA 
∃R . p <s(0)+s(0),ℑA+B> → R p R == N k                                                     CS 
∃R . p <s(0)+s(0),ℑs(C)+B> → R p R == N k                                                 RRA 
∃X,R . p s(0) → X, <X+X,ℑA+B> → R p R == N k{X a s(0)}                          IB 
∃R . p s(0+s(0)) → R p R == N k{R a s(R’)}                                                    IIM 
∃R’ . p 0+s(0) → R’ p s(R’) == N k                                                             SA 
∃R’ . p <0+s(0),ℑA’+B’> → R’ p s(R’) == N k                                               CS 
∃R’ . p <0+s(0),ℑ0+B’> → R’ p s(R’) == N k                                RRA 
∃R’ . p s(0) → R’ p s(R’) == N k{R’ a s(0)}                                                     IB 
p p s(s(0)) == N k{N a s(s(0))}                                                                           BD 
N ≈ s(s(0)) p p      ⇒   computed solution: σ2 = {N a s(s(0))} 

 

We note that both computations are in essence needed narrowing derivations module non-
deterministic choices between overlapping rules, as in inductively sequential narrowing [3].   p 
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5   Properties of DNC 

To prove soundness and completeness of DNC w.r.t. CRWL semantics we use techniques 
similar to those used for the CLNC calculus in [7]. The first result proves correctness of a 
single DNC step. It says that transformation steps preserve admissibility of goals, fail only in 
case of unsatisfiable goals and do not introduce new solutions. 
 
Lemma 3 (Correctness Lemma).  
 

a) If G k G’ and G is admissible, then G’ is admissible. 
b) If G k ü then Sol(G) = ∅. 
c) If G k G’ and θ’ ∈ Sol(G’) then there exists θ ∈ Sol(G) with θ = θ’ [V  − (EVar(G) ∪ 

EVar(G’))]. 
 
The following soundness result follows easily from Lemma 3. It ensures that computed           
answers for a goal G are indeed solutions of G.    
 
Theorem 1 (Soundness of DNC). If G0 is an initial goal and G0 k G1 k ... k Gn, where    
Gn ≡ ∃ U. S p p, then σS ∈ Sol(G0). 
 

Proof. If we repeatedly backwards apply c) of Lemma 3, we obtain θ ∈ Sol(G0) such that         
θ = σS [V  − U0≤i≤n EVar(Gi)]. By noting that EVar(G0) = ∅ and Var(G0) ∩ U0≤i≤n EVar(Gi) = 
∅, we conclude θ = σS [Var(G0)]. But then, since σS is a total c-substitution, σS ∈ Sol(G0).     p 
 

Completeness of DNC is proved with the help of a well-founded ordering > for admissible 
goals and a result that guarantees that DNC transformations can be chosen to make progress 
towards the computation of a given solution. A similar technique is used in [7] to prove         
completeness of CLNC, but the well-founded ordering there is a simpler one. 
 

Definition 5 (Well-founded ordering for admissible goals). Let ℜ be a COISS,                     
G ≡ ∃ U. S p P p E an admissible goal for ℜ and M a witness for θ ∈ Sol(G). We define: 
 

a) A multiset of pairs of natural numbers W (G,θ,M) =def {||Π||G,θ | Π ∈ M}, called the 
weight of the witness, where for each CRWL-proof Π ∈ M, the pair of numbers     ||Π||G,θ 
∈ Ù × Ù is: 

 

• if Π ≡ ℜ |–CRWL θ(t) → θ(R) for (<t,ℑ> → R) ∈ P, then ||Π||G,θ =def (|Π|OR,|Π|). 
 

• if Π ≡ ℜ |–CRWL θ(t) → θ(R) for (t → R) ∈ P, then ||Π||G,θ =def (|Π|OR,1 + |Π|). 
 

• if Π ≡ ℜ |–CRWL θ(t) == θ(s) for (t == s) ∈ E, then  ||Π||G,θ =def (|Π|OR,|Π|). 
 

In all the cases,|Π|OR is the number of deduction steps in Π which use the CRWL            
deduction rule OR and |Π| is the total number of deduction steps in Π.. 
 

b) A multiset of natural numbers D(G) =def { |ℑ| | (<t,ℑ> → R) ∈ P }, called the weight of 
the definitional trees of the goal G, where each |ℑ| ∈ Ù is the total number of nodes in 
the tree ℑ. 

 

Over sets (G,θ,M) such that G is an admissible goal for ℜ and M is a witness of θ ∈ Sol(G),   
we define a well-founded ordering (G,θ,M) > (G’,θ’,M’) ⇔def (W (G,θ,M),D(G)) >lex                 
(W (G’,θ’,M’),D(G’)), where >lex is the lexicographic product of >mul1 and >mul2, >mul1 is the 
multiset order for multisets over Ù×Ù induced by the lexicographic product of >Ù and >Ù, and 
>mul2 is the multiset order for multisets over Ù induced by >Ù. See [6] for definitions of these 
notions. 
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Lemma 4 (Progress Lemma). Assume an admissible goal G for some COISS, which is not in 
solved form, and a given solution θ ∈ Sol(G) with witness M. Then: 
 

a) There is some DNC transformation applicable to G. 
 

b) Whatever applicable DNC transformation is chosen, there is some transformation step    
G k G’ and some solution θ’ ∈ Sol(G’) with a witness M’, such that θ = θ’ [V  − 
(EVar(G) ∪ EVar(G’))] and (G,θ,M) > (G’,θ’,M’). 

 
By reiterated application of Lemma 4, the following completeness result is easy to prove. 

The proof reveals that DNC is strongly complete, i.e. completeness does not depend on the 
choice of the transformation rule (among all the applicable rules) in the current goal. 
 
Theorem 2 (Completeness of DNC). Let ℜ be a COISS, G an initial goal and θ ∈ Sol(G). 
Then there exists a solved form ∃U. S p p such that G k* ∃U. S p p and σS d θ [Var(G)]. 
 

Proof. Thanks to Lemma 4 it is possible to construct a derivation G ≡ G0 k G1 k  G2 k ... 
for which there exist θ0 = θ, θ1, θ2, ... and M0, M1, M2, ... such that θi = θi−1 [V  − (EVar(Gi−1) ∪ 
EVar(Gi))], Mi is a witness of θi ∈ Sol(Gi) and (Gi,θi,Mi) > (Gi−1,θi−1,Mi−1). Since > is well 
founded, such a derivation must be finite, ending with a solved form Gn ≡ ∃ U. S p p.         
Since EVar(G0) = ∅ and Var(G0) ∩ EVar(Gi) for all i = 1,...,n it is easy to see that                        
θn = θ [Var(G)]. Now, if X ∈ Var(G) and there is an equation X ≈ t in S, we can use the      
facts θn = θ [Var(G)] and θn ∈ Sol(S) to obtain θ(X) = θn(X) = θn(t) = θn(σS(X)). It follows that 
θ = θn°σS [Var(G)], and thus σS d θ [Var(G)].                                                                             p 
 

Let us now briefly analyze the behaviour of DNC computations from the viewpoint of 
needed narrowing. Obviously, the goal transformation rules for productions which deal with 
ODTs already present in the goal (namely, RRA, CS, DI and DN) lead to performing needed 
narrowing steps. On the other hand, the goal transformation DPI and SA are the only way to 
introduce demanded productions <π,ℑ> → R into the goal. In both cases, R is a demanded 
variable in the new goal. From the definition of demanded variables within Definition 3, it is 
easily seen that any demanded variable always occurs at some position of the goal which is 
needed in the sense of needed narrowing (viewing == as a function symbol, so that the concep-
tual framework from [5, 3] can be applied). Therefore, DNC derivations actually encode 
needed narrowing derivations in the sense of [5, 3], with an improved treatment of == as open 
strict equality and call-time non-deterministic choice. 

Regarding the range of applicability of DNC, the restriction to the class of COISSs is not a 
serious one. Using techniques known from [4, 15] we have proved in [18] that any CRWL-
program ℜ can be effectively transformed into a COISS ℜ’ using new auxiliary function sym-
bols, such that for all e ∈ Term⊥ and t ∈ CTerm⊥ in the original signature of ℜ one has           
ℜ |–CRWL e → t ⇔ ℜ’ |–CRWL e → t. The combination of these transformation techniques with 
the DNC calculus offers a sound and complete narrowing procedure for the whole class of the 
left-linear constructor-based conditional rewrite systems. 
 
6   Conclusions 
 
We have presented a demand narrowing calculus DNC for COISS, a wide class of constructor-
based conditional TRSs. We have proved that DNC conserves the good properties of needed 
narrowing [5, 3] while being sound and strongly complete w.r.t. CRWL semantics [7], which 

ensures a call-time choice treatment of non-determinism and an open interpretation of strict 
equality. 
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Because of these results, we believe that DNC contributes to bridge the gap between         
formally defined lazy narrowing calculi and existing languages such as Curry [9] and TOY [1]. 
As future work, we plan to extend DNC and COISS in order to include more expressive         
features, such as higher-order rewrite rules and constraints. 
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Abstract. Term rewriting systems (TRSs) are extended by allowing
to contain extra variables in their rewrite rules. We call the extended
systems EV-TRSs. They are ill-natured since every one-step reduction
by their rules with extra variables is infinitely branching and they are
not terminating. To solve these problems, this paper extends narrowing
on TRSs into that on EV-TRSs and show that it simulates the reduction
sequences of EV-TRSs as the narrowing sequences starting from ground
terms. We prove the soundness of ground narrowing-sequences for the
reduction sequences. We prove the completeness for the case of right-
linear systems, and also for the case that no redex in terms substituted
for extra variables is reduced in the reduction sequences. Moreover, we
give a method to prove the termination of the simulation, extending the
termination proof of TRSs using dependency pairs, to that of narrowing
on EV-TRSs starting from ground terms.

1 Introduction

An extra variable is a variable appearing only in the right-hand side of a rewrite
rule. Term rewriting systems (TRSs) are extended by allowing to contain ex-
tra variables in their rewrite rules. We call the extended systems EV-TRSs,
especially proper EV-TRSs if they contain at least one extra variable. Proper
EV-TRSs are ill-natured since every one-step reduction by their rules with ex-
tra variables is infinitely branching even up to renaming and none of them are
terminating.
On the other hand, as a transformational approach to inverse computation of

term rewriting, we have recently proposed an algorithm to generate a program
computing the inverses of the functions defined by a given constructor TRS [10].
Unfortunately, the algorithm produces EV-TRSs in general. This fact gives rise
to necessity of a simulation method of EV-TRSs.
This paper shows how to simulate the reduction sequences of EV-TRSs,

and discusses the termination of the simulation. We first extend narrowing [6]
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on TRSs to that on EV-TRSs, restricting the substitutions for extra variables.
In case of TRSs, the narrowing derivations starting from ground terms is just
equivalent to the reduction sequences. This fact leads us to simulate the reduction
sequences by the ground narrowing-sequences which are narrowing derivations
starting from ground terms. Such a simulation solves the infinitely-branching
problem, and terminates for some proper EV-TRSs. We prove the soundness of
the ground narrowing-sequences for the reduction sequences of EV-TRSs. Then,
we prove the completeness for the case of right-linear systems, and also for case
that no redex in the terms substituted for extra variables is reduced in the
reduction sequences. One of the typical instances of the latter case is a sequence
constructed by substituting normal forms for extra variables. As a technique to
prove termination of the proposed simulation, we extend the termination proof
technique of TRSs using dependency pairs, proposed by T. Arts and J. Giesl [1],
to that of narrowing on EV-TRSs (starting from ground terms).
This paper is organized as follows. In Section 3, we explain the idea for

simulating EV-TRSs, define narrowing on EV-TRSs and prove the soundness
and completeness. In Section 4, we discuss the termination of the simulations,
i.e., narrowing starting from ground terms. Section 5 compares our results with
the related works. We give the proofs of the theorems in the appendix.

2 Preparation

This paper follows the general notation of term rewriting [2, 7]. In this section,
we briefly describe the notations used in this paper.
Let F be a signature and X be a countably infinite set of variables. The set

of terms over F and X is denoted by T (F ,X ). The set T (F , ∅) of ground terms is
simply written as T (F). For a function symbol f , arity(f) denotes the number
of arguments of f . The identity of terms s and t is denoted by s ≡ t. The set of
variables in terms t1,..., tn is represented as Var(t1, ..., tn). The top symbol of a
term t is denoted by top(t).
We use O(t) to denote the set of all positions of term t, and OF (t) and

OX (t) to denote the set of function symbol positions and variable positions of t,
respectively. For p, q ∈ O(t), we write p ≤ q if there exists p′ satisfying pp′ = q.
The subterm at a position p ∈ O(t) is represented by t|p. We use contexts with
exactly one-hole 2. When we explicitly write positions of 2 in a context C, we
write C[ ]p where p ∈ O(C) and C|p ≡ 2. The notation u£ t means that u is a
subterm of t.
A substitution is a mapping σ from X to T (F ,X ) such that σ(x) 6≡ x for

finitely many x ∈ X . We use σ, δ and θ to denote substitutions. Substitutions
are naturally extended to mappings from T (F ,X ) to T (F ,X ) and σ(t) is often
written as tσ. We call tσ an instance of t. The composition of σ and θ, denoted
by σθ, is defined as xσθ = θ(σ(x)). The domain and range of σ are defined
as Dom(σ) = { x ∈ X | xσ 6≡ x } and Ran(σ) = { xσ | x ∈ Dom(σ) },
respectively. The set of variables occurring in a term of Ran(σ) is denoted by
VRan(σ), i.e., VRan(σ) =

⋃

t∈Ran(σ) Var(t). We write {x1 7→ t1, ..., xn 7→ tn}
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as σ if Dom(σ) = {x1, ..., xn} and xiσ ≡ ti for each i, and write ∅ instead
of σ if Dom(σ) = ∅. We write σ = θ if Dom(σ) = Dom(θ) and σ(x) ≡ θ(x)
for all x ∈ Dom(σ). The restriction of σ to X ⊆ X is denoted by σ|X , i.e.,
σ|X = {x 7→ t | x ∈ Dom(σ) ∩ X,xσ ≡ t}. We write σ . σ′ if there exists θ
satisfying σθ = σ′.
A rewrite rule is a pair (l, r), written as l→ r, where l (6∈ X ) and r are terms.

It may have a unique label ρ and be written as ρ : l → r. Variables appearing
only in the right-hand side of the rule ρ is called extra variables and the set
of them are denoted by EVar(ρ). An EV-TRS is a finite set of rewrite rules.
Especially, it is called a term rewriting system if every rewrite rule l→ r satisfies
Var(l) ⊇ Var(r). Let R be an EV-TRS. The reduction relation −→R is a binary
relation on terms defined by −→R = {(C[lσ], C[rσ]) | C is a context, l→ r ∈ R}.
When we explicitly specify the position p and the rule ρ in s −→R t, we write

s−→
[p,ρ]
R t or s−→p

R t. As usual
∗
−→R and

n
−→R are a reflexive and transitive closure

of −→R , and the n-step reduction of −→R , respectively. We call s0 −→R s1 −→R · · ·
a reduction sequence of R. R is said to be right-linear if the right-hand side of
every rule is linear. A term t is terminating (SN, for short) with respect to R
if there is no infinite reduction sequence of R starting from t. R is terminating
(SN, for short) if every term is terminating with respect to R.
Terms s and t are variants if s and t are instances of each other. Letting →

be a binary relation on terms,→ is finitely branching if a set { t | s→ t} is finite
up to renaming for any term s. Otherwise, it is infinitely branching. Let R be an
EV-TRS. If R is a TRS then −→R is finitely branching. Otherwise, however, it
is infinitely branching in general.

Example 1. The following R1 is an EV-TRS;

R1 = { f(x, 0)→ s(x), g(x)→ h(x, y), h(0, x)→ f(x, x), a→ b }.

A term g(0) can be reduced by the second rule above to any of terms, h(0, 0),
h(0, g(0)), h(0, f(0, 0)) and so on. Thus, −→R1

is infinitely branching. ut

3 Simulation by Ground Narrowing-sequences

In this section, we first explain the intuitive idea for simulating EV-TRSs. Then,
we extend narrowing [6] on TRSs to that on EV-TRSs, and show how to simu-
late the reduction sequences of EV-TRSs using the ground narrowing-sequences.
We prove the soundness of the ground narrowing-sequences for the reduction se-
quences of EV-TRSs, Then, we prove the completeness for the case of right-linear
systems, and also for the EV-safe reduction sequences defined later.
Consider the sequences starting from g(0) by R1 in Example 1. Substituting

a fresh variable for each extra variable makes it possible to focus on only a
term such as h(0, z) to which g(0) is reduced by the second rule. In addition,
narrowing enables z to act as an arbitrary term. Then, narrowing with such a
restriction constructs the sequence in Fig.1 (a) which represents the infinitely
many possibly infinite sequences in Fig.1 (b). That’s why we extend narrowing
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(a) g(0) ;R1
h(0, z) ;R1

f(z, z) ;
{z 7→0} R1

s(0)

(b)
−→R1

h(0, a) −→R1
· · ·

g(0) −→R1
h(0, 0) −→R1

f(0, 0) −→R1
s(0)

−→
R

1 h(0, g(a)) −→R1
· · ·

...
...

. . .

Fig. 1. (a) Simulation we propose, and (b) the sequences we simulate.

to simulate EV-TRSs.
On the other hand, since variables in the reduction sequences (not in nar-

rowing sequences) act as constants, it is enough to treat terms in the sequences
as ground terms by introducing new constants. For instance, the ground term
f(cx, 0) represents the term f(x, 0) with variable x. Thus, considering the reduc-
tion sequences starting from only ground terms covers those starting from any
terms.
Next, we define narrowing on EV-TRSs, following the idea above. A unifier

of terms s and t is a pair (σ, σ′) of substitutions such that sσ ≡ tσ′3. The most
general unifier of s and t, denoted by mgu(s, t), is a unifier (σ, σ′) of s and t such
that σ . θ and σ′ . θ′ for all unifier (θ, θ′) of s and t.

Definition 1. Let R be an EV-TRS. A term s is said to be narrowable into
a term t with a substitution δ, a position p ∈ O(s) and a rewrite rule ρ ∈ R,

written as s;
δ

[p,ρ]
R t, if there exist a context C, a term u and a substitution σ

such that

(a) p ∈ OF (s), s ≡ C[u]p, t ≡ Cδ[rσ]p, (δ, σ) = mgu(u, l) and VRan(δ) ∩
(Var(s) \ Dom(δ)) = ∅,

(b) xσ ∈ (X \ Var(s, uδ)) for all x ∈ EVar(ρ), and
(c) x 6≡ y implies xσ 6≡ yσ for any x, y ∈ EVar(ρ),

where ρ : l → r. We assume Dom(δ) ⊆ Var(u). We call ;R narrowing by R.
Note that p and ρ may be omitted like as s;

δ R t or s;
δ

p
R t.

The above extension is done by adding the conditions (b) and (c) on extra
variables to the ordinary definition of narrowing. We write s

n
;
δ R t or s

∗
;
δ R t if

there exists a narrowing derivation s ≡ t0 ;
δ0

R t1 ;
δ1

R · · · ;δn−1
R tn ≡ t, called

narrowing sequence, such that δ = δ0δ1 · · · δn−1. If n = 0 then δ = ∅. Note
that δ may be omitted like as s

n
;R t or s

∗
;R t if δ = ∅. Especially, narrowing

sequences starting from ground terms are said to be ground. From the definition

3 Usually, unifiers are defined as single substitutions under the condition with no
common variable in both terms. But we define unifiers as pairs of substitutions to
eliminate renaming variables of rewrite rules in narrowing and to simplify treatments
of variables in the proofs of theorems.
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R2 = { add#(y)→ tp2(0, y), add#(s(z))→ u1(add
#(z)),

u1(tp2(x, y))→ tp2(s(x), y), add#(add(x, y))→ tp2(x, y),

mul#(0)→ tp2(0, y), mul#(0)→ tp2(x, 0),

mul#(s(z))→ u2(add
#(z)), u2(tp2(w, y))→ u3(mul#(w), y),

u3(tp2(x, s(y)), y)→ tp2(s(x), s(y)), mul#(mul(x, y))→ tp2(x, y) }.

Fig. 2. The EV-TRS computing the inverses of addition and multiplication.

of narrowing, it is clear that ;
δ R are finitely branching for any EV-TRS R. It

is also clear that −→R = ;R on ground terms for any TRS R.
Here, we show an example of the simulation by narrowing on EV-TRSs.

Example 2. The system computing inverse images add# and mul# of addi-
tion and multiplication, respectively, of two natural numbers is resulted in the
EV-TRS seen in Fig.2 [10]. Considering the narrowing sequences starting from
mul#(s4(0)), there exist only 16 finite-paths up to renaming. This means that
all solutions ofmul#(s4(0)) are found in finite time and space. One of such paths
is as follows;

mul#(s4(0))
∗
;R2

u3(u3(mul#(0), s(0)), s(0));R2
u3(u3(tp2(0, y), s(0)), s(0))

;
{y 7→s2(0)}

R2
u3(tp2(s(0), s

2(0)), s(0));R2
tp2(s

2(0), s2(0)). 2

The following theorem shows the soundness whose proof is similar to that on
TRSs [6].

Theorem 1. Let R be an EV-TRS. For all s ∈ T (F), t ∈ T (F ,X ) and a
substitution δ, s

∗
;
δ R t implies sδ

∗
−→R t.

Here, we introduce the notion of EV-safety of the reduction sequences. We say
that a reduction sequence is EV-safe if no redex in the terms substituted for extra
variables is reduced in that sequence. In the beginning of the appendix, a precise
definition of this notion is found. Followings are results on the completeness.

Theorem 2. Let R be an EV-TRS. For all s, t ∈ T (F), the EV-safe sequence
s
∗
−→R t implies a term t′ and a substitution θ such that s

∗
;
δ R t′ and t ≡ t′θ.

Theorem 3. Let R be a right-linear EV-TRS. For all s, t ∈ T (F), s
∗
−→R t im-

plies a linear term t′ and a substitution θ such that s
∗
;
δ R t′ and t ≡ t′θ.

Since variables in target terms of reduction can be considered as constants and
the simulation of EV-TRSs is done by ground narrowing-sequences, we focused
on the ground reduction sequences in the above theorems.
The following example shows that the completeness does not hold in gen-

eral, and also shows that the conditions in Theorem 2 and 3 are essential and
necessary.

Example 3. Consider the sequence starting from g(0) by R1 in Example 1 again.
We have the non-EV-safe reduction-sequence g(0) −→R3

h(0, a)−→R3
f(a, a)−→R3

f(a, b). However, this sequence cannot be simulated by narrowing. In fact, g(0)
is not narrowable to any term matchable with f(a, b). ut
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4 Termination of EV-TRSs’ Simulation

In order to give the termination of the simulation by ground narrowing-sequences,
we extend the termination proof technique of TRSs using dependency pairs, pro-
posed by T. Arts and J. Giesl [1], to that of narrowing starting from ground
terms.
Let R be an EV-TRS and t be a term. We say that t is N-SN with respect

to R if there exists no infinite narrowing sequence starting from it. R is said
to be N-SN if all terms are N-SN with respect to R. R is N-GSN if all ground
terms are N-SN with respect to R. Since the proposed simulation is done by nar-
rowing starting from ground terms, it is enough to consider N-GSN. Conversely,
since most of EV-TRSs (even TRSs) are not N-SN, results on N-SN have very
restrictive power. The following proposition holds obviously because the ground
narrowing and reduction sequences on TRSs are equivalent.

Proposition 1. A TRS is terminating if and only if it is N-GSN.

The following proposition associated with N-SN and N-GSN also holds obviously.

Proposition 2. If an EV-TRS is N-SN then it is also N-GSN.

The converse of the above does not hold. For example, considering a TRS R4 =
{ d(0)→ 0, d(s(x))→ s(s(d(x))) }, this is N-GSN but not N-SN.
Let R be an EV-TRSs over a signature F . The set of defined symbols of R

is defined as DR = { top(l) | l → r ∈ R }, and the set of constructors of R
as CR = F \ DR. To define the dependency pairs, we prepare a fresh function
symbol F not in a signature F for each defined symbol f . We call F the capital
symbol of f . This paper uses small letters for function symbols in F and uses
the string obtained by replacing the first letter of a defined symbol with the
corresponding capital letter. For example, we use Abc as the capital symbol of a
defined symbol abc. The set DR of capital symbols determined by the set DR is
defined as DR = {F | f ∈ DR}. Moreover, we define F = F∪DR. The definition
of dependency pairs of EV-TRSs is the same as that of TRSs.

Definition 2. Let R be an EV-TRS. The pair 〈F (s1, ..., sn), G(t1, ..., tm)〉 is
called a dependency pair of R if there are a rewrite rule f(s1, ..., sn) → r ∈ R

and a subterm g(t1, ..., tm) £ r with g ∈ DR. The set of all dependency pairs of
R is denoted by DPR.

Let 〈s, t〉 ∈ DPR. We also call variables only in t (i.e.,in Var(t) \ Var(s)) extra
variables, and write EVar(〈s, t〉) as the set of all extra variables of 〈s, t〉.

4.1 Termination Proof of Reduction of TRSs

We first explain briefly the main part of the termination proof technique of
TRSs’ reduction using dependency pairs [1]. The notion of chain is as follows.

Definition 3 ([1]). Let R be a TRS and 〈s1, t1〉, 〈s2, t2〉, ... ∈ DPR. The se-
quence 〈s1, t1〉〈s2, t2〉 · · · of dependency pairs is called an R&DPR-reduction-
chain (R-chain, for short) if there exist a term s′i ∈ T (F ,X ) and a substitution
σi such that tiσi

∗
−→R s′i+1 and siσi ≡ s′i for each i > 0.
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Then, there is the following theorem that relates between non-existence of infinite
chains and termination of TRSs.

Theorem 4 ([1]). A TRS R is SN if and only if there is no infinite R-chain.

To guarantee the non-existence of infinite chains, the following theorem is useful.

Theorem 5 ([1]). Let R be a TRS over a signature F . There is no infinite
R-chain if and only if there is a quasi-reduction order4 % on T (F ,X ) such that

– l % r for every rule l→ r ∈ R, and
– s Â t for every dependency pair 〈s, t〉 ∈ DPR.

To find such an order, argument filtering functions are used.

Definition 4 ([8]). An argument filtering (AF) is a function π such that for
any f ∈ F , π(f) is either an integer i or a list [i1, ..., im] of integers where
0 ≤ m, i ≤ arity(f) and 1 ≤ i1 < · · · < im ≤ arity(f). Note that we assume
π(f) = [1, ..., n], where n = arity(f), if π(f) is not defined. and also for each
capital symbol. We can naturally extend π over terms as follows;

– π(x) = x where x ∈ X ,
– π(f(t1, ..., tn)) = π(ti) where π(f) = i,
– π(f(t1, ..., tn)) = f(π(ti1), ..., π(tim)) where π(f) = [i1, ..., im].

Moreover, π is extended over an EV-TRS R and the set of its dependency pairs as
π(R) = {π(l)→ π(r) | l→ r ∈ R} and π(DPR) = {〈π(s), π(t)〉 | 〈s, t〉 ∈ DPR}.

This paper assumes that π(f) is not an integer but in form [i1, ..., im] for any
defined symbol f , and also for any capital symbol. We say that such an AF
function is simple. Order using AF function π is defined as follows;

– s %π t if and only if π(s) Â π(t) or π(s) ≡ π(t), and
– s Âπ t if and only if there are a contest C such that π(s) Â C[π(t)], or C 6≡ 2
and π(s) ≡ C[π(t)].

Dependency graphs [1] combined with the above techniques are more powerful.

Example 4. Consider the following TRS;

R5 = {minus(x, 0)→ x, minus(s(x), s(y))→ minus(x, y),
quot(0, s(y))→ 0, quot(s(x), s(y))→ s(quot(minus(x, y), s(y))) }.

The dependency pairs of R5 are as follows;

DPR5
= { 〈M(s(x), s(y)),M(x, y)〉, 〈Q(s(x), s(y)),M(x, y)〉,

〈Q(s(x), s(y)), Q(minus(x, y), s(y))〉 },

4 A quasi-order % is a reflexive and transitive relation, and % is called well-founded if
its strict part Â is well-founded. A quasi-reduction order % is a well-founded quasi-
order such that % is compatible with contexts and both % and Â are closed under
substitutions.
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〈 s1, t1 〉 〈 s2, t2 〉 〈 s3, t3 〉 · · ·

(δ1, σ1) =
mgu(s′1, s1)

...
... (δ2, σ2) =

mgu(s′2, s2)

...
... (δ3, σ3) =

mgu(s′3, s3)

...
...

(

T (F) 3 ∃s0
∗

;
δ′0

R

)

s′1 t1σ1
∗

;
δ′1

R s′2 t2σ2
∗

;
δ′2

R s′3 t3σ3
∗

;
δ′3

R · · ·

Fig. 3. A (ground) R-narrowing-chain.

whereM and Q are abbreviations ofMinus and Quot, respectively. Let π5 be an
AF function with π5(minus) = [1]. Then, the following inequalities are satisfied
by the recursive path order (rpo) with a precedence quot > s > m and Q > M ;

minus(x) %π5
x, minus(x(x)) %π5

minus(x),
quot(0, s(y)) %π5

0, quot(s(x), s(y)) %π5
s(quot(minus(x), s(y))),

M(s(x), s(y)) %π5
M(x, y), Q(s(x), s(y)) %π5

Q(minus(x), s(y)),
Q(s(x), s(y)) %π5

M(x, y).

Therefore, R5 is terminating by Theorem 4, 5. ut

4.2 Termination Proof of Narrowing on EV-TRSs

Here, we extend the termination proof in Subsection 4.1 to that of narrowing.
We first extend the chain constructed by reduction to that by narrowing.

Definition 5. Let R be an EV-TRS and 〈s1, t1〉, 〈s2, t2〉, ... ∈ DPR. The se-
quence 〈s1, t1〉〈s2, t2〉 · · · of dependency pairs is called an R&DPR-narrowing-
chain (R-narrowing-chain, for short) if there exist a term s′i ∈ T (F ,X ) and the
most general unifier (δi, σi) = mgu(s′i, si) such that tiσi

∗
;
δ′

i

R s′i+1 for each i > 0

where xσi is a fresh variable for all x ∈ EVar(〈si, ti〉) (see Fig.3). Especially, it
is said to be ground, written as s0〈s1, t1〉〈s2, t2〉 · · ·, if there exists some ground
term s0 ∈ T (F) such that s0

∗
;
δ′0

R s′1.

Then, we obtain the following theorem that corresponds to Theorem 4.

Theorem 6. Let R be an EV-TRS.

(a) R is N-SN if and only if there is no infinite R-narrowing-chain.
(b) R is N-GSN if and only if there is no infinite ground R-narrowing-chain.

In the case of the termination proof of TRSs, we can do it by finding a
reduction order to ensure no infinite chain. However, it is difficult to find such a
order on proper EV-TRSs. Hence, we use AF functions again to eliminate extra
variables.
Let R be an EV-TRS and π be an AF function. We say that π eliminates all

extra variables of R and DPR if Var(π(l)) ⊇ Var(π(r)) for all rules l → r ∈ R

and Var(π(s)) ⊇ Var(π(t)) for all dependency pairs 〈s, t〉 ∈ DPR. We extend
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〈 π(s1), π(t1) 〉 〈 π(s2), π(t2) 〉 · · ·

(θ1, σ1) =
mgu(s′1, π(s1))

...
... (θ2, σ2) =

mgu(s′2, π(s2))

...
...

(

T (F) 3 ∃s0
∗

;
δ′0

R

)

s′1 π(t1)σ1
∗

;
δ′1

π(R) s′2 π(t2)σ2
∗

;
δ′2

π(R) · · ·

Fig. 4. A (ground) π(R&DPR)-narrowing-chain.

the notion of (ground) R&DPR-narrowing-chains into (ground) π(R&DPR)-
narrowing-chains, which is obtained by replacing R and DPR with π(R) and
π(DPR), respectively, in Definition 5 (see Fig.4).
No infinite π(R&DPR)-narrowing-chain gives us the following theorem.

