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Abstract

We present a characterization of first-order functional programs which are quasi-
terminating w.r.t. the symbolic execution mechanism of needed narrowing, i.e., com-
putations in these programs consist of a sequence of finitely many different function
calls (up to variable renaming). Quasi-terminating programs are particularly use-
ful for program analysis and transformation, since in this context quasi-termination
often amounts to full termination.
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1 Introduction

The notion of quasi-termination can
be traced back to term rewriting
[2], where a system is called quasi-
terminating if all its derivations con-
tain only a finite number of distinct
terms [3]. Later, Holst [4] introduced
a similar notion in the context of
(offline) partial evaluation of func-
tional programs [5], where quasi-
termination implies the full termina-
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tion of the specialization process.

Many program analysis and transfor-
mations for functional programs deal
with incomplete information, which
is usually represented by means
of terms containing free variables.
Therefore, some form of symbolic
computation is required. Here, the
choice of narrowing [6] arises quite
naturally, since it extends pure func-
tional reduction with the ability to
deal with logic variables by replac-
ing pattern matching with unifica-
tion. Currently, needed narrowing [7]
is the strategy that presents better
properties.

Our aim in this work is the character-
ization of a class of rewrite systems
that ensures the quasi-termination
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of needed narrowing computations.
These systems can then be used for
partial evaluation or other similar
program analysis and transforma-
tions while ensuring the termina-
tion of the process. Unfortunately,
ensuring the (quasi-)termination of
needed narrowing computations is
not an easy task. In particular, ex-
isting results from term rewriting do
not transfer to narrowing. Consider,
e.g., the following rewrite system
which defines the addition on natural
numbers (built from zero and succ):

add(zero, y) → y

add(succ(x), y) → succ(add(x, y))

In this system, any evaluation by
rewriting will terminate. Needed
narrowing, however, might not ter-
minate; consider, e.g., the following
computation where the second rule
is always selected for unfolding the
call to add :

add(x, zero)

;{x 7→succ(x′)} succ(add(x′, zero))

;{x′ 7→succ(x′′)} . . .

Here, each needed narrowing step is
labeled with the computed binding
for the free variable of the term.

In the following, we characterize a
subclass of so-called inductively se-
quential systems that guarantees the
quasi-termination of needed narrow-
ing computations (Section 3). Our
characterization is purely syntac-
tical and, thus, straightforward to
check. Then, in Section 4, we com-
pare our characterization to some re-
lated works. Finally, in Section 5 we

conclude and discuss some potential
applications of our characterization.

2 Preliminaries

A set of rewrite rules l → r such
that l is a nonvariable term and r is
a term whose variables appear in l is
called a term rewriting system (TRS
for short); terms l and r are called
the left-hand side and the right-hand
side of the rule, respectively. Given a
TRS R over a signature F , the de-
fined symbols D are the root sym-
bols of the left-hand sides of the rules
and the constructors are C = F \ D.
We restrict ourselves to finite signa-
tures and TRSs. We denote the do-
main of terms and constructor terms
by T (F ,V) and T (C,V), resp., where
V is a set of variables withF∩V = ∅.

A TRS R is constructor-based if the
left-hand sides of its rules have the
form f(s1, . . . , sn) where si are con-
structor terms, i.e., si ∈ T (C,V), for
all i = 1, . . . , n. The set of variables
appearing in a term t is denoted by
Var(t). A term t is linear if every
variable of V occurs at most once in
t. R is left-linear (resp. right-linear)
if l (resp. r) is linear for all rules l →
r ∈ R. The definition of f in R is
the set of rules in R whose root sym-
bol in the left-hand side is f . A func-
tion f ∈ D is left-linear (resp. right-
linear) if the rules in its definition are
left-linear (resp. right-linear).