Theorem 7. Let R be an EV-TRS and π be a simple AF function that elimi-
nates all extra variables of R and DPR. If there exists no infinite π(R& DPR)-
narrowing-chain then R is N-GSN. Moreover, if π(t) is a ground term for all
〈s, t〉 ∈ DPR then R is N-SN.

If there is no extra variable in π(R) and π(DPR), we can check whether an in-
finite π(R&DPR)-narrowing-chain exists, by using the termination proof tech-
niques in Subsection 4.1 similarly to the case of TRSs. Note that this theorem
is also usable to check whether ordinary narrowing of TRSs is terminating, al-
though the result is very restrictive and narrowing sequences seldom terminate.
For example, even a simple TRS { f(s(x)) → f(x) } which terminates is not
N-SN, since term f(y) with variable y leads to an infinite narrowing sequence.

Example 5. Consider R1 in Example 1 again. The set of its dependency pairs is
DPR1

= { 〈G(x), H(x, y)〉, 〈H(0, x), F (x, x)〉 }.
The sequence 〈G(x), H(x, y〉〈H(0, x), F (x, x)〉 is an R1-narrowing-chain and

G(0)〈G(x), H(x, y〉〈H(0, x), F (x, x)〉 is the ground one.
Let π1 be a simple AF function with π1(h) = π1(H) = π1(s) = π1(g) =

π1(G) = π1(f) = π1(F ) = [ ]. Then, we have π1(R1) = { f → s, g → h, h →
f, a → b } and π1(DPR1

) = { 〈G,H〉, 〈H,F 〉 }. It is clear that no infinite
π1(R1&DPR1

)-narrowing-chain exists. Moreover, all right-hand sides of depen-
dency pairs are ground. Therefore, R1 is N-SN. ut

Example 6. Consider the EV-TRS R6 = { a→ d(c(y)) } ∪R4. Let π6 be an AF
function with π6(c) = [ ]. Here, we have π6(R6) = {a→ d(c), d(0)→ 0, d(s(x))→
s2(d(x))} and π6(DPR6

) = {〈A,D(c)〉, 〈D(s(x)), D(x)〉}. The inequalities a %π6

d(c), d(0) %π6
0, d(s(x)) %π6

d(x), A Âπ6
D(c), and D(s(x)) Âπ6

D(x) are
satisfied by the rpo with a > d and A > D. Therefore, R6 is N-GSN. It is clear
that R6 is not N-SN. ut

The following corollary is a little weaker but easier to use than Theorem 7.

Corollary 1. Let R be an EV-TRS and π be a simple AF function that elim-
inates all extra variables of R and DPR and satisfying π(DPR) = DPπ(R). If
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π(R) is terminating then R is N-GSN. Moreover, if every subterm u of π(r) with
top(u) ∈ DR is ground for all l→ r ∈ R then R is N-SN.

In Example 5, we have π1(DPR1
) = DPπ1(R1), and the right-hand side of all

rules in π1(R1) is ground. Hence, Corollary 1 is usable to prove that R1 is N-GSN
and N-SN.

5 Related Works

In studies on normalizing reduction strategies [3, 4, 12, 11], several kinds of EV-
TRSs as approximations of TRSs are used. Arbitral reduction systems [3] are
formalized as EV-TRSs whose right-hand sides are extra variables. They intro-
duced an Ω-reduction system to simulate the reduction sequence, which is a
special case of narrowing extended in this paper. Although they have termina-
tion, the theorems in Section 4 does not work to show their termination. The
reason is that argument filtering method in this paper cannot eliminate all extra
variables of collapsing rules. To overcome this problem is one of future works.
There are some studies on narrowing of conditional TRSs (CTRSs) with

extra variables [5, 9]. The targets of their results are 3-CTRSs, in which every
extra variable must appear in condition parts. On the other hand, EV-TRSs are
not 3-CTRSs but 4-CTRSs, CTRSs with no restrictions. In addition, the CTRS,
from which our motivating EV-TRS R2 in Fig.2 is obtained by transformation,
is not 3-CTRS but 4-CTRS.
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A EV-safe Reduction Sequences on EV-TRSs

Here, we give a precise definition of the EV-safe reduction sequences on EV-
TRSs. Let t be a term and x be a variable. The set of positions that x occurs
in t is denoted by Ox(t); Ox(t) = { p | p ∈ OX (t), t|p ≡ x }. Let P,Q ⊆ O(t).
We write P ≤ Q if for all q ∈ Q there exists some p ∈ P such that p ≤ q. The
set P \p is defined as P \p = { q | pq ∈ P }. The minimum set of P is defined as
min(P ) = { p | p ∈ P,¬(∃q ∈ P, q < p) }. For example, min({11, 1, 2}) = {1, 2}.
We define the minimum set of union of P and Q as P tQ = min(P ∪Q), and
the minimum set of intersection of P and Q as P uQ = { p | p ∈ min(P ), ( ∃q ∈
min(Q), q ≤ p ) } ∪ { q | q ∈ min(Q), ( ∃p ∈ min(P ), p ≤ q ) }. For example,
{11, 22} t {112, 2, 31} = {11, 2, 31} and {11, 22} u {112, 2, 31} = {112, 22}.
We give the notion of the transition of positions at one-step reduction, adding

the positions of extra variables.

Definition 6. Let a rewrite rule ρ : l → r, let P be a set of positions and p be
a position. We write P ⇒[p,ρ] Q if there is no position q in P such that q ≤ p,
and Q satisfies the following;

Q = { q | q ∈ P, p 6≤ q } t (
⊔

x∈EVar(ρ){ pq | r|q ≡ x })

t(
⊔

x∈Var(l){ pqw | r|q ≡ x,w ∈ (

⊔q′∈Ox(l)P \pq
′) }).

This notion of transition is similar to that of descendants that follows redex
positions [4]. We use a set of positions, such as P and Q, to represent positions,
under which reductions are prohibited. The notation of P ⇒[p,ρ] Q shows the
transition in the one-step reduction at the position p by the rule ρ. Now, we
define EV-safety as follows.
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Definition 7. Let R be an EV-TRS, ρi : li → ri ∈ R. We say that the reduction

sequence s0 −→
[p0,ρ0]
R s1 −→

[p1,ρ1]
R · · · is EV-safe, written as P0 : s0 −→

[p0,ρ0]
R P1 :

s1 −→
[p1,ρ1]
R · · ·, if there are set P0, P1, ... of positions such that (a) P0 = ∅, and (b)

for each i ≥ 0, Pi+1 ⊆ O(si+1) and there exists Qi+1 ⊆ O(si+1) with Pi ⇒
[pi,ρi]

Qi+1 and Pi+1 ≤ Qi+1.

Example 7. Consider R1 in Example 1. The sequence g(0) −→R1
h(0, 0)−→R1

f(0, 0)−→R1
s(0) is EV-safe because of ∅ : g(0) −→R1

{2} : h(0, 0)−→R1
∅ : f(0, 0)

−→R1
∅ : s(0). On the other hand, the sequence g(0) −→R1

h(0, a)
∗
−→R1

h(0, b) does
not since the subterm a of h(0, a) is reduced. ut

B Proofs

Proof of Theorem 1 Let s and t be terms and δ be a substitution. We prove
by induction on n that s

n
;
δ R t implies sδ

∗
−→R t.

Since the case of n = 0 is trivial, we assume that s
n−1
;
δ R u;

δ′

[p,ρ]
R t. Letting

ρ : l→ r ∈ R, there exist a context C, a term u′ and a substitution σ such that
u ≡ C[u′]p;

δ′
R Cδ′[rσ]p ≡ t and (δ′, σ) = mgu(u′, l). From the definition of most

general unifiers, we have u′δ′ ≡ lσ. We have sδ
∗
−→R u by induction hypothesis.

Then, it follows from the stability of reduction that sδδ′
∗
−→R uδ′. Therefore, we

have sδδ′
∗
−→R uδ′ ≡ C[u′]pδ

′ ≡ Cδ′[u′δ′]p ≡ Cδ′[lσ]p −→R Cδ′[rσ]p ≡ t. ut

We prepare the following lemmas. The following can be easily proved.

Lemma 1. Let (σ, σ′) be the most general unifier of terms s and t. For any
unifier (θ, θ′) of s and t, there exists a substitution δ such that sσδ ≡ sθ and
tσ′δ ≡ tθ′.

Lemma 2. Let R be an EV-TRS. Let P : sθ −→R P ′ : t and P ≤ OX (s). Then,
there is t′ and θ′ such that s;

δ R t′, t ≡ t′θ′ and P ′ ≤ OX (t
′).

Proof. We assume that sθ −→
[p,ρ]
R t where ρ : l → r ∈ R. Then, sθ ≡ C[lσ]p and

t ≡ C[rσ]p, where we assume Dom(θ) ∩ Dom(σ) = ∅ and Dom(θ) = Var(s)
without loss of generality.
From EV-safety, we have p ∈ O(s) \OX (s). Since there exist a context C

′[ ]p
and a term v such that s ≡ C ′[v]p, we have sθ ≡ C ′θ[vθ]p ≡ C[lσ]p. It follows
from vθ ≡ lσ that (θ, σ) is a unifier of v and l. Let (δ, σ′) be the most general
unifier such that xσ′ ∈ X \ (Var(s) ∪ VRan(δ)) for every x 6∈ Var(l). Then, we
have s ≡ C ′[v]p;

δ R C ′δ[rσ′]p. On the other hand, it follows from Var(C ′[ ]) ⊆

Var(s) = Dom(θ) and Lemma 1 that rσ′θ′ ≡ rσ and C ′δθ′[ ]p ≡ C ′θ[ ]p ≡ C[ ]p.
Hence, t ≡ C[rσ]p ≡ C ′δθ′[rσ′θ′]p ≡ (C

′δ[rσ′]p)θ
′, which conclude the first part

of the proof by taking t′ ≡ C ′δ[rσ]p.
Now, we show that P ′ ≤ OX (t

′). Let q ∈ OX (t
′). Consider the case that

p 6≤ q. Since q 6≤ p from t′ ≡ C ′δ[rσ′]p, we have q ∈ OX (C
′δ[ ]p). There exists

q′ ≤ q such that q′ ∈ OX (C
′[ ]p) ⊆ OX (s). It follows from p ∈ OX (s) that
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p′ ≤ q′ for some p′ ∈ P . Thus, p′ ∈ P ′ follows from P ⇒[p,ρ] P ′. We have shown
p′ ≤ q and p′ ∈ P ′. Consider the case that p ≤ q. If q was introduced by an extra
variable, that is q = pq′ and r|q′ ≡ x ∈ EVar(ρ) for some q′, we have pq′ ∈ P ′.
Otherwise, q was moved via the reduction, that is q = pq′w and r|q′ ≡ y for some
y ∈ Var(l) and w ∈ OX (yσ

′). Then, we can show p′ ≤ pq′w for some p′ ∈ P ′,
from the fact that there exists p′′ ∈ P satisfying p′′ ≤ pq′w for all q′ such that
l|q′ ≡ y. ut

Proof of Theorem 2 From Lemma 2, we can easily prove the following claim
by induction on n; if P : s′θ

n
−→R P ′ : t and P ≤ OX (s), then s

′ ∗
;R t′ and t′θ′ ≡ t

for some t′ and θ′. ut

Proof of Theorem 3 We prove by induction on n that s
n
−→R t implies a

linear term t′ and a substitution θ such that s
∗
;
δ R t′ and t ≡ t′θ. The case

of n = 0 is trivial. Suppose s
n−1
−−−→R u−→R t. By induction hypothesis, there

exist a linear term u′ and a substitution θ′ such that s
∗
;R u′ and u′θ′ ≡ u.

Suppose u ≡ C[lσ]p −→
[p,ρ]
R C[rσ] ≡ t where ρ : l → r ∈ R. Consider the case

p ∈ O(u′)\OX (u
′). Then, we have u′ ≡ C ′[v]p for some C

′[ ] and v, and also have
u′θ′ ≡ C ′θ′[vθ′]p ≡ C[lσ]p. In similar to the proof of Lemma 2, we can show that
u′ ≡ C ′[v]p;

δ R C ′δ[rσ′]p and t ≡ (C
′δ[rσ′]p)θ

′, where (δ, σ′) = mgu(v, l). Here,

we can show the linearity of t′ ≡ C ′δ[rσ′]p from the linearity of u
′ and r. Consider

the case p 6∈ O(u′) \ OX (u
′). Then, we have u′|q ≡ y and p = qq′ for some y ∈

Var(u′), q and q′. From the linearity of u′, we have u′ ≡ C ′[y]q and yθ
′ ≡ C ′′[lσ]q′

for some C ′[ ]q and C
′′[ ]q′ . Let θ = θ′|Dom(θ′)\{y} ∪ {y 7→ C ′′[rσ]q′}. Then, θ is

a substitution, and we have s
∗
;R u′ and u′θ ≡ C ′θ[yθ]q ≡ C[rσ]p ≡ t. ut

Let R be an EV-TRS and t be a term. We say that t is almost terminating
with respect to ;R if there exists an infinite narrowing sequence starting from
t and every proper subterm of t is N-SN with respect to R. It is clear that t
has an almost-terminating subterm with respect to ;R if there is an infinite
narrowing sequence starting from t. Let s;

q
R t. Then, we write s;

p<
R t if p < q,

and write s;
p≤
R t if p ≤ q. We abbreviate the sequence ai,1, ..., ai,ni

as ai.

Proof of Theorem 6 We prove here only the claim (b) since the proof of (a)
is similar to (b).
We first show the only if-part by constructing an infinite groundR-narrowing-

chain from an infinite ground sequence. We assume that R is not N-GSN.
Then, there exists an infinite ground narrowing-sequence. Let s0 be an almost-
terminating ground-term with respect to ;R , and s0 ≡ f1(u0). Then, we have

f1(u0)
∗
;

ε<
R f1(v1) ≡ s′1 ;δ1

[ε,ρ1]
R r1σ1 ;R · · · where ρ1 : f1(w1)(≡ l1)→ r1 ∈ R

and (δ1, σ1) = mgu(s′1, l1). Since v1 are N-SN, xσ1 is N-SN for any x ∈ Dom(σ1).
Hence, there is a subterm t1 ≡ f2(u1) of r1 such that t1σ1 is almost termi-
nating with respect to ;R . Since t1σ1 is almost terminating with respect to
;R , as similar as the case of s0, we have t1σ1 ≡ f2(u1σ1)

∗
;

ε<
R f2(v2) ≡

s′2 ;δ2
[ε,ρ2]
R r2σ2 ;R · · · where ρ2 : f2(w2)(≡ l2) → r2 ∈ R and (δ2, σ2) =

mgu(s′2, l2). Since v2 are N-SN, xσ2 is also N-SN for any x ∈ Dom(σ2). Hence,
there is a subterm t2 ≡ f3(u2) of r2 such that t2σ2 is almost terminating with
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respect to ;R . Here, 〈F1(w1), F2(u2)〉, 〈F2(w2), F3(u3)〉 ∈ DPR follow from
ρ1 and ρ2. Since u0,i

∗
;R v1,i, (δ1, σ1) = mgu(s′1, l1), u1,i

∗
;R v2,i and (δ2, σ2) =

mgu(s′2, l2), we have a ground chain F1(u0)〈F1(w1), F2(u2)〉〈F2(w2), F3(u3)〉.
By repeating similarly to the above, we obtain an infinite ground chain

F1(u0)〈F1(w1), F2(u2)〉〈F2(w2), F3(u3)〉 · · ·.
We prove if-part by constructing an infinite ground narrowing-sequence from

an infinite ground R-narrowing-chain F1(u0)〈F1(w1), F2(u2)〉〈F2(w2), F3(u3)〉
· · ·. From the definition of R-narrowing-chain, there are a term Fi(vi) and the
most general unifier (δi, σi) = mgu(Fi(vi), Fi(wi)) such that Fi(ui)σi−1

∗
;R

Fi(vi), where F1(u0)σ0 ≡ F1(u0). From the construction of dependency pairs,
we have ρi : fi(wi) → Ci[fi+1(ui+1)] ∈ R. Hence, we can easily construct an

infinite ground narrowing-sequence f1(u0)
∗
;R f1(v1) ;

δ1

[ε,ρ1]
R C1δ1[f2(u1)]p1

∗
;

p1<
R C1δ1[f2(v2)] ;

δ2

[p1,ρ2]
R C1δ1[C2δ2[f3(u2)σ2]p2

]p1 ;R · · ·. ut

Let π be a simple AF function and θ be a substitution. We define the substi-
tution θπ as θπ = { x 7→ π(t) | x ∈ Dom(θ), xθ ≡ t }. Let t be a term. It is clear
that π(tθ) ≡ π(t)θπ holds.

Lemma 3. Let R be an EV-TRS, π be a simple AF function that eliminates all
extra variables of R and DPR. For any s, t ∈ T (F ,X ), if s

∗
;
δ R t and π(s) is

ground then π(s)
∗
;π(R) π(t) and π(s)

∗
−→π(R) π(t).

Proof. We first prove by induction on n that s
n
;R t and π(s) ∈ T (F) imply

π(s)
∗
;π(R) π(t). In case of n = 0, it is trivial. We assume that s;δ

[p,ρ]
R u

n−1
;
δ′

R t

and π(s) is ground, where ρ : l→ r ∈ R. Then, there are C[ ]p and s
′ such that

s ≡ C[s′]p, (δ, σ) = mgu(s′, l) and u ≡ Cδ[rσ]p. Consider the case that 2 in C[ ]
is eliminated by π. Let π(C[ ]p) ≡ u′. Then, we have π(s) ≡ π(C[s′]p) ≡ u′ and
π(u) ≡ π(Cδ[rσ]p) ≡ π(Cδ[ ]p) ≡ π(C[ ]p)δπ ≡ u′δπ. Since π(s) is ground, u

′

is also ground. Then, we have π(u) ≡ u′δπ ≡ u′. By induction hypothesis, we
have π(u)

∗
;π(R) π(t). Therefore, π(s) ≡ π(u)

∗
;π(R) π(t). Consider the other-

wise. Let π(C[ ]p) ≡ C ′[ ]q. Then, we have π(s) ≡ π(C[s′]p) ≡ (π(C[ ]p)[π(s
′)]q ≡

C ′[π(s′)]q and π(u) ≡ π(Cδ[rσ]p) ≡ (π(Cδ[ ]p))[π(rσ)]q ≡ C ′δπ[π(rσ)]q. Since
π(s) is ground, C ′[ ]q is also ground. Then, it follows from C ′δπ ≡ C ′ that
π(s) ≡ C ′[π(rσ)]q. We also have π(l) → π(r) ∈ π(R). It follows from the as-
sumption that Var(π(l)) ⊇ Var(π(r)). Then, π(rσ) is ground. Since π(u) ≡
C ′[π(rσ)] is also ground, we have π(u)

∗
;π(R) π(t) by induction hypothesis. On

the other hand, π(s′)δπ ≡ π(l)σπ follows from s′δ ≡ lσ, π(s′δ) ≡ π(s′)δπ and
π(lσ) ≡ π(l)σπ. Since π(s

′) is ground, we have π(s′)δπ ≡ π(s′) ≡ π(l)σπ. There-
fore, we have the sequence π(s) ≡ C ′[π(s′)]q ≡ C ′[π(l)σπ]q;π(R) C

′[π(r)σπ]q ≡

C ′[π(rσ)]q ≡ π(u)
∗
;π(R) π(t). Since π(R) is a TRS and π(s) is ground, it is

clear that π(s)
∗
;π(R) π(t) if and only if π(s)

∗
−→π(R) π(t). ut

Proof of Theorem 7 By Theorem 6, there exists an infinite R-narrowing-
chain when R is not N-GSN. The first part can be easily proved by construct-
ing an infinite ground π(R&DPR)-narrowing-chain from an infinite ground R-
narrowing-chain, using Lemma 3. The second part can be proved similarly. ut
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Abstract. In this paper, we present an extended relational calculus for
expressing queries in functional-logic deductive databases. This calculus
is based on first-order logic and handles relation predicates, equalities and
inequalities over partially defined terms, and approximation equations.
For the calculus formulas, we have studied syntactic conditions in order
to ensure the domain independence property. Finally, we have studied its
equivalence w.r.t. the original query language which is based on equality
and inequality constraints.

1 Introduction

Database technology is involved in most software applications. For this reason
functional logic languages [7] should include database features in order to in-
crease its application field and cover with ’real world’ applications. In order to
integrate functional logic programming and databases, we propose: (1) to adapt
functional logic programs to databases, by considering a suitable data model
and a data definition language; (2) to consider an extended relational calculus
as query language, which handles the proposed data model; and finally, (3) to
provide semantic foundations to the new query language.

With respect to (1), the underlying data model of functional logic program-
ming is complex from a database point of view [1]. Firstly, types can be defined
by using recursively defined datatypes, as lists and trees. Therefore, the attribute
values can be multi-valued ; that is, more than one value (for instance, a set
of values enclosed in a list) for a given attribute corresponds to each set of
key attributes. In addition, we have adopted non-deterministic semantics from
functional-logic programming, investigated in the framework CRWL [6]. Under
non-deterministic semantics, values can be grouped into sets, representing the
set of values of the output of a non-deterministic function. Therefore, the data
model is complex in a double sense, allowing the handling of complex values
built from recursively defined datatypes, and complex values grouped into sets.

Moreover, functional logic programming is able to handle partial and possi-
bly infinite data. Therefore, in our setting, an attribute can be partially defined
or, even, include possibly infinite information. The first case can be interpreted
? This work has been partially supported by the Spanish project of the Ministry of

Science and Technology “INDALOG” TIC2002-03968.
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as follows: the database includes unknown information o partially defined in-
formation; and the second case indicates that the database can store infinite
information. In addition, database instances can be infinite (infinite attribute
values or an infinite set of tuples). The infinite information can be handled by
means of partial approximations. Moreover, we have adopted the handling of
negation from functional logic programming, studied in the framework CRWLF
[9]. As a consequence, the data model proposed here also handles non-existent
information, and partially non-existent information.

Finally, we propose a data definition language which, basically, consists on
database schema definitions, database instance definitions and (lazy) function
definitions. A database schema definition includes relation names, and a set of
attributes for each relation. For a given database schema, the database instances
define key values and non-key attribute values, by means of (constructor-based)
conditional rewriting rules, where conditions handle equality and inequality con-
straints. In addition, we can define a set of functions. These functions will be used
by queries in order to handle recursively defined datatypes, also named inter-
preted functions in a database setting. As a consequence, “pure” functional-logic
programs can be considered as a particular case of our programs.

With respect to (2), typically the query language of functional logic lan-
guages is based on the solving of conjunctions of (in)equality constraints, which
are defined w.r.t. some (in)equality relations over terms [6, 9]. Our relational cal-
culus will handle conjunctions of atomic formulas, which are relation predicates,
(in)equality relations over terms, and approximation equations in order to han-
dle interpreted functions. Logic formulas are either existentially or universally
quantified, depending on whether they include negation or not.

However, it is known in database theory that a suitable query language must
ensure the property of domain independence [2]. A query is domain independent,
whenever the query satisfies, properly, two conditions: (a) the query output over
a finite relation is also a finite relation; and (b) the output relation only depends
on the input relations. In general, it is undecidable, and therefore syntactic con-
ditions have to be developed in such a way that, only the so-called safe queries
(satisfying these conditions) ensure the property of domain independence. For
instance, [1] and [10] propose syntactic conditions, which allow the building of
safe formulas in a relational calculus with complex values and linear constraints,
respectively. In this line, we have developed syntactic conditions over our query
language, which allow the building of the so-called safe formulas.

Extended relational calculi have been studied as alternative query languages
for deductive databases [1], and constraint databases [8, 10]. Our extended rela-
tional calculus is in the line of [1], in which deductive databases handle complex
values in the form of set and tuple constructors. In our case, we generalize the
mentioned calculus for handling complex values built from (arbitrary) recursively
defined datatypes. In addition, our calculus is similar to the calculi for constraint
databases in the sense of allowing the handling of infinite databases. However,
in the framework of constraint databases, infinite databases model infinite ob-
jects by means of (linear) equations and inequations, and intervals, which are
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handled in a symbolic way. Here, infinite databases are handled by means of
lazyness and partial approximations. In addition, we handle constraints which
consist on equality and inequality relations over complex values.

Finally, and w.r.t. (3), we will show that our relational calculus is equivalent
to a query language based on (in)equality constraints, similar to existent func-
tional logic languages. In addition, we have developed theoretical foundations
for the database instances, by defining a partial order representing the approxi-
mation ordering on database instances, and a suitable fixed point operator which
computes the least database instance (w.r.t. the approximation order) induced
from a set of conditional rewriting rules.

Finally, remark that this work goes towards the design of a functional logic
deductive language for which an operational semantics [3, 5], and a relational
algebra [4] have been studied.

The organization of this paper is as follows. Section 2 describes the data
model; section 3 presents the relational calculus; section 4 states the equiva-
lence result between the relational calculus and the original query language; and
section 5 defines the least database induced from a set or conditional rules.

2 The Data Model

In our framework, we consider two main kinds of partial information: undefined
information (ni), represented by ⊥, which means information unknown, although
it may exist, and nonexistent information (ne), represented by F, which means the
information does not exist.

Now, let’s suppose a complex value, storing information about job salary and
salary bonus, by means of a data constructor (like a record) s&b(Salary, Bonus).
Then, we can additionally consider the following kinds of partial information:

s&b(3000, 100) totally defined information, expressing that a person’s salary is 3000 euros,
and his(her) salary bonus is 100 euros

s&b(⊥, 100) partially undefined information (pni), expressing that a person’s salary bonus
is known, that is 100 euros, but not his(her) salary

s&b(3000, F) partially nonexistent information (pne), expressing that a person’s salary is
3000 euros, but (s)he has no salary bonus

Over these kinds of information, the (in)equality relations can be defined as
follows:

– (1) = (syntactic equality), expressing that two values are syntactically equal ;
for instance, the relation s&b(3000,⊥) = s&b(3000,⊥) is satisfied.

– (2) ↓ (strong equality), expressing that two values are equal and totally de-
fined ; for instance, the relation s&b(3000, 25) ↓ s&b(3000, 25) holds, and
the relations s&b(3000,⊥) ↓ s&b(3000, 25) and s&b(3000, F) ↓ s&b(3000,
25) do not hold.

– (3) ↑ (strong inequality), where two values are (strongly) different, if they are
different in their defined information; for instance, the relation s&b(3000,⊥)
↑ s&b(2000, 25) is satisfied, whereas the relation s&b(3000, F) ↑ s&b(3000, 25)
does not hold.
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In addition, we will consider their logical negations, that is, 6=, 6↓ and 6↑, which
represent a syntactic inequality, (weak) inequality and (weak) equality relation,
respectively. Next, we will formally define the above equality and inequality
relations.

Assuming constructor symbols c, d, . . . DC = ∪nDCn each one with an as-
sociated arity, and the symbols ⊥, F as special cases with arity 0 (not included
in DC), and a set V of variables X,Y, . . ., we can build the set of c-terms with
⊥ and F, denoted by CTermDC,⊥,F(V). C-terms are complex values including
variables which implicitly are universally quantified. We can use substitutions
SubstDC,⊥,F = {θ | θ : V → CTermDC,⊥,F(V)}, in the usual way. The above
(in)equality relations can be formally defined as follows.

Definition 1 (Relations over Complex Values [9]). Given c-terms t, t′:
(1) t = t′ ⇔def t and t′ are syntactically equal; (2) t ↓ t′ ⇔def t = t′ and
t ∈ CTermDC(V); (3) t ↑ t′ ⇔def they have a DC-clash, where t and t′ have
a DC-clash whether they have different constructor symbols of DC at the same
position.
In addition, their logical negations can be defined as follows: (1’) t 6= t′ ⇔def

t and t′ have a DC ∪ {F}-clash; (2’) t 6↓ t′ ⇔def t or t′ contains F as subterm,
or they have a DC-clash; (3’) 6↑ is defined as the least symmetric relation over
CTermDC,⊥,F(V) satisfying: X 6↑ X for all X ∈ V, F 6↑ t for all t, and if t1 6↑
t′1, ..., tn 6↑ t′n, then c(t1, ..., tn) 6↑ c(t′1, ..., t′n) for c ∈ DCn.

Given that complex values can be partially defined, a partial ordering ≤ can
be considered. This ordering is defined as the least one satisfying: ⊥ ≤ t, X ≤ X,
and c(t1, ..., tn) ≤ c(t′1, ..., t

′
n) if ti ≤ t′i for all i ∈ {1, ..., n} and c ∈ DCn. The

intended meaning of t ≤ t′ is that t is less defined or has less information than
t′. In particular, ⊥ is the bottom element, given that ⊥ represents undefined
information (ni), that is, information more refinable can exist. In addition, F

is maximal under ≤ (F satisfies the relations ⊥ ≤ F and F ≤ F), representing
nonexistent information (ne), that is, no further refinable information can be
obtained, given that it does not exist. Now, we can build the set of (possibly
infinite) cones of c-terms C(CTermDC,⊥,F (V)), and the set of (possibly infinite)
ideals of c-terms I(CTermDC,⊥,F(V)). Cones and ideals can also be partially
ordered under the set-inclusion ordering (i.e. ⊆) in such a way that, the set of
ideals is a complete partial order (cpo). Over cones and ideals, we can define the
following equality and inequality relations.

Definition 2 (Relations over Sets of Complex Values). Given C and C′ ∈
C(CTermDC,⊥,F(V)): (1) C ./ C′ holds, whenever at least one value in C and C′
is strongly equal and (2) C <> C′ holds, whenever at least one value in C and
C′ is strongly different; and their logical negations (1’) C 6./ C′ holds, whenever
all values in C and C′ are weakly different and (2’) C </> C′ holds, whenever all
values in C and C′ are weakly equal.

Definition 3 (Database Schemas). Assuming a Milner’s style polymorphic
type system, a database schema S is a finite set of relation schemas R1, . . . , Rp
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in the form: R(A1 : T1, . . . , Ak : Tk, Ak+1 : Tk+1, . . . , An : Tn), wherein the
relation names are a pairwise disjoint set, and the relation schemas R1, . . . , Rp
include a pairwise disjoint set of typed attributes1 (A1 : T1, . . . , An : Tn).

In the relation schema R, A1, . . . , Ak are key attributes and Ak+1, . . . , An are
non-key attributes, denoted by the sets Key(R) and NonKey(R), respectively.
Key values are supposed to identify each tuple of the relation. Finally, we denote
by nAtt(R) = n and nKey(R) = k.

Definition 4 (Databases). A database D is a triple (S,DC, IF ), where S is
a database schema, DC is a set of constructor symbols, and IF represents a set
of interpreted function symbols, each one with an associated arity.

We denote the set of defined schema symbols (i.e. relation and non-key at-
tribute symbols) by DSS(D), and the set of defined symbols by DS(D) (i.e.
DSS(D) together with IF ). As an example of database, we can consider the
following one:

S

{
person job(name : people, age : nat, address : dir, job id : job, boss : people)
job information(job name : job, salary : nat, bonus : nat)

person boss job(name : people, boss age : cbossage, job bonus : cjobbonus)
peter workers(name : people, work : job)

DC


john : people, mary : people, peter : people
lecturer : job, associate : job, professor : job
add : string× nat→ dir
b&a : people× nat→ cbossage
j&b : job× nat→ cjobbonus

IF
{
retention for tax : nat→ nat

where S includes the schemas person job (storing information about people and
their jobs) and job information (storing generic information about jobs), and
the “views” person boss job, and peter workers, which will take key values
from the set of key values defined for person job. The first view includes, for
each person, the pairs in the form of records constituted by: (a) his/her boss and
boss’ age, by using the complex c-term b&a(people, nat); and (b) his/her job
and job salary bonus, by using the complex c-term j&b(job, nat). The second
view includes peter’s workers. The set DC includes constructor symbols for
the types people, job, dir, cbossage and cjobbonus, and IF defines the in-
terpreted function symbol retention for tax, which computes the salary free
of taxes. In addition, we can consider database schemas involving (possibly)
infinite databases such as shown in the following:

S

{
2Dpoint(coord : cpoint, color : nat)
2Dline(origin : cpoint, dir : orientation, next : cpoint, points : cpoint,

list of points : list(cpoint))

DC

{
north : orientation, south : orientation, east : orientation, west : orientation, ...
[ ] : list A, [ | ] : A× list A→ list A
p : nat× nat→ cpoint

IF
{
select : (list A) → A

1 We can suppose attributes qualified with the relation name when the names coincide.
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wherein the schemas 2Dpoint and 2Dline are defined for representing bidi-
mensional points and lines, respectively. 2Dpoint includes the point coordinates
(coord) and color. Lines represented by 2Dline are defined by using a starting
point (origin) and direction (dir). Furthermore, next indicates the next point
to be drawn in the line, points stores the (infinite) set of points of this line,
and list of points the (infinite) list of points of the line. Here, we can see the
double use of complex values: (1) a set (which can be implicitly assumed), and
(2) a list.

Definition 5 (Schema Instances). A schema instance S of a database schema
S is a set of relation instances R1, . . .Rp, where each relation instance Rj,
1 ≤ j ≤ p, is a (possibly infinite) set of tuples of the form (V1, . . . , Vn) for the
relation Rj ∈ S, with n = nAtt(R) and Vi ∈ C(CTermDC,⊥,F(V)). In particular,
each Vj (j ≤ nKey(R)) satisfies Vj ∈ CTermDC,F(V).

The last condition forces the key values to be one-valued and without ⊥. At-
tribute values can be non-ground, wherein the variables are implicitly universally
quantified.

Definition 6 (Database Instances). A database instance D of a database
D = (S,DC, IF ) is a triple (S,DC, IF), where S is a schema instance, DC =
CTermDC,⊥,F(V), and IF is a set of function interpretations fD, gD, . . . sat-
isfying fD : CTermDC,⊥,F(V)n → C(CTermDC,⊥,F (V)) is monotone, that is,
fD(t1, . . . , tn) ⊆ fD(t′1, . . . , t

′
n) if ti ≤ t′i, 1 ≤ i ≤ n, for each f ∈ IFn .

Databases can be infinite, although, as a particular case, we can consider
finite databases. A schema instance S is ground if tuples only contain ground
c-terms. A schema instance S is finite if it contains a finite set of tuples and
finite attributes. A database instance D = (S,DC, IF) is finite, whenever S is
ground and finite, and IF is finite w.r.t. S.

Next, we will show an example of schema instance for the schemas person job,
job information, and the views person boss job and peter workers:

person job

{
(john, {⊥}, {add(′6th Avenue′, 5)}, {lecturer}, {mary, peter})
(mary, {⊥}, {add(′7th Avenue′, 2)}, {associate}, {peter})
(peter, {⊥}, {add(′5th Avenue′, 5)}, {professor}, {F})

job information

{
(lecturer, {1200}, {F})
(associate, {2000}, {F})
(professor, {3200}, {1500})

person boss job

{
(john, {b&a(mary,⊥), b&a(peter,⊥)}, {j&b(lecturer, F)})
(mary, {b&a(peter,⊥)}, {j&b(associate, F)})
(peter, {b&a(F,⊥)}, {j&b(professor, 1500)})

peter workers

{
(john, {lecturer})
(mary, {associate})

With respect to the modeling of (possibly) infinite databases, we can con-
sider the following approximation to the instance of the relation schema 2Dline
including (possibly infinite) values in the defined attributes:

2Dpoint
{

(p(0, 0), {1}), (p(0, 1), {2}), (p(1, 0), {F}), . . .

2Dline

{
(p(0, 0), north, {p(0, 1)}, {p(0, 1), p(0, 2),⊥}, {[p(0, 0), p(0, 1), p(0, 2)|⊥]}), . . .
(p(1, 1), east, {p(2, 1)}, {p(2, 1), p(3, 1),⊥}, {[p(1, 1), p(2, 1), p(3, 1)|⊥]}), . . .
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Instances can also be partially ordered as follows.

Definition 7 (Approximation Ordering on Databases). Given a database
D = (S,DC, IF ) and two instances D = (S,DC, IF) and D′ = (S ′,DC, IF ′),
then D v D′, if (1) Vi ⊆ V ′i for each k+1 ≤ i ≤ n, (V1, . . . , Vk, Vk+1, . . . , Vn) ∈ R
and (V1, . . . , Vk, V

′
k+1, . . . , V

′
n) ∈ R′, where R ∈ S and R′ ∈ S ′, are relation

instances of R ∈ S and k = nKey(R); and (2) fD(t1, . . . , tn) ⊆ fD
′
(t1, . . . , tn)

for each t1, . . . , tn ∈ DC, fD ∈ IF and fD
′ ∈ IF ′.

In particular, the bottom database has an empty set of tuples and each inter-
preted function is undefined. Instances (key and non-key values, and interpreted
functions) are defined by means of constructor-based conditional rewriting rules.

Definition 8 (Conditional Rewriting Rules). A constructor-based condi-
tional rewrite rule RW for a symbol H ∈ DS(D) has the form H t1 . . . tn :=
r ⇐ C representing that r is the value of H t1 . . . tn, whenever the condition C
holds.
In this kind of rule (t1, . . . , tn) is a linear tuple (each variable in it occurs only
once) with ti ∈ CTermDC(V), r ∈ TermD(V); C is a set of constraints of the
form e ./ e′, e <> e′, e 6./ e′, e </> e′, where e, e′ ∈ TermD(V) and extra variables
are not allowed, i.e. var(r) ∪ var(C) ⊆ var(t).

TermD(V) represents the set of terms or expressions over a database D, and
they are built fromDC,DS(D) and variables of V. Each term e represents a cone
(or an ideal), in such a way that, the constraints allow to compare the cones of e
and e′, accordingly to the semantics of the defined operators (i.e. ./,<>, 6./,</>).
For instance, the above mentioned instances can be defined by the following rules:

person job



person job john := ok. person job mary := ok.
person job peter := ok.
address john := add(′6th Avenue′, 5). address mary := add(′7th Avenue′, 2).
address peter := add(′5th Avenue′, 5).
job id john := lecturer. job id mary := associate.
job id peter := professor.
boss john := mary. boss john := peter.
boss mary := peter.

job information


job information lecturer := ok. job information associate := ok.
job information professor := ok.
salary lecturer := retention for tax 1500.
salary associate := retention for tax 2500.
salary professor := retention for tax 4000.
bonus professor := 1500.

person boss job

{
person boss job Name := ok⇐ person job Name ./ ok.
boss age Name := b&a(boss Name, address (boss Name)).
job bonus Name := j&b(job id (Name), bonus (job id (Name))).

peter workers

{
peter workers Name := ok⇐ person job Name ./ ok, boss Name ./ peter.
work Name := job id Name.

retention for tax
{
retention for tax Fullsalary := Fullsalary− (0.2 ∗ Fullsalary).

The rules R t1 . . . tk := r ⇐ C , where r is a term of type typeok, allow the
setting of t1, . . . , tk as key values of the relation R. typeok consists of a unique
special value ok (ok is a shorthand of object key). The rules A t1 . . . tk := r ⇐ C,
where A ∈ NonKey(R), set r as the value of A for the tuple of R with key
values t1, . . . , tk. In these kinds of rules, t1, . . . , tk (and r) can be non-ground
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Table 1. Examples of (Functional-Logic) Queries

Query Description Answer

Handling of Multi-valued Attributes

boss X ./ peter. who has peter as boss?

{
Y/john
Y/mary

address (boss X) ./ Y,
job id X 6./ lecturer.

To obtain non-lecturer people
and their bosses’ address

{
X/mary Y/add(′5th Avenue′, 5)

Handling of Partial Information

job bonus X </>
j&b(associate, Y).

To obtain people whose all jobs
are equal to associate, and their

salary bonuses, although
they do not exist

{
X/mary, Y/F

Handling of Infinite Databases

select (list of points p(0, 0) Z)
./ p(0, 2).

To obtain the orientation of the
line from p(0, 0) to p(0, 2)

{
Z/north

values, and thus the key and non-key values are so too. Rules for the non-
key attributes A t1 . . . tk := r ⇐ C are implicitly constrained to the form
A t1 . . . tk := r ⇐ R t1 . . . tk ./ ok, C, in order to guarantee that t1, . . . , tk are
key values defined in a tuple of R.

As can be seen in the rules, undefined information (ni) is interpreted, whenever
there are no rules for a given attribute. In addition, whenever the attribute is
defined by rules, it is assumed that the attribute does not exist for the keys for
which either the attribute is not defined or the rule conditions do not hold (i.e.
nonexistent information (ne)). It fits with the failure of reduction of conditional
rewriting rules [9]. Once ⊥ and F are introduced as special cases of attribute val-
ues, the view person boss job will include partially undefined (pni) and partially
nonexistent (pne) information. In addition, from the form of the rules for the key
values of person boss job and peter workers, we can consider them as views
defined from person job.

Now, we can consider (functional-logic) queries, which are similar to the con-
dition of a conditional rewriting rule. For instance, table 1 shows some examples,
with their corresponding meanings and expected answers.

3 Extended Relational Calculus

Next, we present the extension of the relational calculus, by showing its syntax,
safety conditions, and, finally, its semantics.

Definition 9 (Atomic Formulas). Given a database D = (S,DC, IF ), the
atomic formulas are expressions of the form:

1. R(x1, . . . , xk, xk+1, . . . , xn), where R is a schema of S, the variables x′is are
pairwise distinct, k = nKey(R), and n = nAtt(R)

2. x = t, where x ∈ V and t ∈ CTermDC(V)
3. t ⇓ t′ or t ⇑ t′, where t, t′ ∈ CTermDC(V)
4. e / x, where e ∈ TermDC,IF (V)2, and x ∈ V
2 Terms used in the calculus equations do not include schema symbols.
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(1) represents relation predicates, (2) the syntactic equality, (3) the (strong)
equality and inequality equations, which have the same meaning as the corre-
sponding relations (see section 2, definition 1). Finally, (4) is an approximation
equation, representing approximation values obtained from interpreted functions.

Definition 10 (Calculus Formulas). A calculus formula ϕ against an in-
stance D has the form {x1, . . . , xn | φ}, such that φ is a conjunction of the form
φ1 ∧ . . .∧φn where each φi has the form ψ or ¬ψ, and each ψ is an existentially
quantified conjunction of atomic formulas. Variables xi’s are the free variables of
φ, denoted by free(φ). Finally, variables xi’s occurring in all R(x̄) are distinct
and the same happens to variables x’s occurring in equations e / x.

Formulas can be built from ∀,→,∨,↔ whenever they are logically equiva-
lent to the defined calculus formulas. For instance, the (functional-logic) query
Qs ≡ retention for tax X ./ salary (job id peter) w.r.t the database
schemas person job and job information, requests peter’s full salary, and
obtains X/4000 as answer. This query can be written as follows:

ϕs ≡ {x | (∃y1.∃y2.∃y3.∃y4.∃y5. person job(y1, y2, y3, y4, y5) ∧ y1 = peter ∧ ∃z1.∃z2.
∃z3. job information(z1, z2, z3) ∧ z1 = y4 ∧ ∃u. retention for tax x / u

∧ z2 ⇓ u)}

In this case, ϕs expresses to obtain the full salary, that is, retention for tax x/
u and ∃z1.∃z2.∃z3.job information(z1, z2, z3) ∧ z2 ⇓ u, for peter, that is,
∃y1. . . .∃y5. person job(y1, . . . , y5) ∧ y1 = peter ∧ z1 = y4

In database theory, it is known that any query language must ensure the
property of domain independence [2]. This has led to define syntactic conditions,
called safety conditions, over the queries in such a way that the so-called safe
queries guarantee this property. For example, in [2], the variables occurring
in formulas must be range restricted. In our case, we generalize the notion of
range restricted to c-terms. In addition, we require safety conditions over atomic
formulas, and conditions over bounded variables.

Now, given a calculus formula ϕ against a database D, we define the sets:
formula key(ϕ) = {xi | there exists R(x1, . . . , xi, . . . , xn) occurring in ϕ and
1 ≤ i ≤ nKey(R)}, formula nonkey(ϕ) = {xj | there exists R(x1, . . . , xj , . . . ,
xn) occurring in ϕ and nKey(R)+1 ≤ j ≤ n}, and approx(ϕ) = {x | there exis
ts e / x occurring in ϕ}.

Definition 11 (Safe Atomic Formulas). An atomic formula is safe in ϕ in
the following cases:

– R(x1, . . . , xk, xk+1, . . . , xn) is safe, if the variables x1, . . . , xn are bound in
ϕ, and for each xi, i ≤ nKey(R), there exists one equation xi = ti in ϕ

– x = t is safe, if the variables occurring in t are distinct from the variables
of formula key(ϕ), and x ∈ formula key(ϕ)

– t ⇓ t′ and t ⇑ t′ are safe, if the variables occurring in t and t′ are distinct
from the variables of formula key(ϕ)



A Safe Relational Calculus for Functional Logic Deductive Databases 221

Table 2. Examples of Calculus Formulas

Query Calculus Formula

boss X ./ peter.

{
{x | (∃y1.∃y2.∃y3.∃y4.∃y5. person job(y1, y2, y3, y4, y5) ∧ y1 = x ∧
y5 ⇓ peter)}

address (boss X) ./ Y,
job id X 6./ lecturer.

{ {x, y | (∃y1.∃y2.∃y3.∃y4.∃y5. person job(y1, y2, y3, y4, y5) ∧ y1 = x ∧ ∃z1.
∃z2.∃z3.∃z4.∃z5.person job(z1, z2, z3, z4, z5) ∧ z1 = y5 ∧ z3 ⇓ y) ∧ (∀v4.
((∃v1.∃v2.∃v3.∃v5. person job(v1, v2, v3, v4, v5) ∧ v1 = x) → ¬v4 ⇓ lec−
turer))}

job bonus X </>
j&b(associate, Y).

{
{x, y | (∀y3.(∃y1.∃y2. person boss job(y1, y2, y3) ∧ y1 = x) → ¬y3 ⇑ j&b
(associate, y))}

select (list of points
p(0, 0) Z) ./ p(0, 2).

{
{z | (∃y1.∃y2.∃y3.∃y4.∃y5. 2Dline(y1, y2, y3, y4, y5) ∧ y1 = p(0, 0) ∧ y2 = z
∧ ∃u.select y5 / u ∧ u ⇓ p(0, 2))}

– e / x is safe, if the variables occurring in e are distinct from the variables of
formula key(ϕ), and x is bound in ϕ

Definition 12 (Ranged Restricted C-Terms of Calculus Formulas). A
c-term is range restricted in a calculus formula ϕ if: either (a) it occurs in
formula key(ϕ) ∪ formula nonkey(ϕ), or (b) there exists one equation e♦ce′
(♦c ≡ =, ⇑, ⇓, or /) in ϕ, such that it belongs to cterms(e) (resp. cterms(e′))
and every c-term of e′ (resp. e) is ranged restricted in ϕ.

In the above definition, cterms(e) denotes the set of c-terms occurring in
e. Range restricted c-terms are variables occurring in the scope of a relation
predicate or c-terms compared (by means of syntactic and strong (in)equalities,
and approximation equations) with variables in the scope of a relation predicate.
Therefore, all of them take values from the schema instance.

Definition 13 (Safe Formulas). A calculus formula ϕ against a database D
is safe, if all c-terms and atomic formulas occurring in ϕ are range restricted
and safe, respectively and, in addition, the only bounded variables are variables
of formula key(ϕ) ∪ formula nonkey(ϕ) ∪ approx(ϕ).

For instance, the previous ϕs is safe, given that the constant peter is range
restricted (by means of y1 = peter), and the variables u, x are also range re-
stricted (by means of retention for tax x / u and z2 ⇓ u). Once we have
defined the conditions over the built formulas, we guarantee that they represent
“queries” against a database. Negation can be used in combination with strong
(in)equality relations; for instance, the calculus formula

ϕ0 ≡ ¬∃x1.x2.x3.x4.x5.person job(x1, . . . , x5) ∧ x1 = mary ∧ x5 ⇓ y

requests people who are not a mary’s boss. In this case, y is restricted to be a
value of the column boss of the relation person job. In this case, the answers
are {y/mary} and {y/F}. Table 2 shows (safe) calculus formulas built from the
queries presented in table 1. Now, we define the answers of a calculus formula.
With this aim, we need to define the following notions.

Definition 14 (Denotation of Terms). The denoted values for e ∈ TermDC,IF

(V) in an instance D of a database D = (S,DC, IF ) w.r.t. a substitution θ, rep-
resented by [|e|]Dθ, are defined as follows: [|X |]Dθ =def< X θ >, for X ∈ V;
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[|c(e1 , . . . , en)|]Dθ =def< c([|e1 |]Dθ, . . . , [|en |]Dθ) >3, for all c ∈ DC n ; and
[|f e1 . . . en |]Dθ =def f D [|e1 |]Dθ . . . [|en |]Dθ , for all f ∈ IFn

The denoted values for a term represent a cone (resp. ideal), containing the
set of values which defines a non-deterministic (resp. deterministic) interpreted
function.

Definition 15 (Active Domain of Terms). The active domain of a term
e ∈ TermDC,IF (V) in a calculus formula ϕ w.r.t. an instance D of database
D = (S,DC, IF ), which is denoted by adom(e,D), is defined as follows:

1. adom(x,D) =def

⋃
ψ∈SubstDC,⊥,F,(V1,...,Vi,...,Vn)∈R Viψ, if there exists an atomic

formula R(x1, . . . , xi−1, x, xi+1, . . . , xn) in ϕ; adom(x,D) =def adom(e,D)
if there exists an approximation equation e / x in ϕ; and < ⊥ >, otherwise

2. adom(c(e1, . . . , en),D) =def< c(adom(e1,D), . . . , adom(en,D)) >, if c ∈
DCn

3. adom(f e1 . . . en,D) =def f
Dadom(e1,D) . . . adom(en,D), if f ∈ IFn

The active domain of key and non-key variables contains the complete set
of values of the column representing the corresponding key and non-key at-
tributes. In the case of approximation variables, the active domain contains the
complete set of values of the interpreted function. For example, the active do-
main of x5 in person job(x1, . . . , x5) is {mary, peter, F}. The active domain is
used in order to restrict the answers of a calculus formula w.r.t the schema
instance. For instance the previous formula ϕ0 restricts y to be valued in the
active domain of x5, which is {peter, mary, F}, and, therefore, obtaining as an-
swers θ1 = {y/mary} and θ2 = {y/F}. Remark that the isolated equation ¬x5 ⇓ y
holds for {x5/peter, y/lecturer}, w.r.t. 6↓. However the value lecturer is not
in the active domain of x5.

Remark that we have to instantiate the schema instance, whenever it includes
variables (see case (1) of the above definition).

Definition 16 (Satisfiability). Given a calculus formula {x̄ | φ}, the satisfi-
ability of φ in an instance D = (S,DC, IF) under a substitution θ, such that
dom(θ) ⊆ free(φ), (in symbols (D, θ) |=C φ) is defined as follows:

– (D, θ) |=C R(x1 , . . . , xn), if there exists (V1, . . . , Vn) ∈ R (R ∈ S), such that
xiθ ∈ Viψ for every 1 ≤ i ≤ n, where ψ ∈ SubstDC,⊥,F.

– (D, θ) |=C x = t, if xθ ≡ tθ; (D, θ) |=C t ⇓ t ′, if tθ ↓ t′θ and, tθ, t′θ ∈
adom(t,D) ∪ adom(t′,D); (D, θ) |=C t ⇑ t ′, if tθ ↑ t′θ and, tθ, t′θ ∈
adom(t,D) ∪ adom(t′,D); and (D, θ) |=C e / x , if xθ ∈ [|e|]Dθ

– (D, θ) |=C φ1 ∧ φ2 , if D satisfies φ1 and φ2 under θ
– (D, θ) |=C ∃x .φ, if there exists v, such that D satisfies φ under θ · {x/v}
– (D, θ) |=C ¬φ, if D does not satisfy φ under the substitution θ

3 To simplify denotation, we write {c(t1, . . . , tn) | ti ∈ Ci} as c(C1, . . . , Cn) and
{f(t1, . . . , tn) | ti ∈ Ci} as f(C1, . . . , Cn) where C′

is are certain cones.
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In the formula ϕ0, adom(x5,D) = {peter, mary, F} and adom(y,D) = {⊥}.
Moreover, θ1 = {y/mary, x5/peter} and θ2 = {y/F, x5/peter} holds Yθ1, Yθ2 ∈
adom(x5,D) ∪ adom(y,D); and x5θ1 6↓ yθ1 and x5θ2 6↓ yθ2 are satisfied.

Given a calculus formula ϕ ≡ {x1, . . . , xn | φ}, we define the set of answers of
ϕ w.r.t. an instanceD, denoted byAns(D, ϕ), as follows:Ans(D, {x1, . . . , xn|φ}) =
{(x1θ, . . . , xnθ)|θ ∈ SubstDC,⊥,F and (D, θ) |=C φ}. Finally, the property of do-
main independence is defined as follows.

Definition 17 (Domain Independence). A calculus formula ϕ is domain
independent whenever: (a) if the instance D is finite, then Ans(D, ϕ) is finite
and (b) given two ground instances D = (S,DC, IF) and D′ = (S,DC′, IF ′)
such that DC′ ⊇ DC, and IF ′ ⊇ IF w.r.t. S, then Ans(D, ϕ) = Ans(D′, ϕ).

The case (a) establishes that the set of answers is finite whenever S is fi-
nite; and (b) states that the output relation (i.e. answers) depends on the input
schema instance S, and not on the domain; that is, data constructors (i.e. DC)
and interpreted functions (i.e. IF).

Theorem 1 (Domain Independence of Calculus Formulas). Safe calculus
formulas are domain independent.

4 Calculus Formulas and Functional Logic Queries
Equivalence

In this section, we establish the equivalence between the relational calculus and
the functional-logic query language. With this aim, we need to define analogous
safety conditions over functional-logic queries. The set of query keys of a key
attribute Ai ∈ Key(R) (R ∈ S) occurring in a term e ∈ TermD(V) and de-
noted by query key(e,Ai), is defined as {ti | H e1 . . . ti . . . ek occurs in e,H ∈
{R} ∪NonKey(R)}. Now, query key(Q) = ∪Ai∈Key(R)query key(Q, Ai) where
query key(Q, Ai) = ∪e♦qe′∈Q (query key(e,Ai) ∪ query key(e′, Ai)) (♦q ≡ ./,
<>, 6./, or </>).

A c-term t is range restricted inQ, if: either (a) t belongs to ∪s∈query key(Q)cte-
rms(s) or (b) there exists a constraint e ♦q e′, such that t belongs to cterms(e)
(resp. cterms(e′)) and every c-term occurring in e′ (resp. e) is range restricted.

Definition 18 (Safe Queries). A query Q is safe if all c-terms occurring in
Q are range restricted.

For instance, let’s consider the following query (corresponding to ϕs previ-
ously mentioned): Qs ≡ retention for tax X ./ salary(job id peter). Qs is
safe, given that the constant peter is range restricted, and thus the variable X
is also ranged restricted. Analogously to the calculus formulas, we need to define
the denoted values and the active domain of a database term (which includes
relation names and non-key attributes) in a functional-logic query.

Definition 19 (Denotation of Database Terms). The denotation of e ∈
TermD(V) in an instance D = (S,DC, IF) of database D = (S,DC, IF ) under
θ, is defined as follows:
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1. [|R e1 . . . ek |]Dθ =def< ok >, if ([|e1|]Dθ, . . . , [|ek|]Dθ) = (V1ψ, . . . , Vkψ)
and there exists a tuple (V1, . . . , Vk, Vk+1, . . . , Vn) ∈ R, where ψ ∈ SubstDC,⊥,F,
R ∈ S, k = nKey(R); < ⊥ > otherwise, for all R ∈ S;

2. [|Ai e1 . . . ek |]Dθ =def Viψ, if ([|e1|]Dθ, . . . , [|ek|]Dθ) = (V1ψ, . . . , Vkψ)
and there exists a tuple (V1, . . . , Vk, Vk+1, . . . , Vi, . . . , Vn) ∈ R, where ψ ∈
SubstDC,⊥,F, R ∈ S, and i > nKey(R) = k; < ⊥ > otherwise, for all
Ai ∈ NonKey(R);

3. And the rest of cases as in definition 14.

Definition 20 (Active Domain of Database Terms). The active domain
of e ∈ TermD(V) w.r.t. an instance D, and a query Q, denoted by adom(e,D),
is defined as follows:

– adom(t,D) =def

⋃
ψ∈SubstDC,⊥,F,(V1,...,Vi,...,Vn)∈R Viψ, if t ∈ query key(Q, Ai),

Ai ∈ Key(R); and < ⊥ > otherwise, for all t ∈ CTerm⊥,F(V)
– adom(c(e1, . . . , en),D) =def<c(adom(e1,D), . . . , adom(en,D)) >, for all c ∈
DCn

– adom(f e1 . . . en,D) =def f
Dadom(e1,D) . . . adom(en,D), for all f ∈ IFn

– adom(R e1 . . . ek,D) =def< ok >, for all R ∈ S
– adom(Ai e1 . . . ek,D) =def

⋃
ψ∈SubstDC,⊥,F,(V1,...,Vi,...,Vn)∈R Viψ, for all Ai ∈

NonKey(R)

Both sets are also used for defining the set of query answers.

Definition 21 (Query Answers). θ is an answer of Q w.r.t. D (in symbols
(D, θ) |=Q Q) in the following cases:

– (D, θ) |=Q e ./ e ′, if there exist t ∈ [|e|]Dθ and t′ ∈ [|e ′|]Dθ, such that t ↓ t′,
and t, t′ ∈ adom(e,D) ∪ adom(e′,D).

– (D, θ) |=Q e <> e ′, if there exist t ∈ [|e|]Dθ and t′ ∈ [|e ′|]Dθ, such that t ↑ t′,
and t, t′ ∈ adom(e,D) ∪ adom(e′,D).

– (D, θ) |=Q e 6./ e ′ if (D, θ) 6|=Q e ./ e ′; and (D, θ) |=Q e </> e ′, if
(D, θ) 6|=Q e <> e ′.

Now, the set of answers of a safe query Q w.r.t. an instance D, denoted by
Ans(D,Q), is defined as follows: Ans(D,Q) =def {(X1θ, . . . ,Xnθ) | Dom(θ) ⊆
var(Q), (D, θ) |=Q Q, var(Q) = {X1, . . . , Xn}}. With the previous definitions,
we can state the following result.

Theorem 2 (Queries and Calculus Formulas Equivalence). Let D be an
instance, then:

– given a safe query Q against D, there exists a safe calculus formula ϕQ such
that Ans(D,Q) = Ans(D, ϕQ)

– given a safe calculus formula ϕ against D, there exists a safe query Qϕ such
that Ans(D, ϕ) = Ans(D,Qϕ)

Proof Sketch:
The idea is to transform a safe query into the corresponding safe calculus for-
mula, and viceversa, by applying the set of rules of table 3. The rules distinguish
two parts ϕ⊕Q, where ϕ is a calculus formula and Q the query.
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Table 3. Transformation Rules

(1)
φ ∧ ∃z̄.ψ ⊕ e ./ e′,Q

φ ∧ ∃z̄.∃x.∃y.ψ ∧ e / x ∧ e′ / y ∧ x ⇓ y ⊕Q

(2)
φ ∧ ¬∃z̄.ψ ⊕ e 6./ e′,Q

φ ∧ ¬∃z̄.∃x.∃y.ψ ∧ e / x ∧ e′ / y ∧ x ⇓ y ⊕Q

(3)
φ ∧ ∃z̄.ψ ⊕ e <> e′,Q

φ ∧ ∃z̄.∃x.∃y.ψ ∧ e / x ∧ e′ / y ∧ x ⇑ y ⊕Q

(4)
φ ∧ ¬∃z̄.ψ ⊕ e </> e′,Q

φ ∧ ¬∃z̄.∃x.∃y.ψ ∧ e / x ∧ e′ / y ∧ x ⇑ y ⊕Q

(5)
φ ∧ (¬)∃z̄.ψ ∧ R e1 . . . ek / x⊕Q

φ ∧ (¬)∃z̄.∃y1. . . . .∃yk.ψ ∧ R(y1, . . . , yk, . . . , yn) ∧ e1 / y1 ∧ . . . ∧ ek / yk[x|ok]⊕Q
% R ∈ S

(6)
φ ∧ (¬)∃z̄.ψ ∧ Ai e1 . . . ek / x⊕Q

φ ∧ (¬)∃z̄.∃y1. . . . .∃yk.ψ ∧ R(y1, . . . , yk, . . . , yi, . . . , yn) ∧ e1 / y1 ∧ . . . ∧ ek / yk ∧ yi / x⊕Q
% Ai ∈ NonKey(R)

(7)
φ ∧ (¬)∃z̄.ψ ∧ f e1 . . . en / x⊕Q

φ ∧ (¬)∃z̄.∃y1 . . . yn.ψ ∧ f y1 . . . yn / x ∧ e1 / y1 ∧ . . . ∧ en / yn ⊕Q

(8)
φ ∧ (¬)∃z̄.ψ ∧ c(e1, . . . , en) / x⊕Q

φ ∧ (¬)∃z̄.∃y1 . . . yn.ψ ∧ c(y1, . . . , yn) / x ∧ e1 / y1 ∧ . . . ∧ en / yn ⊕Q
% c(e1, . . . , en) is not a cterm

(9)
φ ∧ (¬)∃z̄.ψ ∧ t / x⊕Q
φ ∧ (¬)∃z̄.ψ ∧ x = t⊕Q
% x ∈ formula key(φ ∧ (¬)∃z̄.ψ ∧ t / x)

(10)
φ ∧ (¬)∃z̄.∃x.ψ ∧ t / x⊕Q
φ ∧ (¬)∃z̄.ψ[x|t]⊕Q

% x 6∈ formula key(φ ∧ (¬)∃z̄.∃x.ψ ∧ t / x)

5 Least Induced Database

To put an end, we will show how instances can be obtained from a set of con-
ditional rewriting rules, by means of a fixed point operator, which computes the
least database induced induced from a set of rules.

Definition 22 (Fixed Point Operator). Given A = (SA,DCA, IFA) in-
stance of a database schema D = (S,DC, IF ), we define a fixed point operator
TP(A) = B = (SB ,DCA, IFB) as follows:

– For each schema R(A1, . . . , An): (V1, . . . , Vk, Vk+1, . . . , Vn) ∈ RB ,RB ∈ SB,
iff < ok >∈ TP(A, R) (V1, . . . , Vk), k = nKey(R),and Vi = TP(A, Ai)
(V1, . . . , Vk) for every i ≥ nKey(R) + 1,

– For each f ∈ IF and t1, . . . , tn ∈ CTermDC,⊥,F(V), fB(t1, . . . , tn) = TP(A, f)
(t1, . . . , tn), fB ∈ IFB

where given a symbol H ∈ DS(D) and s1, . . . sn ∈ CTermDC,⊥,F(V), we define:

TP(D,H)(s1, . . . , sn) =def { [|r|]Dθ | if there exist H t̄ := r ⇐ C and θ,
such that si ∈ [|ti|]Dθ and (D, θ) |=Q C}

∪ { F | if there exists H t̄ := r ⇐ C, such that
for some i ∈ {1, . . . , n}, si 6= ti}

∪ { F | if there exist H t̄ := r ⇐ C and θ,
such that si ∈ [|ti|]Dθ and (D, θ) 6|=Q C}

∪ { ⊥ | otherwise}
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Starting from the bottom instance, then the fixed point operator computes
a chain of database instances A v A′ v A′′, . . . such that the fixed point is the
least instance induced by a set of rules. Finally, the following result establishes
that the instance computed by means of the proposed fixed point operator is the
least one satisfying the set of conditional rewriting rules.

Theorem 3 (Least Induced Database).

– The fixed point operator TP has a least fixed point L = Dω where D0 is the
bottom instance and Dk+1 = TP(Dk)

– For each safe query Q and θ: (L, θ) |=Q Q iff (D, θ) |=Q Q for each D
satisfying the set of rules.