A term t is operation-rooted (resp.
constructor-rooted) if it has the form
h(t1, . . . , tn) with h ∈ D (resp. h ∈
C). A position p in a term t is repre-
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sented by a sequence of natural num-
bers, where ε denotes the root po-
sition (positions are used to address
the nodes of a term viewed as a tree).
t|p denotes the subterm of t at posi-
tion p and t[s]p denotes the result of
replacing the subterm t|p by the term
s. A term t is ground if Var(t) = ∅.
A term t is a variant of term t′ if they
are equal modulo variable renaming.
A substitution σ is a mapping from
variables to terms such that its do-
main Dom(σ) = {x ∈ V | x 6= σ(x)}
is finite. The identity substitution is
denoted by id. Term t′ is an instance
of term t if there is a substitution σ
with t′ = σ(t). A unifier of two terms
s and t is a substitution σ with σ(s) =
σ(t). In the following, we write on for
the sequence of objects o1, . . . , on.

Inductively sequential TRSs [8] are
a subclass of left-linear constructor-
based TRSs. Essentially, a TRS is in-
ductively sequential when all its op-
erations are defined by rewrite rules
that, recursively, make on their ar-
guments a case distinction analogous
to a data type (or structural) induc-
tion. Inductive sequentiality is not a
limiting condition for programming.
In fact, the first-order component of
many functional programs written in,
e.g., Haskell or ML, are inductively
sequential.

Example 1 Consider the following
rules which define the less-or-equal
function on natural numbers:

zero 6 y → true

succ(x) 6 zero → false

succ(x) 6 succ(y) → x 6 y

This function is inductively sequen-
tial since its left-hand sides can be
hierarchically organized as in Fig. 1,
where arguments in a box denote a
case distinction (this is similar to the
notion of definitional tree in [8]).

2.1 Semantics

The evaluation of ground terms w.r.t.
a TRS is formalized with the notion
of rewriting. A rewrite step is an ap-
plication of a rewrite rule to a term,
i.e., t →p,R s if there exists a position
p in t, a rewrite rule R = (l → r) and
a substitution σ with t|p = σ(l) and
s = t[σ(r)]p (p and R will often be
omitted in the notation of a reduc-
tion step). The instantiated left-hand
side σ(l) is called a redex. A term t is
called irreducible or in normal form
if there is no term s with t → s.

Symbolic computations mainly dif-
fer from purely functional compu-
tations in that function calls may
contain free variables. To evaluate
such terms containing variables, we
use the narrowing relation [6], which
nondeterministically instantiates the
variables such that a rewrite step is
possible (see [9] for a survey). For-
mally, t ;p,R,σ t′ is a narrowing step
iff p is a nonvariable position of t
and σ(t) →p,R t′ (we sometimes omit
p, R and/or σ when they are clear
from the context). The computed
substitution σ is often the most gen-
eral unifier of t|p and the left-hand
side of (a variant of) R, restrict-
ing its domain to Var(t); neverthe-
less, some narrowing strategies (e.g.,
needed narrowing [7]) compute uni-
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n 6 m =⇒


zero 6 m

succ(x) 6 m =⇒

 succ(x) 6 zero

succ(x) 6 succ(y)

Fig. 1. Case distinction for function “6”

fiers which are not always the most
general, see below.

As in proof procedures for logic pro-
gramming, we assume that the rules
of the TRS always contain fresh vari-
ables if they are used in a narrow-
ing step. We denote by t0 ;∗

σ tn a
sequence of narrowing steps t0 ;σ1

. . . ;σn tn with σ = σn ◦ · · · ◦ σ1 (if
n = 0 then σ = id).

Example 2 Consider again the ad-
dition function on natural numbers:

add(zero, y) → y

add(succ(x), y) → succ(add(x, y))

Given the term add(x, succ(zero)),
narrowing nondeterministically per-
forms the derivations shown in Fig. 2;
here, only the computation of most
general unifiers is considered.

In order to avoid unnecessary compu-
tations and to deal with infinite data
structures, a demand-driven genera-
tion of the search space has been ad-
vocated by a number of lazy narrow-
ing strategies [10–12]. Due to its opti-
mality properties w.r.t. the length of
derivations and the number of com-
puted solutions, needed narrowing [7]
is currently the best lazy narrowing
strategy.

We say that s ;p,R,σ t is a needed
narrowing step iff σ(s) →p,R t is a

needed rewrite step in the sense of
Huet and Lévy [13], i.e., in every com-
putation from σ(s) to a normal form,
either σ(s)|p or one of its descendants
must be reduced. Here, we are in-
terested in a particular needed nar-
rowing strategy, denoted by λ in [7,
Def. 13], which is based on the notion
of a definitional tree [8] (a hierarchi-
cal structure containing the rules of
a function definition, which is used
to guide the needed narrowing steps).
This strategy is basically equivalent
to lazy narrowing [12] where narrow-
ing steps are applied to the outermost
function, if possible, and inner func-
tions are only narrowed if their eval-
uation is demanded by a constructor
symbol in the left-hand side of some
rule (i.e., a typical call-by-name eval-
uation strategy).

Example 3 Consider again the
rules defining function “ 6” of Ex-
ample 1. In a term like t1 6 t2, needed
narrowing proceeds as follows: First,
t1 should be evaluated to some head
normal form (i.e., a free variable or
a constructor-rooted term) since all
three rules defining “6” have a non-
variable first argument. Then,

(a) If t1 evaluates to zero then the
first rule is applied.

(b) If t1 evaluates to succ(t′1) then t2
is evaluated to head normal form:
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1) add(x, succ(zero)) ;ε,R1,{x 7→zero} succ(zero)

2) add(x, succ(zero)) ;ε,R2,{x 7→succ(y1)} succ(add(y1, succ(zero)))
;1,R1,{y1 7→zero} succ(succ(zero))

3) add(x, succ(zero)) ;ε,R2,{x 7→succ(y1)} succ(add(y1, succ(zero)))
;1,R2,{y1 7→succ(y2)} succ(succ(add(y2, succ(zero))))
;1.1,R1,{y2 7→zero} succ(succ(succ(zero)))

· · ·

Fig. 2. Narrowing derivations for the term add(x, succ(zero))

(1) If t2 evaluates to zero then the
second rule is applied.

(2) If t2 evaluates to succ(t′2) then
the third rule is applied.

(3) If t2 evaluates to a free vari-
able, then it is instantiated to
a constructor-rooted term, here
zero or succ(x) and, depending
on this instantiation, we proceed
as in cases (1) or (2) above.

(c) Finally, if t1 evaluates to a free
variable, needed narrowing instanti-
ates it to a constructor-rooted term
(zero or succ(x)). Depending on this
instantiation, we proceed as in cases
(a) or (b) above.

A precise definition of inductively se-
quential TRSs and needed narrowing
is not necessary in this work (the in-
terested reader can find detailed def-
initions in [7,8]). In the following, we
use needed narrowing to refer to the
particular strategy λ in [7, Def. 13].

3 Ensuring Quasi-Termination

In this section we introduce a suf-
ficient condition for TRSs so that

needed narrowing computations are
always quasi-terminating. First, we
need the following preparatory defi-
nitions:

Definition 4 Given a TRS R, its
graph of functional dependencies,
in symbols G(R), contains nodes la-
beled with the function symbols in D
and there is an arrow from node f to
node g iff there is a call to g from the
right-hand side of some rule in the
definition of f .

Definition 5 Let R be a TRS. A
function f ∈ D is cyclic if node f
belongs to a cycle in G(R) and it is
noncyclic otherwise.

Example 6 Consider, for instance,
the following TRS R:

f(s(x), y) → h(x, y)

h(0, y) → y

h(s(x), y) → c(i(x), h(x, y))

i(x) → x

where f, h, i ∈ D are defined func-
tions and 0, s, c ∈ C are constructors.
The associated graph of functional de-
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pendencies, G(R), is as follows:

?>=<89:;f // ?>=<89:;h
��

// ?>=<89:;i

Thus, functions f and i are noncyclic,
while h is cyclic.

Clearly, noncyclic functions cannot
introduce nonterminating (nor non-
quasi-terminating) computations as
long as the cyclic functions do not
introduce them. Thus, we turn our
attention to cyclic functions. Follow-
ing [14], the depth of a variable x
in a constructor term t, in symbols
dv(t, x), is defined in Fig. 3, where
c ∈ C is a constructor term with arity
n > 0.