6 Conclusions and Future Work

We have studied here how to express queries by means of an (extended) relational
calculus in a functional logic language integrating databases. We have shown
suitable properties for such language, which are summarized in the domain in-
dependence property. As future work, we propose two main lines of research: the
study of an extension of our relation calculus to be used, also, as data definition
language, and the implementation of the language.
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Abstract. Although the principles behind generic programming are al-

ready well understood, this style of programming is not widespread and

examples of applications are rarely found in the literature. This paper

addresses this shortage by presenting a new method, based on generic

programming, to automatically visualize recursion trees of functions writ-

ten in Haskell. Crucial to our solution is the fact that almost any function

definition can be automatically factorized into the composition of a fold

after an unfold of some intermediate data structure that models its recur-

sion tree. By combining this technique with an existing tool for graphical

debugging, and by extensively using Generic Haskell, we achieve a rather

concise and elegant solution to this problem.

1 Introduction

A generic or polytypic function is defined by induction on the structure of types.
It is defined once and for all, and can afterwards be re-used for any specific data
type. The principles behind generic programming are already well understood
[2], and several languages supporting this concept have been developed, suck as
PolyP [13] or Generic Haskell [3]. Unfortunately, this style of programming is
not widespread, and we rarely find in the literature descriptions of applications
developed in these languages.

This paper addresses this shortage by presenting a case study on generic
programming. The problem that we are trying to solve is to automatically and
graphically visualize the recursion tree of a Haskell [14] function definition. This
problem does not rise any particular difficulties, however it will be shown that
the use of generic programming allows us to achieve a rather concise and elegant
solution. This solution was integrated in a tool that is of practical interest for
the area of program understanding, specially on an educational setting.

At the core of our solution lies an algorithm that automatically factorizes
a recursive definition into the composition of a fold and an unfold of an inter-
mediate data structure. This algorithm was first presented by Hu, Iwasaki, and
Takeichi in [12], where it was applied to program deforestation. A well known
side-effect of the factorization is that the intermediate data structure models
the recursion tree of the original definition. The visualization of this structure is
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defined generically on top of GHood [18], a system to graphically trace Haskell
programs.

This paper is structured as follows. In section 2 we informally show how the
well-known fold and unfold functions on lists can be generalized to arbitrary
data types. This generalization is essential for understanding the factorization
algorithm. Section 3 introduces some theoretical concepts behind the idea of
programming with recursion patterns. In section 4 we show how these recursion
patterns can be defined once and for all using Generic Haskell. These generic
definitions simplify the implementation, since we no longer have to derive the
specific recursion patterns to operate on the intermediate data types. In section
5 we present the factorization algorithm very briefly. In section 6 we show how
we can use GHood to observe intermediate data structures, and in section 7 we
generalize the observation mechanism in order to animate any possible recursion
tree. The last section presents some concluding remarks. We assume that the
reader has some familiarity with the language Haskell.

2 Recursion Patterns Informally

Each inductive data type is characterized by a standard way of recursively con-
suming and producing its values according to its shape. The standard recursion
pattern for consuming values is usually known as fold or catamorphism. In the
case of lists this corresponds to the standard Haskell function foldr.

foldr :: (a -> b -> b) -> b -> [a] -> b

foldr f z [] = z

foldr f z (x:xs) = f x (foldr f z xs)

The generalization to other data types is straightforward. Let us suppose
that we want to fold over binary trees.

data Tree a = Leaf | Node a (Tree a) (Tree a)

Similarly to foldr, this fold must receive as an argument the value to return
when we reach a leaf, and a function to apply when consuming a node. This
function has to process the result of two recursive calls since the data type is
birecursive. In order to make explicit the duality with the (yet to be presented)
unfolds, we group both parameters in a single function with the help of the data
type Maybe.

foldT :: (Maybe (a,b,b) -> b) -> Tree a -> b

foldT g Leaf = g Nothing

foldT g (Node x l r) = g (Just (x, foldT g l, foldT g r))

The dual of fold is the unfold or anamorphism. Although already known for
a long time it is still not very used by programmers [6]. This recursion pattern
encodes a standard way of producing a value of a given data type, and for lists
it is defined as unfoldr in one of the standard libraries of Haskell.
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unfoldr :: (b -> Maybe (a,b)) -> b -> [a]

unfoldr f b = case f b of Nothing -> []

Just (a,b) -> a : unfoldr f b

The argument function f dictates the generation of the list. If it returns Nothing
the generation stops yielding the empty list. Otherwise it should return both the
value to put at the head of the list being constructed, and a seed to carry on
with the generation. The generalization to trees is again straightforward.

unfoldT :: (b -> Maybe (a,b,b)) -> b -> Tree a

unfoldT h x = case (h x) of

Nothing -> Leaf

Just (x,l,r) -> Node x (unfoldT h l) (unfoldT h r)

The composition of a fold after an unfold is known as a hylomorphism [16].
Note that since the fixed point operator can be defined as a hylomorphism, this
recursion pattern can express any recursive function [17]. For a wide class of func-
tion definitions the intermediate data structures correspond to their recursion
trees. For example, quick-sort can be easily implemented as a hylomorphism by
using a binary search tree as intermediate data structure [1]. The unfold should
build a search tree containing the elements of the input list, and the fold just
traverses it inorder.

qsort :: (Ord a) => [a] -> [a]

qsort = (foldT g) . (unfoldT h)

where h [] = Nothing

h (x:xs) = Just (x, filter (<=x) xs, filter (>x) xs)

g Nothing = []

g (Just (x,l,r)) = l ++ [x] ++ r

3 Data Types as Fixed Points of Functors

One of the tasks of the method presented in the previous section, is the explicit
definition of the folds and unfolds for each new data type. However, it is possible
to avoid this task by appealing to the theoretical concepts behind data types and
the respective recursion patterns. The framework of the following presentation
is the category CPO of complete partial orders and continuous functions.

The first insight is that data types can be modeled as least fixed points of
functors. Given a monofunctor F which is locally continuous, there exists a data
type µF and two strict functions inF : F (µF ) → µF and outF : µF → F (µF )
which are each others inverse. The data type µF is the least fixed point of F ,
the functor that captures the signature of its constructors. The functions inF

and outF are used, respectively, to construct and destruct values of the data
type µF . At least since the work of Meijer and Hutton presented in [17] it is
well known how these concepts can be implemented directly in Haskell. First
we define an explicit fixpoint operator with the keyword newtype to enforce the
isomorphism.
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newtype Mu f = In {out :: f (Mu f)}

For each new data type it is necessary to define the functor that captures its
signature (and declare it as an instance of the class Functor), and then apply
Mu in order to obtain the data type. For example, the Tree data type presented
in the previous section could be defined as follows.

data FTree a b = Leaf | Node a b b

instance Functor (FTree a)

where fmap f Leaf = Leaf

fmap f (Node x l r) = Node x (f l) (f r)

type Tree a = Mu (FTree a)

A possible example of a tree with just two integer elements is

tree :: Tree Int

tree = In (Node 2 (In (Node 1 (In Leaf) (In Leaf))) (In Leaf))

Under some particular strictness conditions, the F -algebra (µF, inF ) is ini-
tial, and its carrier matches with the carrier of the final F -coalgebra (µF, outF ).
This means that given any other F -algebra (B, g) or F -coalgebra (A, h), fold g

and unfold h are the unique functions that make the following diagrams com-
mute.

µF

fold g

²²

F (µF )
inFoo

F (fold g)

²²

B FBg
oo

A

unfoldh

²²

h // FA

F (unfoldh)

²²

µF
outF

// F (µF )

The unique definitions for folds and unfolds given by the diagrams can be
directly translated to Haskell (in order to simplify the presentation we also give
an explicit definition for hylomorphisms).

fold :: (Functor f) => (f b -> b) -> Mu f -> b

fold g = g . fmap (fold g) . out

unfold :: (Functor f) => (a -> f a) -> a -> Mu f

unfold h = In . fmap (unfold h) . h

hylo :: (Functor f) => (f b -> b) -> (a -> f a) -> a -> b

hylo g h = (fold g) . (unfold h)

These definitions can be seen as polytypic functions because they work for
any data type, provided that it is modeled explicitly by the fixed point of a
functor. The quick-sort example presented at the end of the previous section
must be (slightly) adapted to this new methodology.
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qsort :: (Ord a) => [a] -> [a]

qsort = hylo g h

where h [] = Leaf

h (x:xs) = Node x (filter (<=x) xs) (filter (>x) xs)

g Leaf = []

g (Node x l r) = l ++ [x] ++ r

4 Generic Recursion Patterns

In order to use these recursion patterns, we still have to implement the map func-
tion for each functor. In order to avoid this task we will use Generic Haskell [3].
This language extends Haskell with polytypic features and originates on work by
Ralf Hinze [8, 9], where generic functions are defined by induction on the struc-
ture of types, by providing equations for the base types and type constructors
(like products and sums). Given this information, a generic definition can be
specialized to any Haskell data type (these are internally converted into sums
of products). The specialization proceeds inductively over the structure of the
type, with type abstraction, type application, and type-level fixed-point being
interpreted as their value-level counterparts.

Generic Haskell automatically converts each data type to an isomorphic type
that captures its sum of products structure and records information about the
presence of constructors. This structure type only represents the top-level struc-
ture of the original type. The types in the constructors do not change, including
the recursive occurrences of the original type. The functions that convert data
types into their structure types (and the other way round) are also automatically
created. The constructors of structure types are

data a :+: b = Inl a | Inl b -- sum

data a :*: b = a :*: b -- product

data Unit = Unit -- unit

data Con a = Con a -- constructor

For example, Tree’ is the structure type of our first declaration of Tree.

data Tree a = Leaf | Node a (Tree a) (Tree a)

type Tree’ a = Con Unit :+: Con (a :*: (Tree a :*: Tree a))

Generic functions are then defined over the constructors of structure types
and base types. The specific function for a data type is obtained by composing
the specialization of the generic function to its structure type with the respective
conversion functions. For example, a generic map function is predefined in the
Generic Haskell libraries as follows1.

1 The delimiters {| |} enclose a type argument. In a generic function definition they

enclose the type index for a given case. They are also used in the so-called generic

application to require the specialization of a generic function to a specific type.

When Con is supplied as a type index argument it includes an extra argument that
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gmap {| Unit |} = id

gmap {| Int |} = id

gmap {| :+: |} gmapA gmapB (Inl a) = Inl (gmapA a)

gmap {| :+: |} gmapA gmapB (Inr b) = Inr (gmapB b)

gmap {| :*: |} gmapA gmapB (a :*: b) = (gmapA a) :*: (gmapB b)

gmap {| Con c |} gmapA (Con a) = Con (gmapA a)

Notice that different cases in gmap have different types (more precisely, the
number of arguments equals the number of arguments of the type constructor).
This is due to the fact that polytypic values possess polykinded types [9], a restric-
tion that ensures that generic functions can be used with types of arbitrary kind.
The type of gmap is specified in Generic Haskell as follows (the type keyword
allows one to define a type by induction on the structure of its kind).

type Map {[ * ]} t1 t2 = t1 -> t2

type Map {[ k -> l ]} t1 t2 = forall u1 u2.

Map {[ k ]} u1 u2 -> Map {[ l ]} (t1 u1) (t2 u2)

gmap {| t :: k |} :: Map {[ k ]} t t

For example, since the kind of Tree is * -> * (a constructor that receives a
type as argument and produces a type), the type of the map function for binary
trees can be determined by the following sequence of expansions.

Map {[ * -> * ]} Tree Tree

forall u1 u2 . Map {[ * ]} u1 u2 -> Map {[ * ]} (Tree u1) (Tree u2)

forall u1 u2 . (u1 -> u2) -> (Tree u1 -> Tree u2)

Since in Haskell all type variables are implicitly universally quantified, this
type equals the expected one.

gmap {| Tree |} :: (a -> b) -> Tree a -> Tree b

In the case of the bifunctor FTree, of kind * -> * -> *, the map must
receive two functions as arguments, one to be applied to the elements in the
node, and another one for the recursive parameter.

gmap {| FTree |} :: (a -> b) -> (c -> d) -> FTree a c -> FTree b d

Besides generic functions, we can also define generic abstractions when a
type variable (of fixed kind) can be abstracted from an expression. Typically this
involves applying predefined generic functions to the type variable. For example,
our recursion patterns can be defined by generic abstractions as follows [10].

is bound to a value providing information about the constructor name, its arity, etc.

This information is necessary to implement, for example, a generic show function.

Similarly, the delimiters {[ ]} used in type definitions enclose a kind argument.
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fold {| f :: * -> * |} :: (f b -> b) -> Mu f -> b

fold {| f |} g = g . gmap {| f |} (fold {| f |} g) . out

unfold {| f :: * -> * |} :: (a -> f a) -> a -> Mu f

unfold {| f |} h = In . gmap {| f |} (unfold {| f |} h) . h

hylo {| f :: * -> * |} :: (f b -> b) -> (a -> f a) -> a -> b

hylo {| f |} g h = (fold {| f |} g) . (unfold {| f |} h)

Given these recursion patterns we no longer have to define the map functions
for the data types we declare. For example, a quick-sort for integer lists can now
be defined as follows (g and h are exactly the same as before).

qsort :: [Int] -> [Int]

qsort = hylo {| FTree Int |} g h

where ...

However, there is a problem in defining the original polymorphic qsort.
Given a list of type [a], the intermediate data structure should be a binary
tree with elements of type a, defined as the fixed point of FTree a. If Generic
Haskell allowed the definition of scoped type variables (an extension to Haskell
98 described in [15]), one could define qsort as follows.

qsort :: (Ord a) => [a] -> [a]

qsort (l::[a]) = hylo {| FTree a |} g h l

where ...

Unfortunately, since Generic Haskell does not support this extension we had
to resort to a less elegant solution in order to allow for polymorphism. Instead
of having a single definition for hylomorphisms, we define different functions
to be used with monofunctors (hylo1), bifunctors (hylo2), and so on. As we
have seen in the previous section for the FTree example, a polymorphic data
type is obtained as the fixed point of a monofunctor, which in turn results from
sectioning a bifunctor with the type variable. This means that the Functor

instances should treat the type variable as a type constant (notice that in the
case of FTree the contents of the node were left intact). When defining the
generic recursion patterns for bifunctors this implies that we will have to pass
the identity function as first argument to the generic map. For example, the fold
for bifunctors is defined as follows.

fold2 {| f :: * -> * -> * |} :: (f c b -> b) -> Mu (f c) -> b

fold2 {| f |} g = g . gmap {| f |} id (fold2 {| f |} g) . out

The polymorphic qsort can then be defined as

qsort :: (Ord a) => [a] -> [a]

qsort = hylo2 {| FTree |} g h

where ...
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5 Deriving Hylomorphisms from Recursive Definitions

It is possible to derive automatically a hylomorphism from almost any explicit
recursive definition of a function [12]. The main restrictions to the function
definitions are that no mutual recursion is allowed, the recursive function calls
should not be nested (thus excluding, for example, the usual definition of the
Ackermann function), and, if the function has more than one argument, it should
only induct over the last one (although it can be a tuple), leaving the remaining
unchanged. This restrictions guarantee that the intermediate data type is a fixed
point of a polynomial functor (sum of products), and, as a side-effect, that it
models the recursion tree of the original definition.

We will informally explain how the algorithm works by applying it to the ex-
plicitly recursive definition of the quick-sort function. Our presentation assumes
that all bounded variables are uniquely named. This restriction is trivially veri-
fied in this case.

qsort [] = []

qsort (x:xs) = qsort (filter (<=x) xs) ++ [x] ++

qsort (filter (> x) xs)

The goal is to derive a functor F, and functions g and h in order to obtain
the following hylomorphism (note that after determining F one should choose
the appropriate hylo according to its kind).

qsort = hylo {| F |} g h

The first step is to identify, for the right hand side of each clause, the recursive
calls (shown in italic) and all variables that occur free in those terms outside of
the recursive calls (shown underlined).

qsort [] = []

qsort (x:xs) = qsort (filter (<=x) xs) ++ [x] ++

qsort (filter (> x) xs)

The definition of h is similar to that of qsort, but the right hand sides
are replaced by new data constructors applied to the free variables and the
arguments of recursive calls.

h [] = F1

h (x:xs) = F2 x (filter (<=x) xs) (filter (>x) xs)

In order to define g we first replace the recursive calls in the right hand sides
of qsort by fresh variables, and use as arguments the right hand sides of h, but
with the arguments of recursive calls replaced by the new variables.

g F1 = []

g (F2 x r1 r2) = r1 ++ [x] ++ r2

The arguments of the functor F are all the free variables plus a single recursive
variable r. The constructors have the same definition as the arguments of g, but
with all the fresh variables replaced by r.
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data F x r = F1 | F2 x r r

Putting it all together, and using the adequate hylo (in this case F is a
bifunctor), we get the same definition as before.

qsort = hylo2 {| F |} g h

where h [] = F1

h (x:xs) = F2 x (filter (<=x) xs) (filter (>x) xs)

g F1 = []

g (F2 x r1 r2) = r1 ++ [x] ++ r2

As expected, the intermediate data type models the recursion tree of the
original definition. In this example we got binary trees since quick-sort is a
birecursive function.

We implemented this algorithm straightforwardly using some libraries for
parsing and pretty-printing Haskell, combined with a state monad for managing
unique names and other global information. Note that the generic definitions of
the recursion patterns can be used for every new functor F.

6 Observing Recursion Trees

GHood [18] is a graphical animation tool built on top of Hood [7] (Haskell Object

Observation Debugger). Hood is a portable debugger for full Haskell, based on
the observation of intermediate data structures. Essentially, it introduces the
following combinator with a similar signature to trace (a debugging primitive
offered by all major Haskell distributions), but with a more complex behavior.

observe :: (Observable a) => String -> a -> a

This function just returns the second argument, but as a side-effect it stores
it into some persistent structure for later rendering. It behaves like an identity
function that can remember its argument. The string parameter is just a label
that allows one to distinguish between different observations in the same pro-
gram. The main advantage of observe over trace is that it can be effectively
used without changing the strictness properties of the observed program.

Instances of Observable for the standard types are predefined. Implementing
new instances of this class is very simple due to the high-level combinators and
monads included in the library. As an example, we present the implementation
for lists that is predefined in the Hood libraries.

instance (Observable a) => Observable [a] where

observer (a:as) = send ":" (return (:) << a << as)

observer [] = send "[]" (return [])

The function send collects temporal information (when the observation was
done) that is not used by Hood. GHood uses this information to produce anima-
tions. Its graphical visualization system is based on a simple layout algorithm.

Since the derivation of hylomorphisms exposes the recursion tree as an in-
termediate data structure, it is enough to place an observation point in the
hylomorphism definition in order to visualize it.
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Fig. 1. Recursion tree of qsort [3,2,4,3,1].

hylo {| f :: * -> * |} :: (f b -> b) -> (a -> f a) -> a -> b

hylo {| f |} g h = (fold {| f |} g).(observe "Recursion Tree").

(unfold {| f |} h)

It is also necessary to implement instances of the class Observable for all
possible intermediate data types. Since it is not known beforehand what kind
of functor will be derived, it is necessary to provide a generic definition for
observer. In the next section we provide that definition. For example, in the
case of the functor F derived in the previous section, the final instances should
behave as follows.

instance (Observable a) => Observable (Mu (F a)) where

observer (In x) p = In (observer x p)

instance (Observable a, Observable b) => Observable (F a b) where

observer F1 = send "" (return F1)

observer (F2 x l r) = send "" (return F2 << x << l << r)

There are a couple of remarks to be made about these definitions. We bypass
the observation of the fixpoint operator Mu. The goal is that the final anima-
tion should look the same as if the data type had been explicitly declared in a
recursive fashion. The constructors of the data type are not displayed because
their derived names are meaningless. Using these definitions, the recursion tree
of qsort [3,2,4,3,1] is visualized as shown on figure 1.
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type Observer {[ * ]} t = t -> ObserverM t

type Observer {[ k -> l ]} t = forall u . Observer {[ k ]} u ->

Observer {[ l ]} (t u)

gobserverm {| t :: k |} :: Observer {[ k ]} t

gobserverm {| Unit |} = return

gobserverm {| Int |} = return

gobserverm {| :+: |} oA oB (Inl a) = do {a’ <- (oA a); return (Inl a’)}

gobserverm {| :+: |} oA oB (Inr b) = do {b’ <- (oB b); return (Inr b’)}

gobserverm {| :*: |} oA oB (a :*: b) = do {a’ <- (oA a); b’ <- (oB b);

return (a’ :*: b’)}

gobserverm {| Con c |} oA (Con a) = do {a’ <- (oA a); return (Con a’)}

Fig. 2. Generic embedding into ObserverM

7 Generic Observations

In order to explain how we can define a generic observer we will first expand <<

in the previous instance.

instance (Observable a, Observable b) => Observable (F a b) where

observer F1 = send "" (return Leaf)

observer (F2 x l r) = send "" (do {x’ <- thunk x;

l’ <- thunk l;

r’ <- thunk r;

return (Node x’ l’ r’)})

In this definition we can see that send runs a state monad (ObserverM) in
order to evaluate a term and simultaneously collect information for the renderer,
and thunk is invoked for each child in a node. Even without presenting more
details, it is clear that the monadic code follows the structure of the type, and so
it is possible to define generically a function to embed a value into ObserverM,
as shown in figure 2.

Notice that if we parameterize this function with a monofunctor f we get
a function with type (a -> ObserverM a) -> f a -> ObserverM (f a). By
passing thunk as parameter we can get a generic definition of observer for
monofunctors that behaves as expected.

gobserver {| f :: *->* |} :: Observable a => f a -> Parent -> f a

gobserver {| f |} x p = send "" (gobserverm {| f |} thunk x) p

Technically speaking, gobserverm is a monadic map for ObserverM. Given a
functor F , and a monadM , the monadic map should transform functions of type
A → M B into functions of type F A → M (F B). This concept was introduced
by Fokkinga in [5]. For example, in the standard Prelude of Haskell, the function
mapM implements the monadic map for lists. However, likewise to the regular
map function, given a polynomial functor the monadic map can be defined by



238 A. Cunha

induction on its structure, thus being suitable for polytypic implementation. In
fact, Generic Haskell provides a library MapM where this function is implemented
with two different versions: one that evaluates the products left-to-right (mapMl)
and another that evaluates them right-to-left (mapMr). If the monad is strong and
commutative both yield the same result, but in general that is not the case. If
we abstract the monad ObserverM in gobserverm we obtain the function mapMl.
Given this equivalence, we can implement the generic observer as follows.

gobserver {| f :: *->* |} :: Observable a => f a -> Parent -> f a

gobserver {| f |} x p = send "" (mapMl {| f |} thunk x) p

As was the case for recursion patterns, we have to define different generic
observers for monofunctors (gobserver1), bifunctors (gobserver2), etc. The
instance implementation for functor F presented in the previous section can now
be simply obtained as follows.

instance (Observable a, Observable b) => Observable (F a b) where

observer = gobserver2 {| F |}

In the presence of an extension to the type system allowing for the specifica-
tion of polymorphic predicates in an instance declaration, as presented in [11],
we could also have a single definition of the Observable instance for Mu. That
instance would look like

instance (forall b . (Observable b) => Observable (f b))

=> Observable (Mu f) where

observer (In x) p = In (observer x p)

8 Conclusions and Future Work

The techniques presented in this paper were included in an application that,
given a Haskell module, tries to derive hylomorphisms for all the functions de-
clared in that module. When successful, each original definition is replaced by
the corresponding new one, and the data type that models the recursion tree
is declared, together with the appropriate instances of Observable. The result-
ing module is written in Generic Haskell and should be compiled into regular
Haskell. The execution of each transformed function triggers, as a side-effect, a
visualization of its recursion tree.

The main contribution of this paper is a new approach to visualizing recursion
trees, that makes intensive use of generic programming in order to make the
task of putting together previously developed tools and techniques easier. Other
specific contributions are the clarification of the use of generic recursion patterns
in polymorphic definitions, and the generic definition of observations to be used
with GHood. In the past [4], we developed a preliminary solution to this problem,
with a proprietary observation mechanism based on monadic recursion patterns.
However, it had several problems, namely, it changed the strictness properties
of the original definitions and it had no support for polymorphism.
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Essentially, we have used generic programming to overcome the limitations of
the Haskell deriving mechanism, which currently supports only a limited range
of classes. There has been some research towards developing specific mechanisms
to overcome these limitations. These mechanisms could have been used to achieve
a similar effect. Hinze and Peyton Jones proposed Derivable Type Classes [11], a
system based on the same theoretical concepts as Generic Haskell, but that only
allows generic definitions in instance declarations. Unfortunately, it is not yet
fully implemented in any Haskell distribution. An older system is DrIFT [19],
a preprocessor that parses a Haskell module for special commands that trigger
the generation of new code. This is a rather ad hoc mechanism, which is not as
theoretically sound as generic programming.

In the future we intend to develop a new animation backend to replace
GHood, in order to increase the understanding of the functions being observed.
First, it should allow us to visualize the consumption of the intermediate data
structure, showing how the final result is obtained from the recursion tree. It
should also allow more control on the view of nested hylomorphisms. Sometimes,
the parameters of a hylomorphism are also hylomorphisms, and to simplify the
presentation these should only be visualized as requested.
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4. Alcino Cunha, José Barros, and João Saraiva. Deriving animations from recur-

sive definitions. In Draft Proceedings of the 14th International Workshop on the
Implementation of Functional Languages (IFL’02), 2002.

5. Maarten Fokkinga. Monadic maps and folds for arbitrary datatypes. Memoranda

Informatica 94–28, University of Twente, June 1994.

6. Jeremy Gibbons and Geraint Jones. The under-appreciated unfold. In Proceedings
of the 3rd ACM SIGPLAN International Conference on Functional Programming
(ICFP’98), pages 273–279. ACM Press, 1998.



240 A. Cunha

7. Andy Gill. Debugging Haskell by observing intermediate data structures. In

G. Hutton, editor, Proceedings of the 4th ACM SIGPLAN Haskell Workshop, 2000.
8. Ralf Hinze. A new approach to generic functional programming. In Proceedings of

the 27th Annual ACM SIGPLAN-SIGACT Symposium on Principles of Program-
ming Languages (POPL’00), pages 119–132. ACM Press, 2000.

9. Ralf Hinze. Polytypic values possess polykinded types. In Roland Backhouse and
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Abstract. Diagnosis methods in debugging aim at detecting bugs of
a program, either by comparing it with a correct specification or by
the help of an oracle (usually the user herself). Debugging techniques
for declarative programs usually exploit the semantical properties of
programs (and specifications) and generally try to detect one or more
“buggy” rules. In this way, rules are split apart in an absolute way: ei-
ther they are correct or not. However, in many situations, not every error
has the same consequences, an issue that is ignored by classical debug-
ging frameworks. In this paper, we generalise debugging by considering
a cost function, i.e. a function that assigns different cost values to each
kind of error and different benefit values to each kind of correct response.
The problem is now redefined as assigning a real-valued probability and
cost to each rule, by considering each rule more or less “guilty” of the
overall error and cost of the program. This makes possible to rank rules
rather than only separate them between right and wrong. Our debugging
method is also different from classical approaches in that it is probabilis-
tic, i.e. we use a set of ground examples to approximate these rankings.

Keywords: Declarative Debugging, Cost Matrices, Software Testing,
Cost-sensitive Evaluation.

1 Introduction

Debugging has always been an undesired stage in software development. Much
research in the area of software development has been devoted to avoid errors
but, in the general framework of programming, the errors are still there and,
hence, must be detected and corrected.

The problem of debugging can be presented in several ways. In the worst
case, we only know that the program does not work correctly, and little can
be done automatically. Sometimes we are given several wrong (and optionally
right) computations. In other situations, we take for granted that we have an

? This work has been partially supported by CICYT under grant TIC2001-2705-C03-
01 and Acción Integrada Hispano-Italiana HI2000-0161.
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oracle (generally the user) whom we can ask about the correct computation of
any example. In the best case, we have a formal specification and the program
to be corrected.

Even in the best case (we know the specification) the diagnosis of which
parts of the program are wrong is not trivial. Successful techniques in the di-
agnosis of bugs are usually associated with the type of programming language
used. Programming languages based on rules and, especially, declarative lan-
guages allow the use of powerful (formal) techniques to address the problem.
Several approaches have been developed for logic programming [4], functional
programming [9] and logic and functional integrated languages [1, 2], in order
to debug programs according to different observable properties, e.g., correct an-
swers, computed answers, call patterns, finite failure, etc. Furthermore, some of
these methods are also able to diagnose lost answers (the completeness problem).

However, many formal techniques derived so far are based on the idea of
comparing specification and program, also assuming that all the predicates or
functions implemented by the program are also defined by the specification, to
which they can be compared, or assuming that auxiliary functions are correct.

So we would like to cope with large programs, where the specification of the
auxiliary functions is not known, and taking into account the program usage
distribution and the costs of each kind of error.

Let us illustrate with an example the kind of problems we want to address.

Example 1. Consider a taxi company that wants to use a program for sending
the appropriate vehicle type (car, van, minibus or special service) depending
on the number of people in the group that has made the call. The maximum
capacities of each vehicle are 4 for cars, 8 for vans and 12 for minibusses. The
specification I given by the company is then as follows1:

taxi(N)→ car ⇐ N ≤ 4

taxi(N)→ van ⇐ 4 < N ≤ 8

taxi(N)→ minibus ⇐ 8 < N ≤ 12

taxi(N)→ special ⇐ 12 < N

A programmer just implements this problem as the following program R1:
r1 : cap(car)→ 4

r2 : cap(van)→ 9

r3 : cap(minibus)→ 12

r4 : interval(X, N, Z)→ (X < N ≤ Z)
r5 : taxi(N)→ car ⇐ interval(0, N, cap(car))
r6 : taxi(N)→ van ⇐ interval(cap(car), N, cap(van))
r7 : taxi(N)→ minibus ⇐ interval(cap(van), N, cap(minibus))
r8 : taxi(N)→ special ⇐ cap(minibus) < N

As can be seen, the programmer has made a mistake on the capacity of the van.
However, the semantics of the auxiliary function cap measuring the“capacity” of
a vehicle is not in the specification and, consequently, classical approaches cannot
be applied unless assuming that the auxiliary functions are correct, which in this
case it is not true.

1 In the example, < and ≤ are the usual predefined boolean functions modelling
inequality relations among naturals.
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Nonetheless, the previous example can also be used to show that even de-
tecting errors is not sufficient for improving the quality of a program.

Example 2. Consider the alternative program R2:
r1 : cap(car)→ 3

r2 : cap(van)→ 7

r3 : cap(minibus)→ 12

r4 : interval(X, N, Z)→ (X < N ≤ Z)
r5 : taxi(N)→ car ⇐ interval(0, N, cap(car))
r6 : taxi(N)→ van ⇐ interval(cap(car), N, cap(van))
r7 : taxi(N)→ minibus ⇐ interval(cap(van), N, cap(minibus))
r8 : taxi(N)→ special ⇐ N > cap(minibus)

Apparently, this program is more buggy than R1 since rules r1 and r2 seem to
be wrong. However, in the context where this program is going to be used, it is
likely that R2 is better than R1. But why?

The issue here is that in most situations, not every error has the same conse-
quences. For instance, a wrong medical diagnosis or treatment can have different
costs and dangers depending on which kind of mistake has been done. Obviously,
costs of each error are problem dependent, but it is not common the case that
they are uniform for a single problem. Note that it might even be cheaper not
to correct a limited bug and invest that time in correcting other costlier bugs.

For the previous example, the cost of each error could be represented as a
“cost matrix” and its values could have been estimated by the company2:

I

car van minibus special

car 0 200 200 200
R van 4 0 200 200

minibus 10 6 0 200
special 30 15 5 0

Obviously the cost of sending a car when a van is needed (200) is much higher
than the contrary situation (4), since in the first case the vehicle is not big
enough to carry all the people. For this particular matrix and a non-biased
distribution of examples, the program R2 is better than the program R1, even
though apparently it has more buggy rules. Nonetheless a different distribution
of examples (e.g. if groups of 4 people are much more common than groups of
9 people) could turn R1 into a better program. Consequently, in order to know
which rules are more problematic or costlier, we need to know:

– The cost of each kind of error given by a cost function.
– The distribution of cases that the program has to work with.

The previous example also shows that if we do not have the specification of
the main function and all the auxiliary functions, it is impossible in general to

2 This is usually a simplification, since the cost may also depend on the size, the age
or even the extra number of people.
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talk about correct and incorrect rules. In these cases, it is only sensible to talk
about rules that participate more or less in the program errors or costs, giving
a rate rather than a sharp classification between good and bad rules. Another
common situation is during the development of the software product when there
is not enough time to correct all the errors before the date of the purchase of the
product. In this case, it could be very useful to have a rank of errors in order to
correct the most important ones first.

Taking into account the previous considerations, we are going to devise a new
debugging schema (for terminating programs) with the following requirements:

– It should be able to work with samples of examples, with oracles or with a
correct specification, without the need of correct specifications for auxiliary
functions.

– It should consider a user-defined or predefined cost function in order to
perform cost-sensitive debugging.

– The previously obtained costs will be used to rank the rules from more costly
to less costly rather than strictly separating between buggy or non-buggy
rules.

– It should be possible to use a tunable trade-off between efficiency of the
method and the quality of its ranking.

The paper is organised as follows. In Section 2, we give some notation and we
formally introduce the cost-sensitive diagnosis problem. Section 3 deals with an
estimation of the rule error probability. Section 4 is mainly devoted to the illus-
tration of the cost-sensitive diagnosis framework. Scalability and applicability of
the approach are discussed in Section 5. Section 6 concludes the paper.

2 Notation and Problem Statement

In this work, we will concentrate on declarative languages, although most of the
ideas introduced are valid for other rule-based languages. First, let us briefly
introduce some notation and next we will state the problem more formally.

2.1 Notation

Throughout this paper, V will denote a countably infinite set of variables and
Σ is a signature denoting a set of function symbols, each of which has a fixed
associated arity. T (Σ ∪ V ) and T (Σ) denote the non-ground term algebra and
the term algebra built on Σ ∪ V and Σ, respectively. By V ar(t) we intend the
set of variables occurring in term t. Let Σ⊥ = Σ

⋃

{⊥}, whereas ⊥ is a new
fresh constant. Given an equation e, we will denote the left-hand side (resp. the
right-hand side) of e by lhs(e) (resp. by rhs(e)).

A conditional term rewriting system (CTRS for short) is a pair (Σ,R), where
R is a finite set of rewrite rule schemes of the form (λ→ ρ⇐ C), λ, ρ ∈ T (Σ∪V ),
λ 6∈ V and V ar(ρ) ⊆ V ar(λ). The condition C is a (possibly empty) sequence
e1, . . . , en, n ≥ 0, of equations.
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We will often write just R instead of (Σ,R). Given a CTRS (Σ,R), we
assume that the signature Σ is partitioned into two disjoint sets Σ = C ] F ,
where F = {f | (f(t1, . . . , tn)→ r ⇐ C) ∈ R} and C = Σ \ F . Symbols in C are
called constructors and symbols in F are called defined functions. Elements in
T (C) are called values (or ground constructor terms). In the remainder of this
paper a program is a CTRS. A term t is a normal form w.r.t. a program R, if
there is no term s such that t →R s, where →R denotes the usual conditional
rewrite relation [7]. Let nfR(t) denote the set of normal forms of the term t
w.r.t. R and cnfR(t) = {s|s ∈ nfR(t) and s ∈ T (C)}. Moreover, let nfR,r(t) =
{s|s ∈ nfR(t) and r occurs in t →∗

R s} and cnfR,r(t) = {s|s ∈ nfR,r(t) and
s ∈ T (C)}. A CTRS R is terminating if there are no infinite sequences of the
form t1 →R t2 →R t3 →R . . . A CTRS R is confluent if, for each term s such
that s→∗

R t1 and s→∗
R t2, there exists a term u such that t1 →

∗
R u and t2 →

∗
R u.

If R is confluent then the normal form of a term t is unique. A sample S is a
set of examples of the form 〈e, n〉 where e is a ground equation and n ∈ IN is
a unique identifier. For the sake of simplicity, we will often denote the example
〈e, n〉 by en or e.

2.2 A Cost-Sensitive Debugging Schema

A cost-sensitive debugging problem is defined as follows:

– a program R to be debugged;
– one main function definition f , selected from R;
– a correctness reference, either an intensional specification I or a sample S,

or an oracle O;
– a cost function defined from T (C⊥)× T (C) to the set of real numbers;
– a probability distribution function p of ground terms that have f as outer-

most function symbol.

Let us define more precisely some of the previous components. First of all, the
program R is assumed to be terminating in order to ensure effectiveness of our
debugging framework. However, R could be non-confluent. In that case, we as-
sume the following worst-case error situation: if one of all the normal forms
computed by R is not correct w.r.t. the correctness reference, we consider pro-
gram R incorrect.

Secondly, f is the main function definition to which the cost measures and
errors refer to. In the case that more than one function definition f must be
taken into account, we could debug them separately.

Thirdly, our cost-sensitive diagnosis framework exploits a correctness refer-
ence representation based on a sample S, which could be generated according
to distribution p. Example generation could be done by means of a generative
grammar method, which is able to automatically yield a set of ground equations
satisfying a given probability distribution requirement, as we will discuss in sec-
tion 5. However, correctness reference can also be represented by the following
alternative forms: an intensional program I (a specification, which at least de-
fines function f), an oracle O (an entity that can be queried about the correct
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normal form of any well-constructed term whose outermost symbol is f). Our
framework can deal with all these three representations, since both I and O can
be used to randomly generate a sample S, according to a given distribution p.
Hereinfater, we will work with S.

Fourthly, we have a function ECFf : T (C⊥)×T (C) −→ IR , called the Error
Cost Function, such that the first argument of this function is intended to be
one of the normal forms computed by the program R for a term f(t1, . . . , tn)
and the second one is intended to be the correct normal form. In the particular
case that the set of computed values is a set of constants (nominal type), the
Error Cost Function can be expressed as a bidimensional matrix, which makes
its understanding easier, as seen in the introduction.

As we will see, in many cases ECFf and p are not known. We will also discuss
reasonable assumptions (symmetric cost function and universal distribution) for
these situations later.

2.3 Kinds of Error

First of all, we assume that our sample S fullfils the following properties: (i) for
each l = r ∈ S, r ∈ T (C), (ii) there are not two equations e and e′ such that
lhs(e) = lhs(e′) and rhs(e) 6= rhs(e′). The reason why we require (i) concerns
the fact that generally programmers are interested in computing values. So, we
will rank rules w.r.t. values. Besides, (ii) is needed in order to force a good
behaviour of our correctness reference: we do not want that a ground function
call can calculate more than one value. In particular, (ii) implies a confluent

intensional specification I.
For this work we will consider two kinds of errors: correctness errors and

completeness errors.

Definition 1 (Correctness Error). The program R has a correctness error
on example e, denoted by 2e, when there exists a term t ∈ cnfR(lhs(e)) such
that t 6= rhs(e).

Definition 2 (Completeness Error). The program R has a completeness er-
ror on example e, denoted by ∆e, when there exists a term t ∈ nfR(lhs(e)) such
that t /∈ T (C).

Note that there may be cases when there is both a correctness error and a
completeness error. In general we will use the symbols 2 and ∆ when we do not
refer to any particular example.

For simplicity, the error function ECFf is defined only for values (ground con-
structor terms) plus the additional element⊥ representing all the non-constructor
normal forms. More precisely, the first argument of ECFf has to be a value or
⊥, while the second argument is constrained to be a value.

3 Estimating the Error Probability

Consider a program R that is not correct w.r.t. some specification. In some
cases there is clearly one rule that can be modified to give a correct program. In
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other cases, a program cannot be corrected by changing only one rule and the
possibilities of correction (and hence the number of rules that might be altered)
become huge.

Consequently, we are interested in a rating of rules that assigns higher values
to rules that are more likely to be guilty of program failure. More precisely, we
want to derive the probability that given an error, the cause is a particular rule.
If we enumerate the rules of a program from r1 to rn and, as we defined in
Section 2.3, we denote by 2 a mismatch between the normal form computed by
R and the correct normal form (correctness error), then we would like to obtain
the probability that given a correctness error, a particular rule is involved, i.e.
P (ri|2).

This probability could be computed directly or, as will be shown later, it
could be obtained by the help of Bayes theorem, i.e.:

P (ri|2) =
P (ri) · P (2|ri)

P (2)
.

So, we only have to obtain the following probabilities: P (ri), P (2|ri) and P (2).
In the sequel, let card(L) be the cardinality of a sample L. The probability of
error P (2) is easy to be estimated by using the sample S. Let us denote by
E ⊆ S the sample which gives rise to a correctness error using R. Formally,
E = {e ∈ S | ∃ t ∈ cnfR(lhs(e)) and t 6= rhs(e)}. As we said, if R is not confluent
it is sufficient that one normal form is different from the correct value to consider
that to be an error. Consequently:

P (2) ≈
card(E)

card(S)

i.e., the number of cases that are wrongly covered by the program w.r.t. the size
of the sample.

The probability that a rule is used, P (ri), is also easy to be estimated. Let
us denote by Ui ⊆ S the following sample: Ui = {e ∈ S | ∃ t ∈ cnfR,ri(lhs(e))}. If
an example uses more than once rule ri, ri is only reckoned once. Then we have:

P (ri) ≈
card(Ui)

card(S)

Finally, we have to approximate the probability that there is an error whenever
a rule ri is used, that is, P (2|ri). Let us denote by Ei ⊆ Ui the sample from Ui
rising a correctness error w.r.t. R. Then,

P (2|ri) ≈
card(Ei)

card(Ui)
.

If we take a look at the previous formulae, it is straightforward noting that:

P (ri|2) ≈
card(Ei)

card(E)
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which is consistent with the definition of P (ri|2) as “probability that given an
error, the cause is a particular rule”. Moreover, since card(E) is the same for all
the rules, we would have that P (ri|2) only depends on card(Ei).

However, consider the following example:

r1 : f(X, [])→ 0

r2 : f(true, [A|B])→ sumlist([A|B])
r3 : f(false, [A|B])→ sizelist([A|B])
r4 : sumlist([A|B])→ A+ sumlist[B]
r5 : sumlist([])→ 0

r6 : sizelist([A|B])→ 0+ sizelist[B]
r7 : sizelist([])→ 0

and S = {〈f(true, [3, 2, 5]) = 10, 1〉, 〈f(false, []) = 0, 2〉, 〈f(false, [2]) = 1, 3〉}.
With this we would have that P (r6|2) = 1. This is so easily detected because f
is implemented in a “divide-and-conquer” fashion, and examples are distributed
in such a way that even auxiliary functions not given in the specification can be
debugged. However, this may not be the case for programs where the recursive
clauses are deeply interrelated (we would also need the definition of the auxiliary
functions in these cases).

When there are few examples, it could happen that a faulty rule never rises a
correctness error, because it might not appear in any example rewrite sequence.
Therefore it may not be detected as incorrect. In this situation, the use of some
smoothing techniques, such as Laplace smoothing or the m-estimate [3], for cor-
recting error rule probabilities could be helpful.

3.1 Advantages and Caveats of using P (ri|2)

Let us study the kinds of problems where the previous approach works. In some
cases the rating is clearly intuitive, for instance, when we have non-recursive
function definitions with a fine granularity of the rules or recursive definitions
where the error is in the base case. Consider, e.g., the following wrong program
for the function even:

r1 : even(0)→ false

r2 : even(s(s(X)))→ even(X)

Here r1 is clearly given the highest P (ri|2) whenever the sample contains “even(0)
= true”.

However, there are some cases where there is a tie between the error proba-
bilities of two or more rules. One can imagine to use P (2|ri) in order to untie,
but this does not always work properly. For instance, let us consider the follow-
ing example that computes the product of two natural numbers by the use of an
auxiliary function multaux:

r1 : mult(0, y)→ 0

r2 : mult(s(X), Y)→ s(multaux(X, Y, Y))
r3 : multaux(X, Y, 0)→ mult(X, Y)
r4 : multaux(X, Y, s(Z))→ s(multaux(X, Y, Z))
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In this case, if the sample S just contains examples for mult but not for multaux
(probably because we have a specification of mult using add, as usual) then we
will have P (2|r2) = P (2|r3) = P (2|r4) = 1. However, P (r2|2) = P (r3|2) = 1.
We cannot in general distinguish between r2 and r3, because whenever r2 is used
r3 is also used and viceversa. If we had examples for multaux, we would have
that P (2|r2) = 1 > P (2|r3) = P (2|r4), clarifying that since multaux seems to
be correct, the error can only be found in r2.

The following result about incorrectness detection can be proven.

Theorem 1. Let S be a sample and R be a program not rising correctness error

w.r.t. S. Consider a program R′ which differs from R just by one rule ri. Then,
∃ e′ ∈ S such that cnfR(lhs(e

′)) ⊂ cnfR′(lhs(e′)). Then, the diagnosis method

assigns the greatest P (ri|2) to rule ri.

Proof. Since there is (at least) e′ ∈ S such that cnfR(lhs(e
′)) ⊂ cnfR′(lhs(e′)),

we have that there exits (at least) a term t ∈ cnfR′(lhs(e′)) and t 6∈ cnfR(lhs(e
′)).

Since R is correct w.r.t. S, then rhs(e′) ∈ cnfR(lhs(e
′)) and t 6= rhs(e′). Thus,

R′ rises a correctness error on example e′. Clearly, there may be more than one
e′ ∈ S on which R′ gives rise to a correctness error. So, let E ⊆ S be the sample
of such examples. Since R′ only differs from R by one rule ri and R does not
give rise to any correctness error, we have that Ei = E. Hence,

P (ri|2) =
card(Ei)

card(E)
= 1.

Consequently, any other rule of R′ must have less or equal probability. And this
proves the claim.

2

Finally, the previous measure detects faulty rules and it is able to rank them.
However, even though the distribution of examples is taken into account (the
probabilities are estimated from this distribution), sometimes we obtain rule
rankings containing ties. Therefore we are sometimes not allowed to localise
error sources with a sufficient precision degree. In the next section, we will try
to refine the ranking process by considering rule costs.

4 A Cost-Sensitive Diagnosis

In this section, we define a cost-sensitive diagnosis for functional logic programs.
For this purpose we require a cost function ECFf : T (C⊥)×T (C) −→ IR defined
for the outputs of function f .

By using this function we could compute the cost assigned to each rule, i.e.
which proportion of the overall cost of the program is blamed to each rule.

Definition 3 (Rule Correctness Cost). The rule correctness cost, denoted
by Costri is computed in the following way:

Costri =

∑

e∈S Costri(e)

card(S)
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where Costri(e) is defined as follows:

Costri(e) =
∑

t∈cnfR,ri
(lhs(e))

ECFf (t, rhs(e))

Example 3. Consider the following example:

r1 : even(0)→ true

r2 : even(s(X))→ even(X)

and S = {〈even(0) = true, 1〉, 〈even(s(0)) = false, 2〉, 〈even(s(s(0))) = true, 3〉,
〈even(s(s(s(0)))) = false, 4〉}. And consider the ECFeven defined by the follow-
ing cost matrix.

I
false true

R false −1 1
true 1 −1

Consequently, using this cost matrix, we have that r2 is costlier than r1.

However, there are two important questions to be answered here. What is
the relation between the Cost measure and the error probability? And secondly,
which cost matrix should be used in the case we are not given one? The first
question is answered by the following proposition, which states that the rule
correctness cost method is a “generalisation” of error probability method.

Proposition 1. Let R be a confluent CTRS, ri be a rule belonging to R and

S be a sample. Consider the cost function ECFf (X,Y ) = κ if X 6= Y and 0
otherwise, where κ ∈ R, κ > 0. Then, Costri = κ · P (ri|2) · P (2).

Proof. Let e ∈ S. Consider the rule correctness cost per example Costri(e) which
is defined as

Costri(e) =
∑

t∈cnfR,ri
(lhs(e))

ECFf (t, rhs(e)). (1)

Since R is confluent, the normal form of a given term (whenever it exists) is
unique. So, Equation 1 becomes

Costri(e) = ECFf (t, rhs(e)) =

{

κ if t 6= rhs(e), t ∈ T (C), κ ∈ IR, κ > 0
0 otherwise.

(2)

where t is the unique normal form of lhs(e). By summing each rule correctness
cost per example, we get the following relation:

card(Ei) =
1

κ

∑

e∈S

Costri(e) (3)

As E ⊆ S, card(S) = card(E)+ c, where c ≥ 0 is a natural constant. By exploit-
ing relations above and probability definitions given in Section 3, we finally get
the desired result.
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Costri =
∑

e∈S Costri
(e)

card(S) = κ · card(Ei)
card(S) = κ · card(Ei)

card(E) ·
card(E)
card(S) = κ · P (ri|2) · P (2).

So, our claim is proven. 2

The interesting thing (and the answer to the second question) comes when
we use cost functions which do not subsume error probabilities.

As we have seen in the previous example, instead of the cost function that
does not take into account hits (i.e. correct constructor normal forms), we prefer
the symmetrical cost function ECFf (X,Y ) = 1 if X 6= Y and −1 otherwise (we
assign 0 when X is not a value). The rationale of this choice is based on the idea
that not only errors have to be taken into account but also hits. Hence, a very
useful part of a program may have participated in an error but should be less
blamed for that than a less useful part of a program that has also participated
in the error.

According to all the machinery we set up, a by-default modus operandi could
be as follows.

Modus Operandi.

– First of all, discard all the incompleteness errors. The true equations corre-
sponding to these errors (lhs is the normal form generated by R and rhs is
the correct normal form) are output on a new set E∆.

– Compute the p(ri|2) for all the rules and give a first ranking of rules.
– In case of tie use Costri with the symmetrical cost function to refine the

ranking.

Let us see in the taxi assignment example of Section 1, whether this rule of
thumb works in practice.

Example 4. Consider the following program.

r1 : cap(car)→ 4

r2 : cap(van)→ 9

r3 : cap(minibus)→ 12

r4 : interval(X, N, Z)→ (X < N ≤ Z)
r5 : taxi(N)→ car ⇐ interval(0, N, cap(car))
r6 : taxi(N)→ van ⇐ interval(cap(car), N, cap(van))
r7 : taxi(N)→ minibus ⇐ interval(cap(van), N, cap(minibus))
r8 : taxi(N)→ special ⇐ cap(minibus) < N

and the specification I shown in the introduction. Let us use the following sam-
ple: S = {〈taxi(1) = car, 1〉, 〈taxi(1) = car, 2〉, 〈taxi(2) = car, 3〉, 〈taxi(3) =
car, 4〉, 〈taxi(5) = van, 5〉, 〈taxi(7) = van, 6〉, 〈taxi(9) = minibus, 7〉, 〈taxi(11)
= minibus, 8〉, 〈taxi(20) = special, 9〉}. Note that repeated examples exist and
they should be taken into account. By applying the probability estimation of Sec-
tion 3 and the symmetrical cost function, the following probabilities and costs
are computed.

r1 r2 r3 r4 r5 r6 r7 r8
P (ri|2) 1 1 0 1 0 1 0 0
Costri − 5

9 −
2
9 −

5
9 −

8
9 −

4
9 −

1
9 −

1
9 −

1
9
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We note there is a tie among the probabilities of rules r1, r2, r4 and r6. This rule
ranking can be refined by taking into account rule correctness costs. Indeed, we
have that r6 is rated first and r2 is rated second.

5 Generation of Examples, Scalability and Applications

In order to approximate in an appropriate way the ratings introduced before,
we need a representative sample of examples. If we are given the sample S we
can use it directly. However, if we have a specification I or an oracle O then
we need to obtain random examples from it. A first idea in these latter cases is
to generate terms by using the fix-point of the immediate consequence operator
[6] until iteration k, i.e. TR

k. However, the problem of this approach is that the
number of examples cannot be told in advance with k and, more importantly,
the complexity of the TR

k procedure depends on the size and complexity of
the program. Consequently, it seems more reasonable to generate some set or
multiset of terms (as lhs of examples) and use them to obtain (jointly with I
or O) the rhs of the examples. If we are given a probability distribution over
the terms or the examples, this is fairly clear, we can generate them with an
appropriate generative grammar. However, which distribution should we assume
if we are not given one? We have to determine a distribution on all the ground
terms of the co-domain of the function. Since there may be infinite possible
terms, a uniform distribution is not a good solution for this.

A way to obtain a representative sample with less assumptions but still fea-
sible is the use of a universal distribution over the terms, which is defined as the
distribution that gives more probability to short terms and less probability to
large terms [8]. This is also beneficial for computing normal forms, since the size
of the examples will not be, in general, too large, and for many programs, this
would also mean relatively short rewriting chains.

It may be interesting to discuss whether short examples are more likely to
include extreme or strange values (as it is usually recommended by techniques
such as “Extreme Value Analysis”). Note that base cases, cases with extreme
values, exceptional cases, etc. (of a single function) are precisely those which can
be reached with a few rewriting steps in an overwhelming majority of applications
(one can make up a very special program that can only have a special behaviour
after a thousand calls to the same function, but this is not a good practice
or it is not a very common example). In this way we would have that for many
programs, if we generate a sufficiently large sample, almost all the small peculiar
cases would be considered.

Regarding scalability, the generation of a sample of n terms according to the
universal distribution can be considered in O(n). It is the computation of the
rhs of each of these terms that may be the most computationally expensive part.
As we have said, in many situations, short terms will have (in general) shorter
derivations than large terms, and this will affect positively on the possibility
of generating large amounts of examples for many applications. It is reason-
able to think that larger programs will require more examples, although it is
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problem-dependent to know if the relation is sublinear, linear or exponential.
The good thing of our method is that we can begin to estimate probabilities in
an incremental way and we can stop when the cardinalities of each of the rule
probabilities and costs are large enough to have good approximations. In other
words, for each particular program, we can tune a specific compromise between
time complexity and good estimation of probabilities and costs.

With respect to applicability, the first area where our approach is especially
beneficial is in those cases where we have a relevant cost function or matrix. For
instance, medical diagnosis, fault-detection, etc., are clear examples where our
approach can take advantage of the cost information. Just as an example, it is
more important to detect an error that alerts that a system is not working (when
it is) than the reverse situation. A second area of application is the development
of programs for which we are given many use cases as a specification or we can
generate many of these. There is no need of a full specification in these cases.
A third area of application is prototyping, when we want to detect the most
evident errors first in order to show some basic functionalities. Additionally to
these three specific areas, we think that our approach could also be beneficial in
general, possibly depending on the kind of program to be debugged.

Finally, an alternative way of generating examples could be to use the uni-
versal distribution for the derivations. Hence, terms would be more probable the
shorter their program derivation is. Nonetheless, we think that this approach
would be less efficient (we have to consider both the lhs and the rhs wrt. the
program) and more difficult to implement than the previous approach.

6 Conclusions

In this paper, we have shown that the analysis of rule use depending on the dis-
tribution of examples can also be used for detecting bugs and, more importantly,
to priorise them. Developing a debugging ranking of rules must also take into ac-
count the context and distribution where the program is being used. Some cases
handled by a program are much more frequent than others. This means that er-
rors in frequent cases are corrected first than errors in less frequent cases or even
cases that almost never occur. This information can be given by a probability
distribution and hence used by our diagnosis framework when constructing the
sample (instead of the general, by-default universal distribution). Moreover, this
information can be complemented with the cost function, because it may also
be the case that rare situations may have more cost than common situations.

These considerations are, to the best of our knowledge, quite new in the
typical discourse of program debugging, but are well-known in what is called
cost-sensitive learning. Other techniques, such as ROC analysis [5] could also be
applied for diagnosis.

The efficiency of our method is proportional to the number of examples used.
The bigger the sample the more precise the estimation of probabilities and costs
becomes, but the efficiency decreases (linearly).
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Another advantage of this framework, inherited from its simplicity, is that
it can also be applied to other declarative and even non-declarative rule-based
languages, provided the rules have enough granularity.

One way to advance in some complex cases (especially recursive ones) could
be to explore rule dependencies. Another issue to be explored is that the proba-
bilities and costs could be computed exactly and not approximated, when we are
given the specification. This would turn this method into a purely semantical
one instead of a statistical one. As future work, we also plan to extend our cost
analysis in order to deal with completeness errors and nonterminating programs.

Finally, in this work we have only considered detection and ranking of bugs,
but not their correction. In many cases, inductive techniques (i.e. learning)
should be used for this. Systems that are able to work with cost functions would
be more coherent and could be coupled with this approach.
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Abstract. We present an approach for the formal verification of Erlang
programs using abstract interpretation and model checking. In previous
work we defined a framework for the verification of Erlang programs
using abstract interpretation and LTL model checking. The application
of LTL model checking yields some problems in the verification of state
propositions, because propositions are also abstracted in the framework.
In dependence of the number of negations in front of state propositions
in a formula they must be satisfied or refuted. We show how this can
automatically be decided by means of the abstract domain.
The approach is implemented as a prototype and we are able to prove
properties like mutual exclusion or the absence of deadlocks and lifelocks
for some Erlang programs.

1 Introduction

Growing requirements of industry and society impose greater complexity of soft-
ware development. Consequently, understandability, maintenance and reliability
cannot be warranted. This gets even harder when we leave the sequential terri-
tory and develop distributed systems. Here many processes run concurrently and
interact via communication. This can yield problems like deadlocks or lifelocks.
To guarantee the correctness of software, formal verification is needed.

In industry the programming language Erlang [1] is used for the implementa-
tion of distributed systems. For formal verification, we have developed a frame-
work for abstract interpretations [4, 11, 15] for a core fragment of Erlang [7]. This
framework guarantees that the transition system defined by the abstract opera-
tional semantics (AOS) includes all paths of the standard operational semantics
(SOS). Because the AOS can sometimes have more paths than the SOS, it is
only possible to prove properties that have to be satisfied on all paths, like in
linear time logic (LTL). If the abstraction satisfies a property expressed in LTL,
then also the program satisfies it, but not vice versa. If the AOS is a finite transi-
tion system, then model checking is decidable [13, 16]. For finite domain abstract
interpretations and an additional flow-abstraction [9] this finite state property
can be guaranteed for Erlang programs which do not create an unbound number
of processes and use only mailboxes of restricted size.

However, the application of LTL model checking to the AOS is not so straight-
forward. LTL is usually defined by means of simple state propositions. In our
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approach of verification by model checking, the validity of a state proposition
depends on the chosen abstraction. This must be taken into account in the im-
plementation of the model checking algorithm. Furthermore, negation in LTL
formulas results in additional problems. The equivalence of not validating a
state proposition and refuting it does not hold in the context of abstraction. We
show how safe model checking with respect to the abstract interpretation can
be implemented.

The paper is organized as follows: Section 2 introduces the programming
language Erlang and Section 3 shortly presents our framework for abstract in-
terpretation. In Section 4 we add propositions to Erlang programs which can
be used for formal verification by LTL model checking, shortly introduced in
Section 5. Then, Section 6 motivates how abstract state propositions can be de-
cided, which is formalized in Section 7. Finally, we present a concrete verification
in Section 9 and conclude in Section 10.

2 Erlang

Erlang is a strict functional programming language. It is extended with con-
current processes. In Erlang, variables start with an uppercase letter. They can
be bound to arbitrary values, with no type restrictions. Basic values are atoms
(starting with a lowercase letter), e.g. true,false. More complex data structures
can be created by constructors for tuples of any arity ({. . . }/n) and constructors
for lists ([.|.]and []). It is also possible to use atoms and these constructors in
pattern matching.

In Erlang, a new process can be created by spawn(f, [a1, . . . , an]). The pro-
cess starts with the evaluation of f(a1, . . . , an). Since Erlang is strict the argu-
ments of spawn are evaluated before the new process is created. The functional
result of spawn is the process identifier (pid) of the newly created process. With
p!v arbitrary values (including pids) can be sent to other processes. The pro-
cesses are addressed by their pids (p). A process can access its own pid with
the Erlang function self/0. The messages sent to a process are stored in its
mailbox and the process can access them conveniently with pattern matching
in a receive-statement. Especially, it is possible to ignore some messages and
fetch messages from further behind. For more details see [1].

For the formal verification we restrict to a core fragment of Erlang (called
Core Erlang) which contains the main features of Erlang. The syntax of Core
Erlang is defined as follows:

p ::= f(X1, . . . ,Xn) -> e. | p p
e ::= φ(e1, . . . ,en) | X | pat = e | self | e1,e2 | e1!e2 |

case e of m end | receive m end | spawn(f,e)
m ::= p1->e1; . . . ;pn->en

pat ::= c(p1, . . . ,pn) | X

where φ represents predefined functions, functions of the program and construc-
tors (c).
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Example 1. A database process for storing key-value pairs can be defined as
follows:

main() -> DB = spawn(dataBase,[[]]),

spawn(client,[DB]), client(DB).

dataBase(L) -> prop(top),

receive

{allocate,Key,P} ->

prop({allocate,P}),

case lookup(Key,L) of

fail -> P!free,

receive

{value,V,P} -> prop({value,P}),

dataBase([{Key,V}|L])

end;

{succ,V} -> P!prop(allocated), dataBase(L)

end;

{lookup,Key,P} -> prop(lookup),

P!lookup(Key,L), dataBase(L)

end.

At this point the reader should ignore the applications of the function prop. In Section 9
we will prove mutual exclusion for the database. For this purpose we will need the state
propositions introduced by prop.

The program creates a database process holding a state (its argument L) in which
the key-value pairs are stored. The database is represented by a list of key-value pairs.
The communication interface of the database is given by the messages {allocate,Key,P}
for allocating a new key and {lookup,Key,P} for retrieving the value of a stored key.
In both patterns P is bound to the requesting client pid to which the answer is sent.

The allocation of a new key is done in two steps. First the key is received and
checked. If there is no conflict, then the corresponding value can be received and stored
in the database. This exchange of messages in more than one step has to guarantee mu-
tual exclusion on the database. Otherwise, it could be possible that two client processes
send keys and values to the database and they are stored in the wrong combination.
A client can be defined accordingly [7]. In Section 9 we will prove that the database
combined with two accessing clients satisfies this property.

2.1 Semantics

In [7] we presented a formal semantics for Core Erlang. In the following we will refer
to it as standard operational semantics (SOS). It is an interleaving semantics over a
set of processes Π ∈ States. A process (proc ∈ Proc) consists of a pid (π ∈ Pid :=
{@n | n ∈ IN}), a Core Erlang evaluation term e and a word over constructor terms,
representing the mailbox.

The semantics is a non-confluent transition system with interleaved evaluations
of the processes. Only communication and process creation have side effects to the
whole system. For the modeling of these actions two processes are involved. To give an
impression of the semantics, we present the rule for sending a value to another process:

v1 = π′ ∈ Pid

Π, (π,E[v1!v2], µ)(π′, e, µ′)
!v2
=⇒ Π, (π,E[v2], µ)(π′, e, µ′ : v2)
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E is the context of the leftmost-innermost evaluation position, with v1 a pid and v2 an
arbitrary constructor term. The value v2 is added to the mailbox µ

′ of the process π′

and the functional result of the send action is the sent value. For more details see [10].

3 Abstract Interpretation of Core Erlang Programs

In [7] we developed a framework for abstract interpretations of Core Erlang programs.
The abstract operational semantics (AOS) yields a transition system which includes

all paths of the SOS. In an abstract interpretation Â = (Â, ι̂,v, α) for Core Erlang

programs Â is the abstract domain which should be finite for our application in model
checking. The abstract interpretation function ι̂ defines the semantics of predefined
function symbols and constructors. Its codomain is Â. Therefore, it is for example
not possible to interpret constructors freely in a finite domain abstraction. ι̂ also de-
fines the abstract behaviour of pattern matching in equations, case, and receive.
Here the abstraction can yield additional non-determinism because branches can get
undecidable in the abstraction. Hence, ι̂ yields a set of results which defines possible
successors. Furthermore, an abstract interpretation contains a partial order v, describ-
ing which elements of Â are more precise than others1. We do not need a complete
partial order or a lattice because we do not compute any fixed point. Instead, we just
evaluate the operational semantics with respect to the abstract interpretation. This
yields a finite transition system, which we use for (on the fly) model checking. An ex-
ample for an abstraction of numbers with an ordering of the abstract representations
is: IN v {v | v ≤ 10} v {v | v ≤ 5}. It is more precise to know, that a value is ≤5,

than ≤10 than any number. The last component of Â is the abstraction function. α
which maps every concrete value to its most precise abstract representation. Finally,
the abstract interpretation has to fulfill five properties, which relate an abstract inter-
pretation to the standard interpretation. They also guarantee that all paths of the SOS
are represented in the AOS, for example in branching. An example for these properties
is the following:

(P1) For all φ/n ∈ Σ ∪ C, v1, . . . , vn ∈ TC(Pid) and
ṽi v α(vi) it holds that φ

Â
(ṽ1, . . . , ṽn) v α(φA(v1, . . . , vn)).