Now, we introduce the notion of non-
increasing function, i.e., a function
that always consume its parameters
or leave them unchanged:

Definition 7 Let R be a left-linear,
constructor-based TRS. A function
f ∈ D is nonincreasing iff each rule
f(sn) → r in the definition of f ful-
fills the following conditions:

(1) the right-hand side does not
contain nested defined function
symbols (i.e., defined function
symbols that occur inside other
defined function symbols), and

(2) dv(si, x) > dv(tj, x) for all
operation-rooted subterms g(tm)
in r, where i ∈ {1, . . . , n}, x ∈
Var(si), and j ∈ {1, . . . ,m}.

Example 8 A function defined by
the single rule

f(x, y, s(z)) → c(g(x), h(z))

with s, c ∈ C and f, g, h ∈ D, is

nonincreasing since the following re-
lations hold:

dv(x, x) = 0 > 0 = dv(x, x)

dv(x, x) = 0 > −1 = dv(z, x)

dv(y, y) = 0 > −1 = dv(x, y)

dv(y, y) = 0 > −1 = dv(z, y)

dv(s(z), z) = 1 > −1 = dv(x, z)

dv(s(z), z) = 1 > 0 = dv(z, z)

i.e., variable x is just copied, variable
y vanishes, and (the depth of) vari-
able z decreases.

Analogously to [3], we say that a
TRS is quasi-terminating for a set of
terms T w.r.t. needed narrowing iff
all needed narrowing derivations is-
suing from the terms in T are quasi-
terminating. Now, we give a sufficient
condition for quasi-termination:

Definition 9 Let R be an induc-
tively sequential TRS. R is nonin-
creasing iff all functions f ∈ D are
right-linear and either noncyclic or
nonincreasing.

The restriction to inductively se-
quential TRSs is not really necessary
(i.e., left-linear, constructor TRSs
would suffice) but we impose this
condition because needed narrowing
is only defined for this class of TRSs.

On the other hand, right-linearity
is not only necessary to guarantee
quasi-termination but also for ensur-
ing that no repeated computations
are introduced by function unfold-
ing. Consider, e.g., the following
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dv(c(tn), x) = 1 + max(dv(tn, x)) if x ∈ Var(c(tn))

dv(c(tn), x) = −1 if x 6∈ Var(c(tn))

dv(y, x) = 0 if x = y and y ∈ V

dv(y, x) = −1 if x 6= y and y ∈ V

Fig. 3. Depth of a variable x in a constructor term t: dv(t, x)

nonincreasing functions:

f(0, y) → y

f(s(x), y) → f(x, y)

g(x) → f(x, x)

where 0, s ∈ C and f, g ∈ D. This is
not a nonincreasing TRS since func-
tion g is not right-linear. Thus, quasi-
termination w.r.t. needed narrowing
is not ensured:

g(x) ;id f(x, x)

;{x 7→s(x′)} f(x′, s(x′))

;{x′ 7→s(x′′)} f(x′′, s(s(x′′)))

; . . .

The correctness of our characteriza-
tion is stated as follows:

Theorem 10 If R is a nonincreas-
ing TRS, thenR is quasi-terminating
for any linear term w.r.t. needed nar-
rowing.

In order to prove this theorem, we
need some preliminary notations.
Given a nonincreasing TRS R and a
noncyclic function f ∈ D, we denote
by path(f) the length of the longest
path from f to either a sink node
(i.e., a node with no output arrows)
or to a cycle in G(R); for a cyclic

function f , we let path(f) = 0. Now,
we define the complexity, comp(t),
of a term t as the finite multi-
set 〈path(f1), . . . , path(fn)〉, where
f1, . . . , fn are the defined function
symbols of t. Roughly speaking, the
complexity of a term gives an indi-
cation of the distance from this term
to a point where the computation
either stops or enters a cycle.

We consider the well founded total
ordering <mul over multiset complex-
ities by extending the well founded
ordering < on IN to the set M(IN)
of finite multisets over IN . The set
M(IN) is well founded under the or-
dering <mul, since IN is well founded
under <. Let C, C ′ be multiset com-
plexities, then C <mul C

′ ⇔ ∃X ⊆
C, X ′ ⊆ C′ such that C = (C ′−X ′)∪
X and ∀n ∈ X, ∃n′ ∈ X ′. n < n′.
We let C 6mul C

′ if either C = C ′ or
C <mul C

′.

Given a term t, its depth, depth(t), is
defined in Fig. 4. This notion will be
used in the proof below to establish a
bound on the depth of the computed
terms.