It postulates, that evaluating a predefined function or a constructor on abstract values
which are representations of some concrete values yields abstractions of the evaluation
of the same function on the concrete values. The other properties postulate correlating
properties for pattern matching in equations, case, and receive, and the pids repre-
sented by an abstract value. More details and some example abstractions can be found
in [7, 8].

4 Adding Propositions

The semantics of Core Erlang is defined as a labeled transition system where the
labels represent the performed actions of the system. We want to prove properties of
the system with model checking. It would be possible to specify properties using the
labels. Nevertheless, it is more convenient to add propositions to the states of this

1 Since we do not need a cpo, we use a partial order for the abstract domain. Therefore,
the orientation of our abstract domain is upside down. The least precise abstract
value is the least element of the abstract domain.



Model Checking Erlang Programs 259

transition system. With these state propositions, properties can be expressed more
easily. As names for the propositions we use arbitrary Core Erlang constructor terms
which is very natural for Erlang programmers.

For the definition of propositions we assume a predefined Core Erlang function
prop/1 with the identity as operational semantics. Hence, adding applications of prop
does not effect the SOS nor the AOS. Nevertheless, as a kind of side-effect the state
in which prop is evaluated has the argument of prop as a valid state proposition. We
mark this with the label prop in the AOS:

−

Π, (π,E[prop(v)], µ)
prop
−→

Â
Π, (π,E[v], µ)

The valid state propositions of a process and a state over abstract values can be eval-
uated by the function prop:

Definition 1. (Proposition of Processes and States2)

The proposition of a process is defined by prop
Â
: P̂roc

Â
−→ P(Â):

prop
Â
((π,E[e], µ)) :=

{
{v̂} , if e = prop(v̂) and v̂ ∈ Â
∅ , otherwise

The propositions of a state prop
Â
: Ŝ tate

Â
−→ P(Â) are defined as the union of all

propositions of its processes:

prop
Â
(Π) =

⋃

π∈Π

prop
Â
(π)

In Example 1 we have added four propositions to the database which have the following
meanings:

top the main state of the database process

{allocate,P} the process with pid P tries to allocate a key

{value,P} the process with pid P enters a value into the database

lookup a reading access to the database

In most cases, propositions will be added in a sequence as for example the propo-
sition top. However, defining propositions by an Erlang function it is also possible
to mark existing (sub-)expressions as propositions. As an example, we use the
atom allocated which is sent to a requesting client, as a state proposition.

5 Linear Time Logic

The abstract operational semantics is defined by a transition system. We want
to prove properties (described in temporal logic) of this transition system using
model checking. We use linear time logic (LTL) [5] in which properties have to
be satisfied on every path of a given transition system.

2 For both functions we use the name prop
Â
. The concrete instance of this overloading

will be clear from the application of prop
Â
. We will also omit the abstract interpre-

tation in the index, if it is clear from the context. As for the abstract domain, we use
a hat to distinguish the abstract variants (which contain abstract instead of concrete
values) from the defined concrete structures (e.g. Proc).
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Definition 2. (Syntax of Linear Time Logic (LTL)) Let Props be a set of state
propositions. The set of LTL-formulas is defined as the smallest set with:

• Props ⊆ LTL state propositions
• ϕ,ψ ∈ LTL =⇒ − ¬ϕ ∈ LTL negation

− ϕ ∧ ψ ∈ LTL conjunction
− Xϕ ∈ LTL in the next state ϕ holds
− ϕ U ψ ∈ LTL ϕ holds until ψ holds

An LTL-formula is interpreted with respect to an infinite path. The propositional
formulas are satisfied, if the first state of a path satisfies them. The next modality
Xϕ holds if ϕ holds in the continuation of the path. Finally, LTL contains a
strong until: If ϕ holds until ψ holds and ψ finally holds, then ϕ U ψ holds.
Formally, the semantics is defined as:

Definition 3. (Path Semantics of LTL) An infinite word over sets of propo-
sitions π = p0p1p2 . . . ∈ P(Props)

ω is called a path. A path π satisfiess an
LTL-formula ϕ (π |= ϕ) in the following cases:

p0π |= P iff P ∈ p0

π |= ¬ϕ iff π 6|= ϕ

π |= ϕ ∧ ψ iff π |= ϕ and π |= ψ

p0π |= Xϕ iff π |= ϕ

p0p1 . . . |= ϕ U ψ iff ∃i ∈ IN : pipi+1 . . . |= ψ and ∀j < i : pjpj+1 . . . |= ϕ

Formulas are not only interpreted with respect to a single path. Their semantics
is extended to Kripke Structures:

Definition 4. (Kripke Structure) K = (S,Props,−→, τ, s0) with S a set of
states, Props a set of propositions, −→⊆ S×S the transition relation, τ : S −→
P(Props) a labeling function for the states, and s0 ∈ S the initial state is called
a Kripke Structure. Instead of (s, s′) ∈−→ we usually write s −→ s′.

A state path of K is an infinite word s0s1 . . . ∈ S
ω with si −→ si+1 and s0

the initial state of K. If s0s1 . . . is a state path of K and pi = τ(si) for all i ∈ IN,
then the infinite word p0p1 . . . ∈ P(Props)

ω is a path of K.

Definition 5. (Kripke-Structure-Semantics of LTL) Let K = (S,→, τ, s0) be a
Kripke structure. It satisfies an LTL-formula ϕ (K |= ϕ) iff for all paths π of K:
π |= ϕ.

The technique of model checking automatically decides, if a given Kripke struc-
ture satisfies a given formula. For finite Kripke structures and the logic LTL
model checking is decidable [13]. For the convenient specification of properties
in LTL we define some abbreviations:
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Definition 6. (Abbreviations in LTL)

ff := ¬P ∧ P the boolean value true
tt := ¬ff the boolean value false

ϕ ∨ ψ := ¬(¬ϕ ∧ ¬ψ) disjunction
ϕ→ ψ := ¬ϕ ∨ ψ implication
F ϕ := tt U ϕ finally ϕ holds
G ϕ := ¬F¬ϕ globally ϕ holds
F∞ϕ := G F ϕ infinitely often ϕ holds
G∞ϕ := F G ϕ only finally often ϕ does not hold

The propositional abbreviations are standard. Fϕ is satisfied if there exists a
position in the path, where ϕ holds. If in every position of the path ϕ holds, then
Gϕ is satisfied. The formulas ϕ which have to be satisfied in these positions of the
path are not restricted to propositional formulas. They can express properties of
the whole remaining path. This fact is used in the definition of F∞ϕ and G∞ϕ.
The weaker property F∞ϕ postulates, that ϕ holds infinitely often on a path.
Whereas G∞ϕ is satisfied, if ϕ is satisfied with only finitely many exceptions. In
other words there is a position, from where on ϕ always holds.

For the verification of Core Erlang programs we use the AOS respectively the
SOS of a Core Erlang program as a Kripke structure. We use the transition sys-
tem which is spawned from the initial state (@0,main(),()). As labeling function
for the states we use the function prop from the previous section.

6 Abstraction of Propositions

We want to verify Core Erlang programs with model checking. The framework
for abstract interpretations of Core Erlang programs guarantees, that every path
of the SOS is also represented in the AOS. If the resulting AOS is finite, then
we can use simple model checking algorithms to check, if it satisfies a property
ϕ expressed in LTL. If ϕ is satisfied in the AOS, then ϕ also holds in the SOS.
In the other case model checking yields a counter example which is a path in the
AOS on which ϕ is not satisfied. Due to the fact that the AOS contains more
paths than the SOS, the counter example must not be a counter example for
the SOS. The counter path can be a valid path in the abstraction but not in the
SOS. Therefore, in this case it only yields a hint, that the chosen abstraction is
too coarse and must be refined.

The application of model checking seems to be easy but proving state propo-
sitions yields problems as the following example shows:

Example 2. main() -> prop(42).

A possible property of the program could be F 42 (finally 42). To prove this
property we use the AOS with an abstract interpretation, for instance the even-
odd interpretation, which only contains the values even (representing all even
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numbers), odd (representing all odd numbers), and ? (representing all values).
With this abstraction the AOS yields the following transition system:

(@0, main(), ()) −→ (@0, prop(42), ()) −→ (@0, prop(even), ())
prop
−→ (@0, even, ())

Only the state (@0, prop(even), ()) has a property, namely even. 42 is an even
number, but it is not the only even number. For safeness, this property cannot
be proven. For instance, we could otherwise also prove the property F 40.

It is only possible to prove properties for which the corresponding abstract
value exclusively represents this value. However, it does not make much sense to
abstract from special values and express properties for these values afterwards.
Therefore, we only use propositions of the abstract domain, like

F even (finally even)

In the AOS the state (@0,prop(even),()) has the property even. Therefore, the
program satisfies this property. Now we consider a more complicated example:

Example 3. main() -> prop(84 div 2).

This system satisfies the property too because (84 ÷ 2) = 42. On the other
hand, in the even-odd abstraction we only get:

(@0, main(), ()) −→ (@0, prop(84 div 2), ()) −→ (@0, prop(even div 2), ())

↓
(@0, ?, ())←− (@0, prop(?), ())←− (@0, prop(even div even), ())

with prop((@0,prop(?),()))= {?} and ∅ as propositions of the other states. The
result of the division of two even values must not be even. In a safe abstraction
we cannot be sure, that the property F even is satisfied. Hence, model checking
must yield, that it does not hold. For instance, the program

main() -> prop(42 div 2).

has a similar AOS but the property is not satisfied (42 ÷ 2 = 21). Therefore, a
property is satisfied in a state, if the property of the state is at least as precise,
as the expected property:

p0p1 . . . |= ṽ iff ∃ṽ′ ∈ p0 with ṽ v ṽ′

However, this is not correct in all cases, as the following example shows. We
want to prove that the program satisfies the property G¬even (always not even)
Therefore, one point is to check that the state (@0,prop(?),()) models ¬even.
With the definition from above we can conclude:

(@0,prop(?),()) 6|= even and hence (@0,prop(?),()) |= ¬even.

However, this is wrong. In Example 3 the property is not satisfied. The SOS has
the property 42, which is an even value. The reason is the non-monotonicity of
¬. Considering abstraction, the equivalence

π |= ¬ϕ iff π 6|= ϕ



Model Checking Erlang Programs 263

does not hold! π 6|= ϕ only means that π |= ϕ is not safe. In other words, there
can be a concretization which satisfies ϕ but we cannot be sure that it holds for
all concretizations. Therefore, negation has to be handled carefully.

Which value of our abstract domain would fulfill the negated proposition
¬even? Only the proposition odd does. The values even and odd are incom-
parable and no value exists, which is more precise than these two abstract values.
This connection can be generalized as follows:

p0p1 . . . |= ¬ṽ if ∀ṽ
′ ∈ p0 holds ṽ t ṽ′ does not exist

Note, that this is no equivalence anymore. The non-existence of ṽ t ṽ′ does only
imply that p0p1 . . . |= ¬ṽ. It does not give any information for the negation
p0p1 . . . |= ṽ. This (double) negation holds, if ∃ṽ′ ∈ p0 with ṽ v ṽ′.

On a first sight refuting a state proposition seems not to be correct for arbi-
trary abstract interpretations. Consider the abstract domain

≤0 ≥0

num

where the abstract value ≤0 represents the concrete values {0,−1,−2, . . .}, ≥0
represents {0,1,2, . . .}, and num represents ZZ. The represented concrete values
of ≤0 and ≥0 overlap in the value 0. Therefore, it would be incorrect that a
state with the proposition ≤0 satisfies the formula ¬≥0.

However, this abstraction is not possible. Any abstraction function α : A −→
Â yields one single abstract representation for a concrete value. Without loss of
generality, let α(0) = ≥0. Abstract values which represent the concrete value
0 can only be the result of the use of the abstract interpretation function ι̂.
However, all these results ṽ must be less precise: ṽ v α(0) = ≥0 because of
the properties claimed by our framework. Hence, this abstract domain can be
defined but the value ≤0 does only represent the values {−1,−2, . . .}. The name
of the abstract value is not relevant. However, for understandability it should be
renamed to <0.

Alternatively, the abstract domain can be refined. The two overlapping ab-
stract values can be distinguished by a more precise abstract value:

<0 0 >0

≤0 ≥0

num

or

0

≤0 ≥0

num

In both cases we must define α(0) = 0 because otherwise we have the same
situation as before and the concrete value 0 is not represented by both abstract
values ≤0 and ≥0.
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7 Concretization of Propositions

With the advisement of the previous section we can now formalize whether a
state proposition is satisfied or refuted, respectively. Similar results have been
found by Clark, Grumberg, and Long [3] and Knesten and Pnueli [12]. In their
results Knesten and Pnueli handle a simple toy language in which only propo-
sitions on integer values can be made. In our framework state propositions are
arbitrary Erlang values and their validity has to be decided with respect to an
arbitrary abstract domain. The same holds for the paper of Clark et. al which
also does not consider a real programming language. In following, we present
how these ideas can be transfered to formal verification of the real programming
language Erlang.

First we define the concretization of an abstract value. This is the set of all
concrete values which have been abstracted to the value, or a more precise value.

Definition 7. (Concretization of Abstract Values)

Let Â = (Â, ι̂,v, α) be an abstract interpretation. The concretization function

γ : Â −→ P(TC(Pid)) is defined as γ(ṽ) = {v | ṽ v α(v)}.

For the last example we get the following concretizations:

γ(0) = {0} γ(≥0) = {0,1,2, . . .}
γ(≤0) = {0,−1,−2, . . .} γ(num) = ZZ

Lemma 1. (Connections between γ and α)

Let Â = (Â, ι̂,v, α) be an abstract interpretation and γ the corresponding con-
cretization function. Then the following properties hold:

1. ∀v ∈ γ(ṽ) : ṽ v α(v) 2. {α(v) | v ∈ γ(ṽ)} = ṽ

Proof.

1. v ∈ γ(ṽ) iff v ∈ {v′ | ṽ v α(v′)} iff ṽ v α(v)

2. {α(v) | v ∈ γ(ṽ)} = {α(v) | v ∈ {v′ | ṽ v α(v′)}} = {α(v) | ṽ v α(v)} = ṽ

With the concretization function we can define whether a state proposition of a
state satisfies a proposition in the formula or refutes it.

Definition 8. (Semantics of a State Proposition)

Let Â = (Â, ι̂,v, α) be an abstract interpretation. A set of abstract state propo-
sitions satisfies or refutes a proposition of a formula in the following cases:

p |= ṽ if ∃ṽ′ ∈ p with γ(ṽ′) ⊆ γ(ṽ)
p 6|= ṽ if ∀ṽ′ ∈ p holds γ(ṽ) ∩ γ(ṽ′) = ∅

Similarly to these definitions for the concretization, we can decide whether a
state proposition if satisfied or refuted for abstract values. For finite domain
abstractions, this can be decided automatically.
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Lemma 2. (Deciding Propositions in the abstract domain)

Let Â = (Â, ι̂,v, α) be an abstract interpretation. A set of abstract state propo-
sitions satisfies or refutes a proposition of a formula in the following cases:

p |= ṽ if ∃ṽ′ ∈ p with ṽ v ṽ′

p 6|= ṽ if ∀ṽ′ ∈ p holds ṽ t ṽ′ does not exist

Proof. We show: ṽ v ṽ′ implies γ(ṽ′) ⊆ γ(ṽ) and the non-existence of ṽ t ṽ′

implies γ(ṽ) ∩ γ(ṽ′) = ∅:

– ṽ v ṽ′

γ(ṽ) = {v | ṽ v α(v)} and γ(ṽ′) = {v | ṽ′ v α(v)}.

(Â,v) is a partial order. Hence, it is transitive. This implies γ(ṽ′) ⊆ γ(ṽ).

– ṽ t ṽ′ does not exist =⇒ γ(ṽ t ṽ′) = ∅ =⇒ {v | (ṽ t ṽ′) v α(v)} = ∅
=⇒ {v | ṽ′ v α(v) and ṽ v α(v)} = ∅ =⇒ γ(ṽ′) ∩ γ(ṽ) = ∅

Note, that we only show an implication. We can define unnatural abstract do-
mains in which a property is satisfied or refuted with respect to Definition 8 but
using only the abstract domain, we cannot show this. We consider the following
abstract domain:

num v zero v 0 with α(v) =

{
0 , if v = 0

num otherwise

The abstract value zero is superfluous because it represents exactly the same
values, as the abstract value 0. However, this abstract domain is valid. Using
the definition of the semantics of a state proposition from Definition 8, we can
show that {zero} |= 0 because γ(zero) = γ(0) = {0}. However, zero v 0 and
we cannot show that {zero} |= 0 just using the abstract domain.

The same holds for refuting a state proposition:

0

≤0 ≥0

num

with α(v) =

{
≥0 , if v ≥ 0

≤0 otherwise

In this domain the abstract value 0 is superfluous. Its concretization is empty.
Hence, γ(≤0) = {−1,−2, . . .} and γ(≥0) = {0,1,2, . . .}. γ(≤0) ∩ γ(≥0) = ∅
and ≤0 |= ¬≥0. However, this proposition cannot be refuted with this abstract
domain because ≤0 t ≥0 = 0 exists.

These examples are unnatural because the domains contain superfluous ab-
stract values. Nobody will define domains like these. Usually, the concretization
of an abstract value is nonempty and differs from the concretizations of all other
abstract values. In this case deciding propositions in the abstract domain is com-
plete with respect to the semantics of propositions. Although it is not complete
in general, it is safe. If we can prove a property with the abstract values, then
it is also correct for its concretizations.
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8 Proving LTL Formulas

So far we have discussed whether a state proposition is satisfied or refuted. How-
ever, in LTL negation is not only allowed in front of state propositions. Arbitrary
sub-formulas can be negated. For the decision of arbitrary LTL formulas with
respect to an abstract interpretation two approaches are possible: In the first
approach, all negations can be pushed into the formula until they only occur
in front of state propositions. Since there exists no equivalent representation of
¬(ϕUψ) which uses negation only in front of ϕ and ψ, we must extend LTL with
the release modality ϕRψ, the dual modality of until: ¬(ϕUψ) ∼ ¬ϕR¬ψ. Its
semantics is defined as:

p0p1 . . . |= ϕRψ iff ∀i ∈ IN : pipi+1 . . . |= ψ or ∃j < i : pjpj+1 . . . |= ϕ

There is no intuitive semantics of release, except that it can be used for the nega-
tion of until. However, it can also be automatically verified in model checking.

Furthermore, we must add ∨ to LTL. After pushing the negations in front
of the state propositions we can use standard model checking algorithms in
combination with Lemma 2 for deciding state propositions.

Standard model checking algorithms work with a similar idea but they do
not need the release modality. For example, in [16] an alternating automaton
is constructed, that represents the maximal model which satisfies the formula.
The states correspond to the possible sub-formulas and their negations. For
every negation in the formula the automaton switches to the corresponding state
which represents the positive or negative sub-formula. With this alternation
negations are pushed into the automaton representing the formula, like in the
first approach. We use a similar idea as in the second approach and decide
the state propositions in dependence of the negation in front. We distinguish
positive (marked with +) and negative (marked with −) state propositions in
dependence on an even respectively odd number of negations in front of them.
The advantage of this approach is that the formula is not transformed and its
semantics stays more intuitive. The two kinds of state propositions can then be
decided as follows:

p0p1 . . . |=
+ ṽ if ∃ṽ′ ∈ p0 with ṽ v ṽ′

p0p1 . . . 6|=
− ṽ if ∀ṽ′ ∈ p0 holds ṽ t ṽ′ does not exist

9 Verification of the Database

Now we want to verify the system of Example 1. A database process and two
clients are executed. We want to guarantee, that the process which allocates a
key also sets the corresponding value:

If a process π allocates a key, then no other process π′ sets a value before
π sets a value, or the key is already allocated.

This can for arbitrary processes be expressed in LTL as follows:
∧

π∈Pid

π′ 6=π

G (−{allocate, π} −→ (¬−{value, π′}) U (+{value, π} ∨ +allocated))
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In our system only a finite number of pids occurs. Therefore, this formula can be
translated into a pure LTL-formula as a conjunction of all possible permutations
of possible pids which satisfy the condition. This is

(π, π′) ∈ {(@0, @1), (@0, @2), (@1, @2), (@1, @0), (@2, @0), (@2, @1)}.

We have already marked the propositions in the formula with respect to the nega-
tions in front of them. Considering this marking the proposition −{allocate, π}
must be refuted. This is for example the case for the abstract values top and
{lookup,?}. However, ? and {allocate,p} with p the pid of the accessing client
do not refute the proposition. The right side of the implication must be satisfied.
Similar conditions must hold for the other propositions.

We can automatically verify this property using a finite domain abstraction,
in which only the top-parts of depth 2 of the constructor terms are considered.
The deeper parts of a constructor term are cut off and replaced by ?. For more
details see [8]. Our framework guarantees that the property also holds in the
SOS and we have proven mutual exclusion for the database program.

10 Related Work and Conclusion

There exist two other approaches for the formal verification of Erlang: EVT [14]
is a theorem prover especially tailored for Erlang. The main disadvantage of this
approach is the complexity of proves. Especially, induction on infinite calcula-
tions is very complicated and automatization is not support yet. Therefore, a
user must be an expert in theorem proving and EVT to prove system proper-
ties. We think, for the practical verification of distributed systems push-button
techniques are needed. Such a technique is model checking, which we use for the
automated verification of Erlang programs. This approach is also pursued by
part of the EVT group in [2]. They verified a distributed resource locker written
in Erlang with a standard model checker. The disadvantage of this approach is
that they can only verify finite state systems. However, in practice many systems
have an infinite (or for model checkers too large) state space. As a solution, we
think abstraction is needed to verify larger distributed systems. A similar ap-
proach for Java is made by the Bandera tool [6]. They provide abstraction, but
the user is responsible to define consistent abstractions by explicitly defining
abstracted methods in the source code. They use a standard model checkers in
which the presented problems of abstraction are not considered. Our approach
for the formal verification of Erlang programs uses abstract interpretation and
LTL model checking. The main idea is the construction of a finite model by the
AOS by means of a finite domain abstract interpretation. The abstraction is safe
in the sense, that all path of the SOS are also represented in the AOS.

For convenient verification we have added state propositions to the AOS.
Considering the abstract interpretation, problems in the semantics of these
propositions arise. In this paper we solved these problems by distinguishing
positive and negative propositions of the formula. For these we can decide, if a
state satisfies or refutes it by means of the abstract domain. Finally, we used this
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technique in the formal verification of the database process: we proved mutual
exclusion for two accessing clients.
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Abstract. In this paper we present a system, called CurryWeb, to sup-
port web-based learning. Characteristic features of this system is open-
ness and self-responsible use. Openness means that there is no strong
distinction between instructors and students, i.e., every user can learn
with the system or add new learning material to it. Self-responsible use
means that every user is responsible for selecting the right material to ob-
tain the desired knowledge. However, the system supports this selection
process by structuring all learning material hierarchically and as a hy-
pergraph whose nodes and edges are marked with educational objectives
and educational units, respectively.
The complete system is implemented with the declarative multi-
paradigm language Curry. In this paper we describe how the various
features of Curry support the high-level implementation of this system.
This shows the appropriateness of declarative multi-paradigm languages
for the implementation of complex web-based systems.

Keywords: functional logic programming, WWW, applications

1 Overview of CurryWeb

CurryWeb is a system to support web-based learning that has been mainly
implemented by students during a practical course on Internet programming.
A key idea of this system was to support self-responsibility of the users (inspired
by similar ideas in the development of open source software). Thus, every user
can insert learning material on a particular topic. The quality of the learning
material can be improved by providing feedback through critics and ranking, or
putting new (hopefully better) material on the same topic.
In order to provide a structured access to the learning material, CurryWeb

is based on the following notions:

Educational Objectives: An educational objective names a piece of knowl-
edge that can be learned or is required to read and understand some learn-
ing material. Since it is not possible to give this notion a formal meaning,

? This research has been partially supported by the German Research Council (DFG)
under grant Ha 2457/1-2 and by the DAAD under the programme Acciones In-
tegradas Hispano-Alemanas.
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each educational objective has a distinguished name. Its meaning can be
informally described by a document.

Educational Unit: An educational unit is the smallest piece of learning mate-
rial in the system. Each educational unit has prerequisites that are required
to be able to understand this unit and objectives that can be learned by
studying this unit. Both prerequisites and objectives are sets of educational
objectives. Thus, the educational units together with their prerequisites and
objectives form a hypergraph where educational objectives are the nodes and
each educational unit is a hyperedge (a directed edge with m ≥ 0 source and
n ≥ 0 target nodes).

Courses: A course is a sequence of elements where each element is an educa-
tional unit or a course. There is exactly one root course from which all other
courses are reachable. Thus, the courses structure all educational units as a
tree where a leaf (educational unit) can belong to more than one course.

The course and hypergraph structure also implies two basic methods to navigate
through the system. The courses provide a hierarchical navigation as in Unix-
like file systems. Often more useful is the navigation through the hypergraph
of educational objectives: a user can select one or more educational objectives
and search for educational units that can be studied based on this knowledge or
which provide this knowledge. Moreover, the system also offers the usual string
search functions on titles or contents of documents.
Finally, CurryWeb also manages users. All documents can be anonymously

accessed but any change to the system’s contents (e.g., critics and ranking of
educational units, inserting new material) can only be done by registered users
in order to provide some minimal safety. Registration as a new user is always
possible and automatically performed (initially, a random password is sent by
email to the new user). Additionally, there is also a super user who can change
the rights of individual users which are classified into three levels:

– Standard users can insert new documents and update their own documents,
write critics and rank other educational units.

– Administrators are users who can modify all documents.
– Super users can modify everything, i.e., they can modify all documents in-
cluding user data (e.g., deleting users).

Each document in the system (e.g., educational unit, educational objective,
course description) belongs to a user (the author of a document). Documents can
only be changed by the author or his co-authors, i.e., other users who received
from the author the right to change this document.
To give an impression of the use of CurryWeb, Fig. 1 shows a snapshot of a

selected educational unit. The top frame contains the access to basic functions
(login/logout, search, site map, etc.) of the system. The upper left frame is the
navigation window showing the course structure or the educational objectives,
depending on the navigation mode selectable in the lower left frame. The nav-
igation mode shown in Fig. 1 is the course structure, i.e., the upper left frame
shows the tree structure of courses. A user can open or close a course folder
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Fig. 1. A snapshot of the CurryWeb interface

by clicking on the corresponding icons. By selecting the ”Modify Mode”, the
visualization of the course structure is extended with icons to insert new courses
or educational units in the tree. If the navigation mode is based on educational
objectives, the upper left frame contains a list of educational objectives in which
the user can select some of them in order to search for appropriate educational
units.

The right frame is the content frame where the different documents (edu-
cational units, course descriptions, descriptions of educational objectives, user
settings, etc.) are shown and can be modified (if this is allowed).

An important feature of this web-based system is the hyperlink structure
of all entities. For instance, the name of the author of a document is shown
with a link to the author’s description, or the prerequisites and objectives of an
educational unit are linked to the description of the corresponding educational
objective. If the author or co-author of a document is logged into the system,
the document view is extended with an edit button which allows to load a web
page for changing that document.

The rest of this paper is structured as follows. The next section provides a
short overview of the main features of Curry as relevant for this paper. Sec-
tion 3 sketches the model for web programming in Curry. Section 4 describes
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the implementation of CurryWeb and highlights the features of Curry exploited
to implement this system in a high-level manner. Finally, Section 5 contains our
conclusions.

2 Basic Elements of Curry

In this section we review those elements of Curry which are necessary to under-
stand the implementation of CurryWeb. More details about Curry’s computation
model and a complete description of all language features can be found in [4, 9].
Curry is a modern multi-paradigm declarative language combining in a seam-

less way features from functional, logic, and concurrent programming and sup-
ports programming-in-the-large with specific features (types, modules, encapsu-
lated search). From a syntactic point of view, a Curry program is a functional
program extended by the possible inclusion of free (logical) variables in condi-
tions and right-hand sides of defining rules. Curry has a Haskell-like syntax [11],
i.e., (type) variables and function names usually start with lowercase letters and
the names of type and data constructors start with an uppercase letter. The
application of f to e is denoted by juxtaposition (“f e”).
A Curry program consists of the definition of functions and data types on

which the functions operate. Functions are evaluated in a lazy manner. To pro-
vide the full power of logic programming, functions can be called with partially
instantiated arguments and defined by conditional equations with constraints
in the conditions. The behavior of function calls with free variables depends
on the evaluation mode of functions which can be either flexible or rigid. Calls
to flexible functions are evaluated by a possibly non-deterministic instantiation
of the demanded arguments (i.e., arguments whose values are necessary to de-
cide the applicability of a rule) to the required values in order to apply a rule
(“narrowing”). Calls to rigid functions are suspended if a demanded argument
is uninstantiated (“residuation”).

Example 1. The following Curry program defines the data types of Boolean val-
ues and polymorphic lists (first two lines) and functions for computing the con-
catenation of lists and the last element of a list:

data Bool = True | False

data List a = [] | a : List a

conc :: [a] -> [a] -> [a]

conc [] ys = ys

conc (x:xs) ys = x : conc xs ys

last :: [a] -> a

last xs | conc ys [x] =:= xs = x where x,ys free

The data type declarations define True and False as the Boolean constants and
[] (empty list) and : (non-empty list) as the constructors for polymorphic lists
(a is a type variable ranging over all types and the type “List a” is usually
written as [a] for conformity with Haskell).
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The (optional) type declaration (“::”) of the function conc specifies that
conc takes two lists as input and produces an output list, where all list ele-
ments are of the same (unspecified) type.1 Since conc is flexible,2 the equation
“conc ys [x] =:= xs” is solved by instantiating the first argument ys to the
list xs without the last argument, i.e., the only solution to this equation satisfies
that x is the last element of xs.

In general, functions are defined by (conditional) rules of the form
“f t1 . . . tn | c = e where vs free” with f being a function, t1, . . . , tn patterns

(i.e., expressions without defined functions) without multiple occurrences of a
variable, the condition c is a constraint, e is a well-formed expression which
may also contain function calls, lambda abstractions etc, and vs is the list of
free variables that occur in c and e but not in t1, . . . , tn. The condition and the
where parts can be omitted if c and vs are empty, respectively. The where part
can also contain further local function definitions which are only visible in this
rule. A conditional rule can be applied if its left-hand side matches the current
call and its condition is satisfiable. A constraint is any expression of the built-in
type Success. Each Curry system provides at least equational constraints of
the form e1 =:= e2 which are satisfiable if both sides e1 and e2 are reducible to
unifiable patterns. However, specific Curry systems can also support more pow-
erful constraint structures, like arithmetic constraints on real numbers or finite
domain constraints, as in the PAKCS implementation [7].
The operational semantics of Curry, precisely described in [4, 9], is based on

an optimal evaluation strategy [1] and a conservative extension of lazy func-
tional programming and (concurrent) logic programming. However, the applica-
tion considered in this paper does not require all these features of Curry. Beyond
the standard features of functional languages (e.g., laziness, higher-order func-
tions, monadic I/O), logical variables are essential to describe the structure of
dynamic web pages appropriately by exploiting the functional logic programming
pattern [2] “locally defined global identifier”.