PROOF. In order to prove the
claim, we prove that there is a bound
on the depth of the computed terms,
so that only finitely many different

7



depth(x) = 0 if x ∈ V

depth(h(s1, . . . , sm)) = 1 + max(depth(s1), . . . , depth(sm)) if h ∈ F , m > 0

Fig. 4. Depth of a term t: depth(t)

terms (modulo variable renaming)
can be obtained by needed narrow-
ing.

Consider an arbitrary (possibly in-
finite) needed narrowing deriva-
tion for a linear term t in R. We
associate a pair (Cs, Ds) to each
term s in this derivation, where
Cs = comp(s) is the complexity of
s and Ds = depth(s) is its depth.
Trivially, for every needed narrow-
ing step, s ; s′, in this deriva-
tion, its associated pairs, (Cs, Ds)
and (Cs′ , Ds′), fulfill the condition
Cs′ 6mul Cs (since Cs = Cs′ when
a cyclic function is unfolded and
Cs′ <mul Cs when a noncyclic func-
tion is unfolded). Therefore, in or-
der to prove that the considered
needed narrowing derivation is quasi-
terminating, it suffices to prove that
every (possibly infinite) subderiva-
tion in which the first component
remains unchanged only contains a
finite number of distinct terms (mod-
ulo variable renaming).

Let us consider one of such sub-
derivations: t0 ; t1 ; t2 ; . . .
Now, we consider a reordering of this
derivation in which redexes are ex-
ploited in leftmost innermost order. 1

Moreover, we also consider that in
the reordered derivation only most
general unifiers, restricted to the

1 We note that this reordering is always
possible since R is right-linear.

variables of Var(si−1), are computed
(rather than simple unifiers, i.e., we
do not anticipate some bindings as
in λ [7, Def. 13]). This innermost
derivation is denoted by s0 ;p1,R1,σ1

s1 ;p2,R2,σ2 s2 ;p3,R3,σ3 . . . Clearly,
the original subderivation is quasi-
terminating iff the reordered sub-
derivation is. These conditions on
the considered subderivation greatly
simplify the rest of the proof.

Consider the first narrowing step,
s0 ;p1,R1,σ1 s1, in the subderivation.
Since the rules of R are right-linear,
we have s1 = s0[θ1(r1)]p1 , where
δ1 = θ1∪σ1 is the most general unifier
of s0|p1 and l1, with R1 = (l1 → r1)
and σ1(s0|p1) = θ1(l1), i.e., the bind-
ings in σ1 need not be applied to
s0[θ1(r1)]p1 . Since the unfolded func-
tion is nonincreasing, by Def. 7, we
have dv(s′i, x) > dv(t′j, x) for all
operation-rooted subterms g(t′m) in
r1, where l1 = f(s′n), i ∈ {1, . . . , n},
x ∈ Var(si), and j ∈ {1, . . . ,m}.
Since θ1 only contains bindings
for the variables in Var(l1), the
depth of θ1(r1) is bounded by
max(depth(s0|p1), depth(r1|p11), . . . ,
depth(r1|p1n1

))+k, where p11, . . . , p1n1

are the positions of the operation-
rooted subterms in r1 and k is a fi-
nite number to take into account the
depth of the constructors demanded
by the outer functions in s0 (e.g.,
k = 0 if p1 = ε).
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If θ1(r1) still contains needed nar-
rowing redexes, then we have an-
other narrowing step, s1 ;p2,R2,σ2 s2,
where s2 = s1[θ2(r2)]p2 and δ2 =
θ2 ∪ σ2 is the most general unifier of
s1|p2 and l2, with R2 = (l2 → r2) and
σ2(s1|p2) = θ2(l2). Again, since the
unfolded function is nonincreasing,
the depth of θ2(r2) is bounded by
max(depth(s1|p2), depth(r2|p21), . . .,
depth(r2|p2n2

))+k, where p21, . . . , p2n2

are the positions of the operation-
rooted subterms in r2.