3 Programming Dynamic Web Pages in Curry

This section surveys the model supported in Curry for programming dynamic
web pages. This model exploits the functional and logic features of Curry and is
available through the library HTML which is part of the PAKCS distribution [7].
The ideas of this library and its implementation are described in detail in [5].
If one wants to write a program that generates an HTML document, one

must decide about the representation of such documents inside a program. A
textual representation (as often used in CGI scripts written in Perl or with
the Unix shell) is very poor since it does not avoid certain syntactical errors
(e.g., unbalanced parenthesis) in the generated document. Thus, it is better to

1 Curry uses curried function types where α->β denotes the type of all functions
mapping elements of type α into elements of type β.

2 As a default, all functions except for I/O actions and external functions are flexible.
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introduce an abstraction layer and model HTML documents as elements of a
specific data type together with a wrapper function that is responsible for the
correct textual representation of this data type. Since HTML documents have
a tree-like structure, they can be represented in functional or logic languages in
a straightforward way [3, 10, 12]. For instance, we can define the type of HTML
expressions in Curry as follows:

data HtmlExp = HtmlText String

| HtmlStruct String [(String,String)] [HtmlExp]

| HtmlElem String [(String,String)]

Thus, an HTML expression is either a plain string or a structure consisting of
a tag (e.g., b,em,h1,h2,. . . ), a list of attributes (name/value pairs), and a list of
HTML expressions contained in this structure (because there are a few HTML
elements without a closing tag, like <hr> or <br>, there is also the constructor
HtmElem to represent these elements).

Since writing HTML documents in the form of this data type might be
tedious, the HTML library defines several functions as useful abbreviations
(htmlQuote transforms characters with a special meaning in HTML, like <, >,
&, ", into their HTML quoted form):

htxt s = HtmlText (htmlQuote s) -- plain string

h1 hexps = HtmlStruct "h1" [] hexps -- main header

bold hexps = HtmlStruct "b" [] hexps -- bold font

italic hexps = HtmlStruct "i" [] hexps -- italic font

verbatim s = HtmlStruct "pre" [] [htxt s] -- verbatim text

hrule = HtmlElem "hr" [] -- horizontal rule

...

Thus, the following function defines a “Hello World” document consisting of a
header and two words in italic and bold font, respectively:

hello = [h1 [htxt "Hello World"],

italic [htxt "Hello"],

bold [htxt "world!"]]

A dynamic web page is an HTML document (with header information) that is
computed by a program at the time when the page is requested by a client
(usually, a web browser). For this purpose, there is a data type

data HtmlForm = HtmlForm String [FormParam] [HtmlExp]

to represent complete HTML documents, where the first argument to HtmlForm
is the document’s title, the second argument are some optional parameters (e.g.,
cookies, style sheets), and the third argument is the document’s content. As
before, there is also a useful abbreviation:

form title hexps = HtmlForm title [] hexps
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The intention of a dynamic web page is to represent some information that de-
pends on the environment of the web server (e.g., stored in data bases). There-
fore, a dynamic web page has always the type “IO HtmlForm”, i.e., it is an I/O
action3 that retrieves some information from the environment and produces a
web document. Thus, we can define the simplest dynamic web page as follows:

helloPage = return (form "Hello" hello)

This page can be easily installed on the web server by the command
“makecurrycgi” of the PAKCS distribution [7] with the name “helloPage”
as a parameter.

Dynamic web pages become more interesting by processing user input dur-
ing the generation of a page. For this purpose, HTML provides various input
elements (e.g., text fields, text areas, check boxes). A subtle point in HTML
programming is the question how the values typed in by the user are trans-
mitted to the program generating the answer page. This is the purpose of the
Common Gateway Interface (CGI) but the details are completely hidden by the
HTML library. The programming model supported by the HTML library can be
characterized as programming with call-back functions.4 A web page with user
input and buttons for submitting the input to a web server is modeled by at-
taching an event handler to each submit button that is responsible to compute
the answer document. In order to access the user input, the event handler is a
function from a “CGI environment” (holding the user input) into an I/O action
that returns an HTML document. A CGI environment is simply a mapping from
CGI references, which identify particular input fields, into strings. Thus, each
event handler has the following type:

type EventHandler = (CgiRef -> String) -> IO HtmlForm

What are the elements of type CgiRef, i.e., the CGI references to identify input
fields? In traditional web programming (e.g., raw CGI, Perl, PHP), one uses
strings to refer to input elements. However, this has the risk of programming
errors due to typos and does not support abstraction facilities for composing
documents (see [5] for a more detailed discussion). Here, logical variables are
useful. Since it is not necessary to know the concrete representation of a CGI
reference, the type CgiRef is abstract. Thus, we use logical variables as CGI
references. Since each input element has a CGI reference as a parameter, the
logical variables of type CgiRef are the links to connect the input elements
with the use of their contents in the event handlers. For instance, the following
program implements a (dangerous!) web page where a client can submit a file
name. As a result, the contents of this file (stored on the web server) are shown
in the answer document:5

3 The I/O concept of Curry is identical to the monadic I/O concept of Haskell [14].
4 This model has been adapted to Haskell in [13], but, due to the use of a purely func-
tional language, it is less powerful than our model which exploits logical variables.

5 The predefined right-associative infix operator f $ e denotes the application of f to
the argument e.
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getFile = return $ form "Question"

[htxt "Enter local file name:", textfield fileref "",

button "Get file!" handler]

where

fileref free

handler env = do contents <- readFile (env fileref)

return $ form "Answer"

[h1 [htxt ("Contents of " ++ env fileref)],

verbatim contents]

Since the locally defined name fileref (of type CgiRef) is visible in the right-
hand side of the definition of getFile as well as in the definition of handler, it
is not necessary to pass it explicitly to the event handler. Note the simplicity of
retrieving values entered into the form: since the event handlers are called with
the appropriate CGI environment containing these values, they can easily access
these values by applying the environment to the appropriate CGI reference, like
(env fileref). This structure of CGI programming is made possible by the
functional as well as logic programming features of Curry.
This programming model also supports the implementation of interaction se-

quences by nesting event handlers or recursive calls to event handlers. Since CGI
references are locally defined without any concrete value, one can also compose
different forms without name clashes for input elements. These advantages are
discussed in [5] in more detail.

4 Implementation

In this section we describe some details of the implementation of CurryWeb and
emphasize how the functional logic features of Curry have been exploited in this
application.
CurryWeb, as described in Section 1, is completely implemented in Curry

using various standard libraries of PAKCS [7], in particular, the HTML library
introduced in the previous section. The source of the complete implementation
is around 8000 lines of code. The implementation is based on the CGI protocol,
i.e., it requires only a standard web server configured to execute CGI programs.
All data is stored in XML format in files. The access to these files is hidden
by access functions in the implementation, i.e., each fundamental data type of
the application (e.g., educational unit, educational objective) has functions to
store an entry or to read an entry (with a particular key). By changing the
implementation of these functions, the file-based information retrieval can be
easily replaced by a data base if this becomes necessary for efficiency reasons.6

The functionality of each fundamental notion of CurryWeb (educational unit,
educational objective, course, user) is implemented in a separate module pro-

6 We have not used a data base since the current implementation of PAKCS do not
offer a data base interface and the hierarchical and semi-structured data format of
XML is more appropriate for our application.
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viding an abstract data type. Since CGI programs do not run permanently but
are started for every request of a client, we separate all data in independent
structures. For all structures we use unique identifiers to describe the connec-
tions between them. Hence, we get more efficient access to the data relevant for
a single request.
Some common functionality is factorized by the notion of a document. Each

document has an author, a modification date, and some contents. The latter can
be a URL (reference to an externally stored document), a list of HTML expres-
sions, or an XML expression (according to some specific format for representing
documents). Documents are used at various places. For instance, an educational
objective has a document to describe its meaning, a course has a document for
the abstract, and an educational unit has two documents: one for the abstract
and one for the contents.
Since the implementation of most parts of the system is not difficult (except

for the algorithms on the hypergraph to select educational units for a given set
of educational objectives), in the following paragraphs we mainly describe how
the various features of Curry have helped to implement this system.

4.1 Types

As mentioned in Section 2, Curry is a polymorphically typed language. Types
are not only useful to detect many programming errors at compile time, but
they are also useful for documentation. The type of a function can be considered
as a partial specification of its meaning. In this project, we have exploited this
idea by specifying the type signatures of functions of the base modules before
implementing them. This was useful to check the consistency of parts of the
program immediately when they have been implemented. Moreover, a web-based
documentation of these modules can be automatically generated by the tool
CurryDoc [6]. CurryDoc is a documentation generator influenced by the popular
tool javadoc but applied to Curry in an extended form. In order to apply this
tool, the program must be compilable even it is not yet completely implemented.
Therefore, we have initially defined all functions with their type signature and
a rule with a call to the error function as its right-hand side. For instance, the
preliminary code of a function updateFile could be as follows:

--- An action that updates the contents of a file.

--- @param f - the function to transform the contents

--- @param file - the name of the file

updateFile :: (String -> String) -> String -> IO ()

updateFile f file = error "updateFile: not yet implemented"

This is sufficient to generate the on-line documentation (documentation com-
ments start with “---”) or import it in other modules. Later, the error call in
the right-hand side is replaced by the actual code.
The polymorphic type system was also useful to implement new higher ab-

stractions for HTML programming. For instance, we have developed generic
functions supporting the creation of index pages. They can be wrapped around
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arbitrary lists of HTML expressions to categorize them by various criteria (e.g.,
put all items starting with the same letter in one category). Another module im-
plements the visualization and manipulation of arbitrary trees as a CGI script
(e.g., used for the course tree in the upper left frame in Fig. 1) according to a
mapping of nodes and leaves into HTML expressions.

4.2 Logical Variables

We have already mentioned in Section 3 that logical variables are useful in web
programming as links between the input fields and the event handlers processing
the web page. Using logical variables, i.e., unknown values, instead of concrete
values like strings or numbers improves compositionality: one can easily com-
bine two independent HTML expressions with local input fields, CGI references
and event handlers into one web page without the risk of name clashes between
different CGI references. This is useful in our application. For instance, an edu-
cational unit has a document for the abstract and a document for the contents.
Due to the use of logical variables, we can use the same program code for editing
these two documents in a single web page for editing educational units. This will
be described in more detail in the next section.

4.3 Functional Abstraction

As mentioned above, the document is a central structure that is used at var-
ious places in the implementation. Thus, it makes sense to reuse most of the
functionality related to documents. For instance, the code for editing documents
should be written only once even if it is used in different web pages or twice in
one web page (like in educational units which have two separate documents). In
the following we explain our solution to reach this goal.
The implementation of a web page for editing a document consists at least

of two parts: a description of the edit form (containing various input fields) as
an HTML expression and an event handler that stores the data modified by the
user in the edit form. Both parts are linked by variables of type CgiRef to pass
the information from the edit form to the handler. For the sake of modularity,
we hide the concrete number and names of these variables by putting them into
one data structure (e.g., a list) so that these parts can be expressed as functions
of the following type (where Doc denotes the data type of documents):

editForm :: Doc -> [CgiRef] -> HtmlExp

editHandler :: Doc -> [CgiRef] -> (CgiRef -> String) -> IO ()

The concrete CGI references are specified in the code of editForm by pattern
matching (and similarly used in the code of editHandler):

editForm doc [cr1,cr2,...] =

... textfield cr1 ... textfield cr2 ...

Note that the answer type of the associated handler is “IO ()” rather than
“IO HtmlForm”. This is necessary since one can only associate a single event
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handler to each submit button of a web page. In order to combine the function-
ality of different handlers (like editHandler) in the handler of a submit button,
we execute the individual (sub-)handlers and return a single answer page (see
below).

To use the code of editForm and editHandler, no knowledge about the CGI
references used in these functions is required since one can use a single logical
variable for this purpose. For instance, a dynamic web page for editing a complete
educational unit contains two different calls to editForm for the abstract and
the contents document of this unit. Thus, the code implementing this page and
its handler has the following structure:

eUnitEdit ... = ... return $ form "Edit Educational Unit" [

... editForm abstract arefs,... editForm contents crefs,...

button "Submit changes" handler]

where

arefs,crefs free

handler env = do ...

editHandler abstract arefs env

editHandler contents crefs env

...

return $ answerpage

The logical variables arefs and crefs are used to pass the appropriate CGI
references from the forms to the corresponding handlers that are called from the
handler of this web page. Thanks to the modular structure, the implementation
of the document editor can be implemented independently of its use in the
editor for educational units (and similarly for the editors for courses, educational
objectives, etc).

There are many other places in our application where this technique can be
applied (e.g., changing co-authors of a document is a functionality implemented
in the user management but used in the document editor). Since the different
modules have been implemented by different persons, this technique was impor-
tant for the independent implementation of these modules.

4.4 Laziness and Logic Programming

Due to the use of the HTML library, logical variables are heavily used to refer to
input elements, like text fields, check boxes etc. In some situations, the number
of these elements depends on the current data. For instance, if one wants to
navigate through the educational objectives, the corresponding web page has a
check button for each educational objective to select the desired subset. Thus,
one needs an arbitrary but fixed number of logical variables as CGI references
for these check buttons. For this purpose, we define a function

freeVarList = x : freeVarList where x free
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that evaluates to an infinite list of free variables.7 Thanks to the lazy evaluation
strategy of Curry, one can deal with infinite data structures as in non-strict
functional languages like Haskell. Thus, the expression (take n freeVarList)

evaluates to a list of n fresh logical variables.
In some situations one can also use another programming technique. The

function zipEqLength combines two lists of elements of the same length into
one list of pairs of corresponding elements:

zipEqLength :: [a] -> [b] -> [(a,b)]

zipEqLength [] [] = []

zipEqLength (x:xs) (y:ys) = (x,y) : zipEqLength xs ys

Due to the logic programming features of Curry, we can also evaluate
this function with an unknown second argument. For instance, the expres-
sion (zipEqLength [1,2,3] l) instantiates the logical variable l to a list
[(1,x1),(2,x2),(3,x3)] containing pairs with fresh logical variables xi. This
provides a different method to generate CGI references for a list of elements.
Note that the concrete use of such lists of logical variables is usually encap-

sulated in functions generating HTML documents (with check boxes) and event
handlers for processing user selections, as described in Section 4.3.

4.5 Partial Functions

In a larger system dealing with dynamic data, there are a number of situations
where a function call might not have a well-defined result. For instance, if we
look up a value associated to a key in an association list or tree, the result
is undefined if there is no corresponding key. In purely functional languages,
a partially defined function might lead to an unintended termination of the
program. Therefore, such functions are often made total by using the Maybe

type that represents undefined results by the constructor Nothing and defined
results v by (Just v). If we use such functions as arguments in other functions,
we have to check the arguments for the occurrence of the constructor Nothing
before passing the argument. This often leads to a monadic programming style
which is still more complicated than a simple application of partially defined
functions.
A functional logic language offers an appropriate alternative. Since dealing

with failure is a standard feature of such languages, it is not necessary to “total-
ize” partial functions with the type Maybe. Instead, one can leave the definition of
functions unchanged and catch undefined expressions at the appropriate points.
For doing so, the following function is useful. It evaluates its argument and re-
turns Nothing if the evaluation is not successful, or (Just s) if s is the first

7 Note that freeVarList is not a cyclic structure but a function according to the
definition of Curry. Since the logical variable x is locally defined in the body of
freeVarList and each application of a program rule is performed with a vari-
ant containing fresh variables (as in logic programming), freeVarList evaluates
to x1:x2:x3:... where x1,x2,x3,. . . are fresh logical variables.
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solution of the evaluation (the definition is based on the operator findall to
encapsulate non-deterministic computations, see [8]):

catchNoSolutions :: a -> Maybe a

catchNoSolutions e = let sols = findall (\x -> x =:= e) in

if sols==[] then Nothing else (Just (head sols))

From our experience, it is a good programming style to avoid the totalization
of most functions and use the type Maybe (or a special error type) only for I/O
actions since a failure of them immediately terminates the program.

5 Conclusions

We have presented CurryWeb, a web-based learning system that is intended to
be organized by its users. The learning material is structured in courses and
by educational objectives (prerequisites and objectives). The complete system
is implemented with the declarative multi-paradigm language Curry. We have
emphasized how the various features of Curry supported the development of this
complex application. Most parts of the system were implemented by students
without prior knowledge to Curry or multi-paradigm programming. Thus, this
project has shown that multi-paradigm declarative languages are useful for the
high-level implementation of non-trivial web-based systems.
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Abstract. The assignment scheme of our Logic and Functional Pro-

gramming course has adopted the generation of graphical representa-
tions, quadtrees and octrees to teach the different features of this kind of
languages: higher order functions, lazy evaluation, polymorphism, logical
variables, constraint satisfaction, etc. The use of standard XML vocabu-
laries: SVG for graphics and X3D for virtual worlds enables to have nu-
merous visualization tools. We consider that the incorporation of these
exercises facilitates teaching and improves the motivation of students.

1 Introduction

The Logic and Functional Programming course is given as an elective course of 60
hours to third year undergraduate students in Computer Science Engineering at
the University of Oviedo. The rest of programming courses is based on imperative
languages like Pascal, C, C++ and Java. In this way, our course is the first, and
sometimes the only, contact that our students have with declarative languages.
Given its elective nature, the course survival depends on the number of registered
students. Apart from the intrinsic difficulty of programming courses, the choice
of students is conditional on several aspects related with this kind of languages:
poor programming environments, lack of graphical and intuitive debugging and
tracing systems, lack of libraries or difficulties to link with libraries written in
different languages, etc.

With the main goal of increasing students motivation and course scope we
have developed the IDEFIX Project [17] since course 2000/2001, which is focused
on the development of an Internet based platform for teaching multiparadigm
programming languages.

The course devotes 45 hours to theoretical presentations and 15 hours to pro-
gramming assignments. In this paper, we just describe the programming assign-
ment scheme, which is based on the use of XML vocabularies that include bidi-
mensional graphics in SVG and virtual worlds in X3D. These assignments follow
an incremental presentation scheme using the taxonomy of cognitive goals [15]:
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firstly, we present a correct program that the students have to compile and exe-
cute. Secondly, we ask them to make some modifications to the program so they
learn by imitation a basic understanding of program construction. Finally, we
ask them to create a new program by themselves.
The paper begins with a brief overview of these XML vocabularies. In the

next section we present the first basic exercise consisting of the development a
XML generation library. In section 3 we present the next exercise which allows
to generate graphical function representations using higher order functions. In
section 4 we study the quadtree recursive structure. In section 5 we present oc-
trees and in section 6 we present the manipulation of infinite virtual worlds using
lazy evaluation. In section 7 we describe the creation of polymorphic datatypes.
Section 8 describes the use of logic programming features (logical variables and
non-determinism) and in the next section we solve the quadtree coloring problem
using constraints.

Notation. Along the paper, we use Haskell and Prolog syntax. We suppose
that the reader is familiar with these languages.

2 XML Vocabularies

XML [5] is becoming a standard for Internet information exchange and repre-
sentation. One of the first assignments is to develop a small library for XML
generation. This library will allow the students to have a common base for the
rest of exercises and as it only requires string manipulation, it can serve as a
simple familiarization with declarative languages.
The library must contain the following functions:

– empty e as generates an empty element e with attributes as. It could be im-
plemented just as:

– gen e es generates element e with subelements es
– genAs e as es generates element e with attributes as and subelements es

The above functions could be implemented as:

vac io :: String → [ ( String , String ) ] → String

empty e as = ”<” ++ e ++ putAtts as ++ ”/>”

gen :: String → String → String

gen e c = genAs e [ ] c

genAs :: String → [ ( String , String ) ] → String → String

genAs e as c = ”<” ++ e ++ putAtts as ++ ”>” ++
c ++
”</” ++ e ++ ”>”

putAtts = concat . map f
where f ( v , n ) = ” ” ++ v ++ ”=\”” ++ n ++ ”\””
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One of the specific XML vocabularies that will be used is SVG [3] which is
becoming the main standard for Internet graphics. Also, VRML (Virtual Reality
Modelling Language) can be considered the main standard to represent Internet
virtual worlds. However, as this standard precedes XML and does not follow its
syntax, since year 2000 the Web3D consortium has developed X3D [2], which
can be considered as a new VRML adapted to XML plus some new features.

3 Higher order functions: Graphical Representations

The second assignment is the development of graphical representations of func-
tions. We present them the function plotF which stores in a SVG file the graphical
representation of a function:

plotF :: (Double → Double ) → String → IO ( )
plotF f fn = writeFile fn ( p l o t f )

p l o t f = gen ” svg” ( plotPs ps )
where

plotPs = concat . map mkline
mkline ( x , x ’ )= l i n e ( p x ) ( p x ’ ) c
ps = zip l s ( ta i l l s )
l s = [ 0 . . s i zeX ]
p x = (x0+x , s izeY − f x )

l i n e ( x , y ) ( x ’ , y ’ ) c = empty ” l i n e ”
[ ( ”x1” , show x ) , ( ”y1” , show y ) ,
( ”x2” , show x ’ ) , ( ”y2” , show y ’ ) ]

s i zeX = 500
s izeY = 500
x0 = 10

Notice that plotF does Input/Output actions. Traditionally, most of the
courses that teach purely declarative languages try to delay the presentation
of the IO system. We consider that a more incremental presentation of this sys-
tem avoids future misunderstandings. Since when delayed it in previous years, a
lot of students found strange its introduction in a language that they were told
to be pure. The source code of the plotF function also serves as an example that
uses the recursive combinators zip, map, foldr, etc. that characterize Haskell.
In this assignment, the proposed exercises use the concept of higher order

functions, which is a key concept of functional programming languages. For
example, we ask the student to build a function plotMean that writes in a file the
graphical representation of two functions and their mean. In figure 1 we show
the mean of (\x →10 ∗ sin x) and (\x →10 + sqrt x).
The code to represent the mean function is as simple as:

mean f g = plotF (\ x → ( f x + g x )/2)
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Fig. 1. Graphical representation of 2 functions and their mean

4 Recursive Datatypes: Quadtrees

The next didactic unit is centered on the definition of recursive datatypes and
their manipulation. The traditional assignments used the predefined datatype
of lists and defined a new datatype of binary trees. Usually, the students had
serious difficulties to understand these recursive definitions and are usually not
motivated by these exercises [11, 20]. In order to increase their motivation we use
the concept of quadtrees [19], which are recursive structures that can represent
pictures and have numerous practical applications. In a quadtree, pictures are
represented by a unique color or by the division of the picture in four quad-
rants which are quadtrees. The generalization of quadtrees to three dimensions
are called octrees, as they divide the cube in eight parts. These structures are
widely used in computer science because they allow to optimize the internal rep-
resentation of scenes and tridimensional databases for geographical information
systems. In Haskell, a quadtree can be represented using the following datatype:

data Color = RGB Int Int Int

data QT = B Color
| D QT QT QT QT

An example of a quadtree could be:

exQT = D r g g (D r g g r )
where r = B (RGB 255 0 0 )

g = B (RGB 0 255 0 )

The above example is represented in figure 2.
Quadtree visualization is made using SVG files which are generated using the

functions empty, gen and genAs implemented by students for XML file generation.

type Point = ( Int , Int )
type Dim = (Point , Int )
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Fig. 2. Example of quadtree

wQt :: QT → FileName → IO ( )
wQt q fn = writeFile fn ( gen ” svg” ( sh ( ( 0 , 0 ) , 5 0 0 ) q ) )

sh :: Dim → QT → String

sh ( ( x , y ) , d ) (B c ) = r e c t ( x , y ) ( x+d+1,y+d+1) c
sh ( ( x , y ) , d ) (D ul ur d l dr ) =

let d2 = d ‘ div ‘ 2
in i f d <= 0 then ””

else sh ( ( x , y ) , d2 ) u l ++
sh ( ( x + d2 , y ) , d2 ) ur ++
sh ( ( x , y + d2 ) , d2 ) d l ++
sh ( ( x + d2 , y + d2 ) , d2 ) dr

r e c t :: Point → Point → Color → String

r e c t ( x , y ) ( x ’ , y ’ ) (RGB r g b) =
empty ” r e c t ”

[ ( ”x” , show x ) , ( ”y” , show y ) ,
( ” he ight ” , show ( abs ( x − x ’ ) ) ) ,
( ”width” , show ( abs ( y − y ’ ) ) ) ,
( ” f i l l ” , ” rgb ( ” ++ show r ++ ” , ” ++

show g ++ ” , ” ++
show b ++ ” , ” ) ]

5 Octrees and Virtual Worlds

An octree is a generalization of a quadtree to three dimensions. The Haskell
representation of octrees could be:

data OT = Empty
| Cube Color
| Sphere Color
| D OT OT OT OT OT OT OT OT
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Fig. 3. Example of octree

The above representation declares that an octree can be empty, or it can be
a cube, or a sphere or a division of eight octrees. An example of an octree could
be:

exOT :: OT
exOT = D e s s e r e e g
where e = Empty

s = Sphere (RGB 0 0 255 )
r = Cube (RGB 255 0 0 )
g = Cube (RGB 0 255 0 )

We present the students the function wOT ::OT →FileName →IO () which
stores a representation of an octree in a X3D file.
Figure 3 shows a screen capture of the exOT octree. Although in this paper,

we present a printed version, the system generates a 3D virtual model that the
students can navigate through.

6 Lazy Evaluation and Infinite Worlds

A nice feature of Haskell is lazy evaluation, which allows the programmer to
declare and work with infinite data structures. The students can define infinite
octrees like the following:

i n f :: OT
i n f = D i n f e s e e e r i n f
where e = Empty

s = Sphere (RGB 0 0 255 )
r = Cube (RGB 255 0 0 )

Figure 4 presents the visualization of the previous octree.
It is also possible to define functions that manipulate infinite octrees. For

example, the following function takes an octree as argument and generates a
new octree repeating it.
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Fig. 4. Example of infinite octree

Fig. 5. Repetition of infinite octree

repeat :: OT → OT
repeat x = D x x x x x x x

When applying the repeat function to the octree inf we obtain the octree
that appears in figure 5.

7 Polymorphism: Height Quadtrees

The Haskell type system allows the programmer to declare polymorphic datatypes
like lists. Although traditional quadtrees contain color information in each quad-
trant, it is possible to define a generalization of quadtrees that may contain values
of different types. The new declaration could be:

data QT a = B a
| D (QT a ) (QT a ) (QT a ) (QT a )
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Fig. 6. Heights quadtree

The quadtrees presented in previous sections would be values of type QT Color.
This generalization enables the definition of other kinds of quadtrees, like those
that contain height information (a value of type Float). Those quadtrees can be
useful to represent terrain information. For example, the following quadtree:

qth :: QT Float

qth = let x = D (B 1 0 ) (B 2 0 ) (B 0 ) (B 10 )
in D x x x x

is represented in figure 6.
Haskell promotes the use of generic functions like the predefined foldr func-

tion for lists. A similar function can also be defined for quadtrees.

foldQT:: ( b → b → b → b → b ) →
( a → b ) → QT a → b

foldQT f g (B x ) = g x
foldQT f g (D a b c d) = f ( foldQT f g a ) ( foldQT f g b)

( foldQT f g c ) ( foldQT f g d)

It is possible to define numerous functions using the foldQT function. For
example, to calculate the list of values of a quadtree, we can define:

va lue s :: QT a → [ a ]
va lue s = foldQT (\ a b c d → a ++ b ++ c ++ d)

(\x → [ x ] )

The depth of a quadtree can also be defined as:

depth :: QT a → Int

depth = foldQT (\ a b c d → 1 + maximum [ a , b , c , d ] )
(\ → 1)

The foldQT belongs to a set of functions that traverse and transform a recur-
sive data structure into a value. These functions are also called catamorphisms
and are one of the research topics of generic programming [4].
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8 Non-determinism: Coloring Quadtrees

One of the difficulties of our course is the introduction of two paradigms, logic
and functional, in a short period of time. We are currently employing two dif-
ferent programming languages, Haskell and Prolog, although we would like to
use a logic-functional language like Curry in the future. In order to facilitate
the shift between paradigms and languages, we ask the students similar assign-
ments in both parts of the course, so they can observe the main differences. In
this way, the first assignments in the logic programming part also work with
quadtrees and octrees. However, an important feature of logic programming is
the use of logical variables and predicates that admit several solutions obtained
by backtracking.
As an example, it is possible to define the predicate col(Xs,Q1,Q2) which is

true when Q2 is the quadtree formed by filling the quadtree Q1 with colours
from the list Xs.

c o l (Xs , b( ) , b (X)) :− elem (X,Xs ) .
c o l (Xs , d(A,B,C,D) , d(E,F ,G,H)) :−

c o l (Xs ,A,E) , c o l (Xs ,B,F ) , c o l (Xs ,C,G) , c o l (Xs ,D,H) .

where elem(X,Xs) is a predefined predicate that is satisfied when X belongs
to the list Xs. Notice that when we ask to fill a quadtree with several colours,
we can obtain multiple solutions.

?−c o l ( [ 0 , 1 ] , d (b( ) , b ( ) , b ( ) , b ( ) ) ,V) .
V = d(b ( 0 ) , b ( 0 ) , b ( 0 ) , b ( 0 ) ) ;
V = d(b ( 0 ) , b ( 0 ) , b ( 0 ) , b ( 1 ) ) ;
V = d(b ( 0 ) , b ( 0 ) , b ( 1 ) , b ( 0 ) ) ;
. . .

The traditional problem to color a map in such a way that no two adjacent
regions have the same color can be posed using quadtrees. In figure 7 we present
a possible solution to color a quadtree representing a rhombus.
A naive solution using logic programming consists of the generation of all

the possible quadtrees and the corresponding test using the following predicate
noColor.

noColor (b( ) ) .
noColor (d(A,B,C,D)) :−

noColor (A) , noColor (B) , noColor (C) , noColor (D) ,
r i g h t (A, Ar ) , l e f t (B, Bl ) , d i f f (Ar , Bl ) ,
r i g h t (C, Cr ) , l e f t (D, Dl ) , d i f f (Cr , Dl ) ,
down(A,Ad ) , up (C,Cu ) , d i f f (Ad ,Cu ) ,
down(B,Bd ) , up (D,Du ) , d i f f (Bd ,Du) .

up (b(X) , l (X) ) .
up (d(A,B, , ) , f (X,Y)) :−up(A,X) , up(B,Y) .

down(b(X) , l (X) ) .
down(d( , ,C,D) , f (X,Y)) :−down(C,X) , down(D,Y) .
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Fig. 7. Solution of the quadtree coloring problem

l e f t (b(X) , l (X) ) .
l e f t (d(A, ,C, ) , f (X,Y)) :− l e f t (A,X) , l e f t (C,Y) .

r i g h t (b(X) , l (X) ) .
r i g h t (d( ,B, ,D) , f (X,Y)) :− r i g h t (B,X) , r i g h t (D,Y) .

d i f f ( l (X) , l (Y)) :−X\=Y.
d i f f ( l (X) , f (A,B)) :− notElem (X,A) , notElem (X,B) .
d i f f ( f (A,B) , l (X)) :− notElem (X,A) , notElem (X,B) .
d i f f ( f (A,B) , f (C,D)) :− d i f f (A,C) , d i f f (B,D) .

notElem (X, l (Y)) :−X\=Y.
notElem (X, f (A,B)) :− notElem (X,A) , notElem (X,B) .

9 Constraints

Declarative languages offer an ideal framework for constraint programming. Al-
though an in-depth presentation of the field is out of our course scope, we con-
sidered that a short introduction could be useful to the students, because most
of them, will have no more contact with that field in other courses. Following
with the quadtrees subject, we can define a solution of the map coloring problem
using the logic programming extension with finite domains offered by some im-
plementations. As an example, the following fragment solves the problem using
the CLP(FD) syntax implemented in GNU Prolog [7].

colC (M,N, b( ) , b (X)) :− fd domain (X,M,N) .
colC (M,N, d(A,B,C,D) , d(E,F ,G,H)) :−

c o l (M,N,A,E) , c o l (M,N,B,F ) ,
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co l (M,N,C,G) , c o l (M,N,D,H) .

The new version of noColor is almost the same changing calls to predicate \=
by calls to predicate #\=. However, the constraint programming implementation
solves the problem for N=3 in 0.01sg while the naive solution does it in 74.5sg.

10 Related Work

The lack of popularity of declarative languages [21] has motivated the search for
practical and attractive applications which highlight the main features of these
languages. As an example, P. Hudak’s textbook [12] presents an introduction
to functional programming using multimedia based examples. That book uses
specific libraries to generate and visualize the proposed exercises. Our approach is
similar in its goal, but we have adopted standard XML vocabularies to generate
the graphical elements. This approach offers several advantages: existence of
numerous visualization tools, portability and independence of specific libraries.
Furthermore, as a side effect, the students of our course could benefit from the
use of these XML technologies in other fields of their future professional activity.
The declarative representations of quadtrees have already been studied in [6,

8, 10, 22]. Recently, C. Okasaki [18] has taken as a starting point the Haskell rep-
resentation of a quadtree to define an efficient implementation of square mattri-
ces using nested datatypes. The consistency of his representation is maintained
thanks to the Haskell type system.
In the imperative field there have been several works that emphasize the

use of quadtrees as good examples for programming assignments [14, 13, 16].
However, most of these papers are centered on the image compression application
of quadtrees. Several algorithms for quadtree coloring and their application to
the schedule of parallel computations are described in [9].

11 Conclusions

In this paper, we propose a programming assignment scheme for our logic and

functional programming course that intends to favour the graphical visualization
of results and to present at the same time the main features of these languages.
Although we have not made a systematic research about the reaction of our

students to this scheme, our first impressions are highly positive, with a sig-
nificant decrease on the abandonment percentage compared to previous courses.
Nevertheless, these kind of statements should rigorously be contrasted, checking,
for example, that the students that take the new course really solve programming
problems better than other students.
The generation of virtual worlds supposed an incentive for our IDEFIX

project [17], among the future lines of research we are considering the devel-
opment of virtual communities like ActiveWorlds [1] where the students can
visit a cummunity, create their own worlds and chat with other students.
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∀x(point(x)→ ∃y(point(y), connects(x, y)))
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∀X : figure(X),
∀Y : figure(Y ), in(Y,X)→ color(Y, black)

→ shape(X, circle)
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∀X : figure(X)
∀Y : in(Y,X)[, shape(Y, square)]→ color(Y, black)

→ shape(X, circle)
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∃X : figure(X),
∃Y : in(Y,X), color(Y, black)
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¹}¹J3 1«½J.�9¦Á 7¨ÊS7�*65J7¨Ä�3Y36É/.�9¦¼�Âx365
Á
ÄÃ*6½8½�.�¾�Á *`¹J.1369�5JÇ;Ä17<½<Ñ 	/.19¦Á
7B¹J¿;7�7 9¦¿¦*`9¦Á 7<0�587 Æ;587<½J7 9F¹Q*k¹8.�3F9�Å§*oÈ�Ä�7o*60�¹J3§Ä1369;¼§ÊS*`.�¹J.19;¼
¹J.1Å�7<½�.19«½J36Å�7�0Y3FÅ§*`.19¦½ ß;¹J¿¦7}½JÈ/½�¹J7<Å Á *69�Õs7�.19F¹87 585JÇ;Æ;¹J7<0»*`¹�*`9DÈ�¹8.�Å�7�*`9¦0�587
¹JÇ¦5J9¦½
¹J¿;7�½J36Ä1ÇY¹J.1369�½LÂx3FÇ;9¦0�½�3dÂe*`5oÑ

Ò�¿;7d9/Ç;Å}Õs7 5!36Â�587<½JÇ;Ä�¹8½�3FÕY¹8*6.�9D¹J7<0�,k*65J.17<½�¼6587<*`¹JÄ1È�0Y7<Æs7 9¦0Y.19;¼�3F9«¹J¿¦7�Âx5J7oåDÇ;7 9¦Á È
*`9¦0Í¹J¿;7×Á
3F9Y¾�0Y7<9¦Á
7�½�Æs7oÁ
.�¾¦7<0�Ñ�á�7�Ç¦½J7<0 *6½�0Y7
Âe*6Ç;ÄO¹»,k*6Ä�Ç¦7<½

γ = 40 	 *69¦0
σ =

60 	 Ñsá�7�Æ;5J7o½�7<9F¹b¹8¿;7�587<½�Ç¦ÄO¹Q½b369;Ä1È�Âx3F5b¹J¿;7�Å�3D½H¹�587 Æ¦5J7o½�7<9F¹8*`¹J.1,67}0Y36Å§*`.19¦½�Âx3YÁ Ç¦½�.19;¼
Å�*6.�9¦Ä�Èí3F9î¹8¿;3F½J7»Æ¦*k¹J¹J7 589¦½�¹J¿�*k¹¨Æ;587 ,/.136Ç¦½�Å�7 ¹J¿;3Y0¦½¨Á *69;9;3`¹�0Y.Ã½JÁ 3-,67<5<Ñ�Ø�9 ¼F7 9;7 5Q*`Äyß
¹J¿;7�7 9;¿¦*69¦Á
7o0�7
ÀYÆ;587<½J½J.1,67 9;7o½J½B*6Ä�Ä13-Ê�½�0;.1½8Á
3k,67 58.�9¦¼�.�9D¹J7 587<½�¹J.19;¼«Æ¦*k¹J¹J7<5J9¦½B¹8¿¦*k¹dÁ
36Ç;ÄÃ0
9;3`¹�Õs7!0Y.1½8Á
3k,67 587<0§Õ/È§Æ;5J7<,/.�3FÇ¦½�Å�7 ¹J¿;3Y0;½<ß/¿;3kÊL7 ,67<5<ßD.O¹�.1½�Á
58.�¹J.ÃÁ *`Ä�¹83d½JÆs7<Á
.�ÂxÈ¨*69¦0¨Ç¦½J7
)�2/�-�×¹87 Å�Æ;ÄÃ*k¹J7o½?¹83!587<0YÇ¦Á 7S¹J¿;7�½J.�:<7�3`Â�¹J¿;7�½J7<*658ÁQ¿d½�Æ¦*FÁ
76Ñ�
b9YÂx365J¹JÇ;9�*k¹J7<Ä�ÈFß-¹8¿;7�Ç¦½J7�3`Â
*�Å�3F5J7d7
ÀYÆ;587<½8½�.1,67�Ä1*69;¼6Ç¦*6¼67}Å§*6É67<½�¹J¿¦*`¹!ÊS7d36ÕY¹Q*`.19;7<0©*6Ä1½J3�Å§*`9DÈ«9;3F9YÖy.19F¹87 587<½�¹J.19;¼
Æ¦*k¹J¹J7 589¦½�¹8¿¦*k¹�587 Æ;587<½J7 9D¹§É/9;3kÊ�Ä�7o0Y¼67�¹J¿¦*`¹�ÊS*6½§Æ;587 ,/.136Ç¦½JÄ�ÈíÉ/9;3-Ê�9 3F5�¹Q*`ÇY¹836Ä136¼F.�7o½ ß
½�3�¹8¿¦*k¹§.O¹§Å§*oÈ×Õs7oÁ
36Å�7�Ä1*6Õs3658.�3FÇ¦½�¹J3�7 ÀD¹858*FÁ�¹�¹8¿;7�.19F¹87 587<½�¹J.19;¼©Æ¦*`¹�¹87 589¦½�Âx5J3FÅ ¹J¿;7
5J7o½�Ç;Ä�¹8½<Ñ¡ÜLÄ1*6Ç¦0Y.17 9í5J7<Åd3k,67<½}Å§*`9/È�3`Â�¹J¿;7o½�7�587<½JÇ;Ä�¹8½}Õ/È�Ç¦½J.19;¼«¹87<½�¹8½�36Â�587<0YÇ¦9¦0;*`9�Á
È
*`9¦0�Á 36Å�Æ¦*6Á
¹J9;7o½J½<Ñ
� F&G,+HOP?BN� %#A��&: CE?BF ( % : 
%< á©7�Ç¦½�7o0 �S3F9;¼F*6580/Ö�Ä�.1É67�Æ;5836Õ¦Ä�7<Å�½}Ä�.1É67¨¹J¿¦*`¹�.19 ��.1¼¦Ñ
�¦Ñ
Ø�9�¹J¿¦.1½�0Y3FÅ�*6.�9�¹J¿;7<5J7�*`587�¹J¿;587 7§¹HÈ/Æs7<½�36Â�¾¦¼6Ç;587<½�ÚeÁ
.15QÁ
Ä17<½<ß�½JåDÇ¦*65J7o½B*`9�0�¹J58.1*69;¼6Ä17<½QÛ
½�3�¹J¿¦*`¹}½J36Å�7�¾¦¼6Ç;587<½�Á *`9�Õs7�Á
369D¹8*6.�9;7o0©.19�36¹J¿;7<58½<Ñ��¦365B¹J58.Ã*`9;¼FÄ�7o½�¹8¿;7�0Y.15J7oÁ�¹J.1369�.19
Ê�¿;.1ÁQ¿¨¹8¿;7 È§Æs36.19F¹BÚxÇ;Æ�3F5S0Y3kÊ�9�Û¡Å§*oÈ§Õs7�5J7<Ä�7<,k*69F¹<Ñ/Ò�¿;7�Æs3F½8½J.�Õ;Ä17�Á 369Y¾�¼6Ç;5Q*k¹8.�3F9¦½�*`587
Á
ÄÃ*6½8½�.�¾¦7<0«*6½bÆs3F½J.O¹8.1,67<½b365�9;7 ¼D*k¹J.1,67<½<Ñ�Ò�¿¦7}.19F¹87 5J7o½H¹+Ä�.17<½�.�9«¾¦9¦0Y.19;¼�*�0Y7<½8Á
58.1ÆY¹J.1369»Âx365
Æs3F½J.O¹8.�,67B*69¦0�9;7 ¼D*k¹8.�,67BÁ
3F9Y¾¦¼6Ç;5Q*k¹8.�3F9¦½<Ñ
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á�7�¾¦5Q½H¹¡¹J58.�7o0dÊ�.�¹J¿¨*!587<0YÇ�Á
7<0�0¦*k¹8*F½�7 ¹�Î�Ý��kÐ�½J¿;3-Ê�9�.19 �?.�¼�Ñ �¦Ñ`á�7�Ê�583`¹J7�*B)+2����
¹J7 Å�Æ;ÄÃ*k¹87$¹J¿¦*`¹�.19¦Á
Ä1Ç¦0Y7o½�Á 369¦Á 7 ÆY¹Q½«Ä�.1É67 �H¾¦¼6Ç¦5J7o½�¹J¿¦*`¹©Á 369F¹Q*`.19 9;3Í3`¹8¿;7 5«¾¦¼FÇ;5J7o½ ��ß
7
¹8Á6Ñ Ñ ÑH¹8¿¦*k¹�Á<*`9$¼67<9;7 5Q*k¹87§Ç¦Æ×¹83íÝ����Fã91 1»Á *`9�0Y.10¦*k¹J7�¿/ÈDÆs36¹J¿;7o½�7o½ Ñ 
 ÀY7oÁ
ÇY¹8.�3F9×¹J7<5JÅ�.�Ö
9¦*k¹87<0§*kÂ ¹87 5�7
ÀYÆ;Ä13658.�9¦¼ ���Fã`à���9;3Y0Y7o½�.19�ã;Ý<à;Ñ 16à!½�7oÁ
369�0;½ Ñ ��3}½J36Ä1ÇY¹J.1369�Ê�*6½�Âx3FÇ;9¦0d¹8¿¦*k¹
¿;36ÄÃ0;½b.�9$Ý�1 1 	 3`Â�¹J¿;7�Æ�3D½�.�¹8.�,67}365b9;7<¼F*k¹8.�,F7B7 À;*`Å�Æ;Ä17<½<Ñ�Ò�¿;7}Å�3F½�¹bÂx5J7oåDÇ;7 9D¹�Æ¦*k¹J¹J7 589
.1½<æ

∃X : shape(X, triangle),
∃Y : in(Y,X), shape(Y, triangle)
(f = 75%)

.uÑ 76Ñ1ß ��¹8¿;7 587§.1½}*�¹J58.1*69;¼6Ä17d¹J¿�*k¹�Á
369D¹8*6.�9¦½�*69;3`¹8¿;7 5B¹J58.1*69;¼6Ä177��Ê�¿;.1ÁQ¿�¿¦36ÄÃ0;½B.19	��3`Â!Ý-Ï
Æs3F½J.O¹8.�,67!7 À;*`Å�Æ;Ä17<½�*`9�0�.19�9;3§9;7 ¼D*k¹8.�,67!7
À;*6ÅdÆ;Ä17<½<Ñ �b¹8¿;7 5�Æ�*k¹�¹87 589¦½SÂx3FÇ;9¦0�*`587!Å}Ç¦Á8¿
Ä�7o½J½dÂx587<åDÇ;7 9D¹<ß�Âx365§.�9�½H¹Q*`9¦Á 76ß��H¹J58.1*69;¼6Ä17<½�¹J¿¦*`¹¨Á 369F¹Q*`.19î9;3�¾�¼6Ç;587<½�*65J7�Á 369F¹Q*`.19;7<0î.19
3`¹J¿¦7 5�¹85J.Ã*69;¼6Ä177��¹J¿¦*`¹¨¿;3FÄ10;½§369¦Ä�Èí.19Íã©3`Â+¹J¿¦7×ÝoÏ©Æs3F½J.�¹J.1,67�7
À;*6Å�Æ;Ä�7o½ Ñ�Ò�¿;7»5J7o½H¹¨3`Â
¹J¿;7�0;.1½8Á
3k,67 587<0�Æ¦*`¹�¹87 589¦½�587 Æ;587<½J7 9D¹�7<.O¹8¿;7 5�9;3F9YÖ�.�9D¹J7 587<½�¹J.19;¼�5J7<¼6Ç;ÄÃ*`58.�¹J.17<½SÄ�.1É67-��¾¦¼FÇ;587<½
Á
369D¹8*6.�9;7o0�.�9�3`¹8¿;7 5�¾¦¼FÇ;587!Á 369F¹Q*`.19�9¦3d¾¦¼6Ç¦5J7o½ �+365�¹8*`Ç;¹J36Ä136¼F.17<½ Ñ

Ò�¿;7¨ÂxÇ;Ä1ÄS0;*`¹8*6½J7
¹�Á 369¦½J.1½�¹8½�36ÂBÝoÏ9��Æs3F½J.�¹J.1,67¨7
À;*`Å�Æ;Ä17<½}*`9�0$Ï`à`Þ»9;7<¼F*`¹J.1,67§7
À;*6ÅdÖ
Æ;Ä�7o½SÎ)(-ÐyÑ-Ø�9�¹8¿;.Ã½�Á *6½J76ßo7 À/7oÁ
ÇY¹8.�3F9�¹J7<5JÅ�.19¦*k¹87<0}*`Â ¹J7<5?7
ÀYÆ;Ä13658.�9¦¼+Ï9�`Þ�Ýoã�9;3Y0Y7o½�.19dÏ �;Ý-ÏYÑ ��(
½�7oÁ
369�0;½ Ñ 	/3FÅd7B3`Â�¹8¿;7B5J7o½�Ç;Ä�¹8½�3FÕY¹8*6.�9¦7<0�*`5876æ
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∀X :
→ 6 ∃Y : shape(Y, circle),

in(Y,X)
(f = 54.68%, c = 75.26%)

∀X : shape(X, triangle),
∃Y : in(Y,X)

→ ∃Z : in(Z,X), shape(Z, triangle)
(f = 46.875%, c = 64.51%)

Ê�.O¹8¿�¹8¿;7�Âx36Ä1Ä13-Ê�.19;¼BÅ�7o*`9;.19;¼¦æ���9;3B¾¦¼6Ç¦5J7bÁ
369D¹8*6.�9¦½�*�Á .�5QÁ
Ä177��*`9�0 �H7<,67 58È�¹J58.Ã*`9;¼6Ä17�¹8¿¦*k¹
Á
369D¹8*6.�9¦½�*�¾¦¼FÇ;5876ß;Á
3F9F¹8*6.�9�½�*�¹J58.1*69;¼6Ä177��Ñ
	.O <"D�� :=< D�� � O!% %#:=G +&: Ò�¿¦7�½�7oÁ
369¦0}0;36Å§*`.19�Á
3F9¦½�.Ã½�¹8½�36Â�0Y.Ã½H¹8.19;¼6Ç;.Ã½J¿;.�9;¼�¹J5Q*`.19¦½4¹8¿¦*k¹
*`587B¹858*-,67 Ä1Ä1.�9;¼�7<*6½�¹bÂx5836Å ¹J5Q*`.19¦½�¹858*-,67 Ä1Ä1.�9;¼�ÊL7<½�¹+Þ¦Ñ 
 *6ÁQ¿»¹858*6.�9�Á 369¦½J.Ã½H¹Q½b3`ÂLÏkÖyÞ�Á *`5Q½
Ê�¿;7 587�¹J¿¦7�Á *658½®¿¦*-,67¡*k¹J¹J58.�Õ¦ÇY¹J7o½®Ä1.1É67¡½J¿¦*6Æs7�Úx587<Á
¹8*`9¦¼6Ç;ÄÃ*`5oß�3k,k*`Äyß
ÇYÖ�½J¿¦*6Æs7<0®ß1Ñ Ñ Ñ8Û
ß Ä�7<9;¼`¹8¿
ÚxÄ1369;¼�ß�½�¿¦365J¹QÛ�ß�9DÇ;Å}Õs7 5!36Â�Ê�¿;7 7<Ä1½�ÚuÏYß �FÛ
ß�¹HÈ/Æs7�36Â�5J3Y3`ÂbÚx9;3F9;76ß�Æs7o*`É67<0®ß���*`¼6¼F7<0®ß1Ñ Ñ Ñ8Û
ß
½�¿¦*6Æs7�36ÂbÄ�3D*60ÍÚuÁ
.158Á Ä�7Fß�¹J58.Ã*`9;¼FÄ�7Fß�587<Á�¹Q*`9;¼FÄ�7Fß�Ñ<Ñ Ñ8Û�ß�*69¦0$9DÇ;Å}Õs7<5d36Â�Ä13F*F0;½�Ú�Ý
Ö �FÛ
Ñ?Ò�¿¦7
0;*k¹Q*6½J7
¹�Á
3F9¦½�.Ã½�¹8½�3`Â�Ï91�¹J5Q*`.19¦½<Ñ

" #!$ ���s��� [<��E �x�GQ��E�MJ�D[<�V�VGQPD�<G

�b½LÆ¦*65�¹S3`Â®¹J¿¦7�Õ¦*6ÁQÉ/¼65836Ç;9¦0�É/9;3-Ê�Ä17<0;¼676ßFÊL7�.�9¦Á Ä�Ç�0Y7<0�*}0Y7 ¾¦9;.�¹J.1369¨Âx365�¹8¿;7�Æ;587<0Y.�Ö
Á *k¹87<½

geq/2
*`9¦0

leq/2
¹8¿¦*k¹�*6Æ;Æ;Ä1ÈdÕs36¹J¿§¹83�¹8¿;7�9DÇ¦Å}Õs7 5S3`Â�Ê�¿¦7 7 ÄÃ½�3F5L36Õ)�H7<Á�¹Q½ Ñ 
 ,67 9.�9�¹J¿;.Ã½!½J.�Å�Æ;Ä17�0Y36Å§*`.19�ß�.O¹B½J7 7<Å�½+5J7<Ä�7<,k*`9D¹b¹83�Õs7�*`Õ;Ä17}¹J3�Å�.�9;7dÆ¦*`¹�¹87 589¦½b¹J¿�*k¹!5J7 Âx7 5

¹J3�Á *658½�Ê�.O¹8¿;36Ç;¹�36Õ)�H7<Á
¹8½<ß�Á *658½�Ä13F*60;.�9;¼©369¦Ä�È�¹J58.Ã*`9;¼FÄ�7o½ ß?7
¹QÁ`Ñ Ñ<Ñ 2�3kÊL7 ,67<5<ß�ÊL7�Âx36Ç;9¦0
369;Ä1È�587<½JÇ;Ä�¹8½�,67<5JÈ�½J.�Å�.1Ä1*65�¹J3�¹8¿;3F½J7B3FÕY¹8*6.�9;7o0�ÕDÈ�36¹J¿;7<5b½�ÈY½�¹J7<Å�½�Ä1.1É67�Ò�7 5J¹J.1Ç¦½<ß;Ê�¿;.ÃÁQ¿
Á
3658587<½JÆs369¦0§¹83§½H¹Q*`9¦0¦*`5Q0�ä¡5J3FÄ136¼�åDÇ;7 58.�7o½ ß/Âx365�.19¦½�¹8*69¦Á
7Fæ

∃A : roof(A, flat), short(A)

(f = 50%)

∃A : roof(A, flat), wheels(A, 2)
∃B : load(A,B), number(B, 1)
(f = 50%)

¹J¿¦*`¹S.Ã½<ß��J*�¹J5Q*`.19�.1½S7<*6½�¹8Õ�3FÇ;9¦0¨.�Â4.�¹�Á
3F9F¹Q*`.19¦½S*�½�¿¦365J¹SÁ Ä�3D½�7o0¨Á<*`5#��365%��.OÂ�.O¹�Á 369F¹Q*`.19¦½S*
Á
Ä13F½J7<0�Á *`5�Ê�.O¹8¿�¹�ÊL3§Ê�¿;7 7<Ä1½�*`9¦0�Ä13F*F0Y.19;¼d369¦7!36Õ)�H7<Á�¹#�QÑ
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� ?�F ( % : 
 <"F %'&$A#G + Ò�¿;.1½�.Ã½}*69�7
ÀYÆs7 58.1Åd7<9F¹Q*`Ä�Âx5Q*`Å�7<ÊL3658É»¹8¿¦*k¹�Á 369¦½J.Ã½H¹Q½B3`Â�½�.�À�7
À/Ö
*`Å�Æ;Ä17<½B36Â�� Õ;Ä13YÁ8ÉY½BÊS3658Ä10 �4Æ¦*`.158½B587 Æ;587<½J7 9D¹J.19;¼�¹8¿;7�½J.O¹8Ç¦*k¹8.�3F9¦½BÕs7 Âx36587¨*`9¦0×*kÂ ¹87 5�¹J¿;7
*`Æ;Æ;Ä1.ÃÁ *k¹8.�3F9}3`Â�369¦7L36Â;¹8¿;7�36Æs7 5Q*k¹8365Q½4½�¹8*FÁ8É�ß-Ç;9¦½�¹8*FÁ8É�ßk*`9¦0�¹858*69¦½HÂx7<5SÎ àkÐ�Ñ 
 *6ÁQ¿�7
À;*6ÅdÆ¦Ä�7
.1½�0Y7o½JÁ 5J.1Õs7<0©Õ/È©*»½�7
¹�36ÂS¼F5J3FÇ;9¦0�Âe*6Á�¹Q½B5J7<Æ;5J7o½�7<9F¹8.�9;¼�¹J¿;7¨Æ;5836Æs7 5J¹J.17<½!3`Â�7<*FÁ8¿�Õ;Ä13YÁQÉ
Õs7
Âx36587!*`9¦0�*kÂ ¹87 5S¹8¿;7!36Æs7 5Q*k¹8.�3F9�ß/*6½SÊL7<Ä�Ä�*6½L¹J¿¦7+.Ã0Y7 9D¹J.�¾�Á *`¹J.1369�3`Â4¹J¿;7B½JÇ;Õ)�H7<Á�¹�36Â4¹J¿;7
36Æs7 5Q*k¹8.�3F9îÚe.uÑ 76Ñ1ß®¹8¿;7§Õ;Ä13YÁ8É«¹J3�Õs7§Å�3-,F7<0¦Û!*`9¦0©.�¹8½�0Y7o½H¹8.�9�*k¹J.13694Ñ�Ò�¿;7�¾¦5Q½H¹B7 À;*`Å�Æ;Ä176ß
Âx365�.19¦½�¹8*`9�Á
76ß;.1½�5J7<Æ;587<½J7 9F¹87<0�Õ/È¨¹J¿;7!Âx3FÄ�Ä13-Ê�.19;¼dÂe*6Á
¹8½<æ

q<goj-éoi®èuçké ëFgoj�êeë6jot`h<ikjFì¦r qogoj-é<i®èyçké ë6g-j�ê�éot-çkjoiDì¦r z�woë��oj`q ç�è��Dì¦r
q<goj-éoi®è��®êeë6jot`h<ikjFì¦r qogoj-é<i®è��®ê�é<tkçkjoiDì¦r pkjkz ç6v�l6é<ç6voh
l4è	�/ì¦r
h�l4è��®êyç-é ëFgoj�êeë6jot`h<ikjFì¦r h
l4è���ê	��ê�éotoç`joiDì¦r çké
ëFgoj�èyç-é ëFgojFì¦r
h�l4èew4êyç-é ëFgoj�êeë6jot`h<ikjFì¦r h
l4èew�êyçké ëFg<j®ê�éot-çkjoiDì¦r
h�l4èyç®êew�êeë6jot`h<ikjFì¦r h
l4èyç�êew4ê�éotoç`joiDì¦r

r-ror ror-r
á�7§3FÕY¹8*6.�9¦7<0�½�3FÅ�7�.19F¹87 587<½�¹J.19;¼»5J7<½JÇ;Ä�¹8½!¹8¿¦*k¹}¿;36ÄÃ0�.19×*`Ä1Ä�¹8¿;7¨7
À;*`Å�Æ;Ä17<½<ß�Âx3F5�.�9;Ö

½H¹Q*`9¦Á 76æ

∀A : destination(A)
→ ∃B : on(B,A, after)

∀A :
→ ∀B : 6 ∃C : on(C,B,A)

→ clear(B,A)
Ò�¿;7�58Ç;Ä17�369�¹J¿;7bÄ�7 Â ¹�¼F.�,67o½¡*!Æs3F½�¹�Ö�Á
3F9¦0Y.�¹J.1369�3`Âs¹8¿;7b*FÁ�¹J.1369�Æs7<5�Âx3F5JÅ�7<0�ß`.uÑ 76Ñ1ß`¹8¿;7 587

.1½�*`9/È�Õ;Ä13YÁQÉ�3F9!¹J¿;7L0Y7o½H¹8.�9�*k¹J.1369�Õ;Ä�3;Á8É+*`Â ¹J7<547<*FÁ8¿�*FÁ�¹J.13694Ñ<Ò�¿;7L½�7oÁ
369�0+58Ç;Ä17¡5J7<Æ;587<½J7 9F¹Q½
*»Á
3658587<Á�¹�0Y7 ¾¦9;.�¹J.1369�Âx365B¹8¿;7¨Æ;5J7o0Y.ÃÁ *k¹87
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Abstract. We describe a collaborative constraint functional logic pro-
gramming system for web environments. The system is called Web CFLP,
and is designed to solve systems of equations in theories presented by
higher-order pattern rewrite systems by collaboration among equation
solving services located on the web. Web CFLP is an extension of the
system Open CFLP described in our previous work in order to deploy the
system on the realistic web environment. We will discuss the architecture
of Web CFLP and its language.

1 Introduction

The development of the web has determined the need for standard languages
and technologies such as Java, XML and CORBA. These tools enable the de-
velopment of distributed applications which rely on the transparent access and
collaboration between the various services deployed on the web. This web ap-
proach works well for solving scientific problems described as systems of equa-
tions. Usually, such problems can not be solved by a trivial application of a
specialized constraint solving method. It is widely accepted that the design of
a generic method to solve all possible equational problems is not a reasonable
task. Instead, such problems can be effectively solved by a collaboration of solvers
which implement specialized methods for equational solving.

Our collaborative equational system Open CFLP [1] relies on such a design
approach. Open CFLP was designed to run in an open environment which pro-
vides transparent access to the constraint solving services deployed over the web.
However, in order to make Open CFLP a true web application, we must address
many other design issues, such as session management problems and security
problems of communication. In this paper we discuss such an extension of Open
CFLP towards a web application, called Web CFLP.
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Fig. 1. The architecture of Open CFLP

2 System architecture

Figure 1 shows the architecture of our new system. In our previous paper, we
introduced five kinds of CORBA compliant components which communicate via
the framework based on CORBA and MathML called MAXCOR [2]:

Frontend which provides a user interface via a Mathematica [4] notebook,
Service Repository which looks up a solving service by attributes,
Broker which finds a solver which provides solving service,
Coordinator which manages the collaboration among solvers, and
Object Wrapper which realizes a CORBA compliant solver using existing ap-

plications.

Web CFLP is an extension of Open CFLP with a security mechanism, a
redesigned frontend, and a new component called case library.

In order to achieve the secure communication through firewalls on MAX-
COR, we have introduced SSL/IIOP which is a standard secure protocol of
CORBA and the CORBA firewall. As a result, we can deploy our system on
web environments with firewalls, and refuse unjust access to our components.

The new frontend is implemented with a JSP (JavaServer Pages) server [5].
Our previous frontend, let’s call it core frontend, is wrapped by the JSP server.
The new frontend

1. provides web pages to browse the case library, the service repository and the
broker,

2. provides web pages for input of goals, programs and solver collaboration,
and displays the return of the core frontend, and

3. checks the syntax and type correctness of goals and functional logic programs
given by the user.

As an example, we show in Figure 2 the web page for item 2. This example page
consists of GUI components for input mathematical expressions using Java ap-
plet technology. The GUI provides a palette which makes input of mathematical
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Fig. 2. A web page for input mathematical expressions

expressions easier and creating and displaying MathML documents for commu-
nication between the web browser and the JSP server via the HTTP protocol.

The case library is a repository of documents with instructive user sessions.
The main objective of this component is sharing problem solving knowledge
among users. These documents are written in a well-known format for the web
such as XHTML and MathML, and can be created automatically from a history
of user’s session on a frontend. Further, each document is grouped into a category
such as quantum mechanics and dynamics. The case library allows the user to
search a document by giving key phrases or a name of category.

3 Web CFLP Sessions

A running Web CFLP environment relies on the existence of solving services reg-
istered with the broker and service repository. The developers and implementers
of specialized constraint solvers can use Web CFLP to market their expertise
as constraint solving services. A minimal set of constraint solving services is
provided with the distribution of Web CFLP. It includes a solver for theories de-
scribed by higher-order functional logic programs in typed λ-calculus, and solvers
for linear, polynomial and ordinary differential equations over the domains of re-
als and complex functions [2]. The functional logic programming solver relies on
lazy narrowing calculi developed by the SCORE group [6], whereas the other
solvers are extensions to typed λ-calculus of some Mathematica solving capabil-
ities.

A Web CFLP session starts with a login step. In this way, we guarantee the
authentication of users and the allocation of distinct name spaces to distinct
user sessions. Afterwards, the user interaction is a loop of 3 steps:

1. the user types an input expression in the canvas of an applet,
2. the input is submitted to the core frontend, and
3. the core frontend controls the evaluation of the input and displays to the

user the result of evaluating it.
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Valid inputs are (1) declarations of various identifiers, such as data constructors,
user defined symbols, functional logic programs, goals, and collaboratives, and
(2) invocations of user-defined constraint solving methods (collaboratives) to
a given goal. The syntax is the same as for Open CFLP [1], except the type
system. The type system has been extended with support for type classes and
type constructors [3]. Type classes specify the range of type variables. Web CFLP
provides built-in implementations for a number of useful type classes, e.g., the
class of types with equality (Eq), the type class of integers (Integer), the type
constructor list for list types, etc. In addition, users can declare their own type
classes and type constructors.

The system avoids name clashes between the identifiers of users who use
simultaneously the system from different sessions, by maintaining a distinct name
space for each user session.

4 Conclusions and Further Work

We have described a web oriented system for constraint functional logic pro-
gramming, especially our new results from our previous work. Our new system
strengthens openness for deployment of the system on the web. In order to pro-
vide a general system interface to users we have developed a new frontend using
JSP, and users can access our system via a web browser.

As further work, we will extend the applicability of our system by providing
object wrappers to more languages and legacy applications with useful equa-
tional solving capabilities. The case library will be extended with illustrative
examples of how to access these services in concrete situations.
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Almendros-Jiménez, J.M., 212
Alpuente, M., 7
Antoy, S., 33

Ballis, D., 7, 241
Becerra-Terón. A., 212

Cunha, A., 227
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