Furthermore, since s1|p2 is a subterm
of θ1(r1), i.e., s2 = s0[θ1(r1)[θ2(r2)]p2 ]p1 ,
then we have that θ2(r2) is also
bounded by max(depth(s0|p1),
depth(r1|p11), . . ., depth(r1|p1n1

),
depth(r2|p21), . . . , depth(r2|p2n2

))+ k.
Extending this result to the (possibly
infinite) subderivation where s0|p1 is
completely narrowed, we have that
si|p1 is bounded through the deriva-
tion by

max(depth(s0|p1),

depth(r1|p11), . . . , depth(r1|p1n1
),

. . . ,

depth(rm|pm1), . . . , depth(rm|pmnm
))

+ k

where r1, . . . , rm are the right-hand
sides of the rules in the definitions
of all nonincreasing functions and
pj1, . . . , pjnj

, 1 6 j 6 m, are the
positions of the operation-rooted
subterms in these right-hand sides.
Since there is a bound for the depth
of the terms found during the re-
duction of the innermost redex s0|p1 ,
only finitely many different terms
(modulo variable renaming) can be
obtained.

Once s0|p1 is completely narrowed,
we distinguish two cases. If a non-
cyclic function is unfolded, the proof
concludes since this will strictly re-
duce the first component of the as-
sociated pair. If a cyclic function
is unfolded, a similar reasoning can
be made. Hence, the depth of the
terms computed in each subderiva-
tion where the first component re-
mains unchanged is bounded by

l ×max(depth(s0|p1),

depth(r1|p11), . . . , depth(r1|p1n1
),

. . . ,

depth(rm|pm1), . . . , depth(rm|pmnm
))

+ k′

for a sufficiently large (but finite) k′,
where l is the number of noncyclic
functions in s0, which concludes the
proof. 2

4 Related Work

The closest characterizations to ours
have been presented by Wadler [15]
and Chin and Khoo [14]. Wadler in-
troduced the notion of treeless func-
tions in order to ensure the termi-
nation of deforestation [15]. Treeless
functions are a subclass of our non-
increasing functions where, addition-
ally, all function calls in the right-
hand sides of the rules can only have
variable arguments.

Chin and Khoo [14] introduced the
class of nonincreasing consumers
and proved that any set of mutually
recursive functions that are nonin-
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creasing consumers can be trans-
formed into an equivalent set of tree-
less functions, so that deforestation
can be applied. This characteriza-
tion differs from ours mainly in two
points. Firstly, Chin and Khoo only
require linear function calls in the
right-hand sides of the rules (rather
than being linear the entire right-
hand sides, as we impose). This re-
laxed definition, however, is not safe
in our context. Consider, e.g., the
following nonincreasing consumers
according to Chin and Khoo [14]:

f(x) → c(g(x), x)

g(s(x)) → g(x)

h(c(s(x), y)) → x

where c, s ∈ C and f, g, h ∈ D. Here,
given the initial term h(f(x)), needed
narrowing has an infinite derivation
which is not quasi-terminating:

h(f(x))

;id h(c(g(x), x))

;{x 7→s(x′)} h(c(g(x′), s(x′)))

;{x′ 7→s(x′′)} h(c(g(x′′), s(s(x′′))))

; . . .

And, secondly, Chin and Khoo do
not accept nested function calls in
the right-hand side of any rule. In
contrast, we accept arbitrary (linear)
terms in the right-hand sides of non-
cyclic functions, which allows us to
cope with a wider range of functions.

5 Discussion

We have presented a novel charac-
terization for rewrite systems that
guarantees the quasi-termination
of needed narrowing computations.
This is a difficult problem that has
not been tackled before. Our charac-
terization may be useful for several
program analysis and transforma-
tions where terminating symbolic
computations—by needed narrow-
ing—are required.

One might argue that the class of
nonincreasing TRSs is too restric-
tive. However, our characterization
can also be used over more general
rewrite systems (e.g., inductively se-
quential systems) in order to identify
those terms that are (potentially)
dangerous for quasi-termination, so
that they can be marked and, then,
properly generalized during the sub-
sequent analysis or transformation.
This is, e.g., the approach followed
in [1] to offline partial evaluation of
inductively sequential systems.
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Artalejo, Logic Programming with
Functions and
Predicates: The language Babel, J.
Logic Programming 12 (3) (1992)
191–224.

[13] G. Huet, J. Lévy, Computations in
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