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Resumen

El problema de valores propios (también llamado de autovalores) estd presente en multitud de
areas cientificas a través de, por ejemplo, la resolucion de ecuaciones en derivadas parciales,
reduccién de modelos y cédlculo de funciones matriciales, entre otras muchas aplicaciones. Si
los problemas son de dimensién moderada (menor a 10°), pueden ser abordados mediante los
llamados métodos directos, como el algoritmo iterativo QR o el método de divide y venceras.
Sin embargo, si el problema es de gran dimensién y sélo se requieren unas pocas soluciones,
comparado con el tamano del problema, los métodos iterativos pueden resultar méas eficientes.
Ademas, los métodos iterativos pueden ofrecer mejor rendimiento en arquitecturas de altas
prestaciones, como las plataformas paralelas de memoria distribuida, en las que existe un cierto
nimero de nodos computacionales con espacio de memoria propio y sélo pueden compartir
informacién y sincronizarse mediante el paso de mensajes.

Esta tesis aborda la implementacion de métodos de tipo Davidson, destacando Generalized
Davidson y Jacobi-Davidson, una clase de métodos iterativos que pueden ser competitivos en
casos especialmente dificiles como calcular valores propios en el interior del espectro o cuando
la factorizacién de matrices es prohibitiva o ineficiente, y sélo es posible una factorizacién apro-
ximada. La implementacién se desarrolla en SLEPc (Scalable Library for Eigenvalue Problem
Computations), libreria de software libre para la resolucién de problemas de gran tamano de
valores propios, problemas cuadraticos de valores propios y problemas de valores singulares,
entre otros.

Como resultado de esta tesis, SLEPc incorpora una implementacion de Generalized David-
son y Jacobi-Davidson para problemas estandares y generalizados, tanto hermitianos como no
hermitianos, caracteristica a destacar ya que los problemas no hermitianos no estan soportados
en otras librerfas libres y paralelas con métodos de Davidson. Adema&s de incorporar mejoras
en la convergencia de los métodos, como la extracciéon de pares propios mediante el método
de Rayleigh-Ritz arménico, se han realizado otras optimizaciones para mejorar el rendimiento,
como evitar la aritmética compleja cuando las matrices son reales (aunque los pares propios
puedan tener parte imaginaria) o agrupar las operaciones a bloques para aprovechar la memoria
caché. Ademas se ha presentado un método nuevo para expandir el subespacio, llamado GD2,
que ofrece mejores resultados en comparaciéon con Generalized Davidson cuando el precondicio-
nador estd muy alejado del ideal.

La estabilidad numérica y el rendimiento computacional de la implementacion se han eva-
luado mediante una bateria de problemas procedentes de aplicaciones reales, y comparado con
otras librerias como PRIMME o Anasazi.

Finalmente se presenta la integracién de la implementacién en dos aplicaciones cientificas.
Por un lado, Jacobi-Davidson ha mejorado las prestaciones de los célculos de valores propios y
los estudios multiparamétricos que aparecen en GENE, un cédigo que resuelve las ecuaciones
girocinéticas para calcular microinestabilidades que pueden aparecer en el plasma de los reac-
tores de fusion. Por otro lado, Generalized Davidson ha ofrecido buenos resultados a la hora
de abordar problemas mas grandes provenientes de resolver la ecuacién de Schrodinger, en el
contexto de calcular la configuracién electrénica de dtomos.



Resum

El problema de valors propis (també anoment d’autovalors) esta present en multitud d’arees
cientifiques a través de, per exemple, la resolucié d’equacions en derivades parcials, reduccié de
models i calcul de funcions matricials, entre moltes altres aplicacions. Si els problemes sén de
dimensié moderada (menor a 10°), poden ser abordats mitjancant els metodes directes, com
I’algorisme iteratiu QR o el metode de divideix i venceras. No obstant aix0, si el problema és
de gran dimensié i només es requereixen unes poques solucions, comparat amb la grandaria del
problema, els metodes iteratius poden resultar més eficients. A més, els metodes iteratius poden
oferir millor rendiment en arquitectures d’altes prestacions, com les plataformes paral-leles de
memoria distribuida, en les quals existeix un cert nombre de nodes computacionals amb espai
de memoria propi i només poden compartir informacié i sincronitzar-se mitjancant el pas de
missatges.

Aquesta tesi aborda la implementacié de metodes de tipus Davidson, destacant Generalized
Davidson i Jacobi-Davidson, una classe de metodes iteratius que poden ser competitius en casos
especialment dificils com calcular valors propis en l'interior de I’espectre o quan la factoritzacié
de matrius és prohibitiva o ineficient, i només és possible una factoritzacié aproximada. La
implementacié es desenvolupa en SLEPc (Scalable Library for Eigenvalue Problem Computati-
ons), llibreria de programari lliure per a la resolucié de problemes de gran grandaria de valors
propis, problemes quadratics de valors propis i problemes de valors singulars, entre altres.

Com resultat d’aquesta tesi, SLEPc incorpora una implementacié de Generalized Davidson i
Jacobi-Davidson per a problemes estandards i generalitzats, tant hermitians com no hermitians,
caracteristica a destacar ja que els problemes no hermitians no estan suportats en altres llibreri-
es lliures i paral-leles amb metodes de Davidson. A més d’incorporar millores en la convergencia
dels metodes, com 'extraccié de parells propis mitjangant el metode de Rayleigh-Ritz harmo-
nic, s’han realitzat altres optimitzacions per a millorar el rendiment, com evitar 'aritmetica
complexa quan les matrius sén reals (encara que els parells propis puguen tenir part imaginaria)
o agrupar les operacions a blocs per a aprofitar la memoria cau. A més s’ha presentat un nou
metode per a expandir el subespai, que hem anomenat GD2, que ofereix millors resultats en
comparacié amb Generalized Davidson quan el precondicionador esta molt allunyat de l’ideal.

L’estabilitat numerica i el rendiment computacional de la implementacié s’han avaluat mit-
jancant una bateria de problemes procedents d’aplicacions reals, i s’han comparat amb altres
llibreries com PRIMME o Anasazi.

Finalment es presenta la integracié de la implementacié en dues aplicacions cientifiques.
D’una banda, Jacobi-Davidson ha millorat les prestacions dels calculs de valors propis i els
estudis multiparametrics que apareixen en GENE, un codi que resol les equacions girocinetiques
per a calcular microinestabilitats que poden apareixer en el plasma dels reactors de fusio.
D’altra banda, Generalized Davidson ha oferit bons resultats quan s’han abordat problemes més
grans provinents de resoldre I'equaci6é de Schrédinger, en el context de calcular la configuracié
electronica d’atoms.
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Summary

The eigenvalue problem arises in many scientific areas, e.g., when solving partial differential
equations, in model reduction or computing matrix functions. If the problems are of moderate
size (less than 10°) they can be addressed with direct methods, such as the QR algorithm or
the divide-and-conquer method. However, if the problem is large-scale and only few solutions
are required compared to the size of the problem, iterative methods can be more efficient.
Furthermore, iterative methods can provide better speedups in high-performance architectures
such as distributed memory parallel platforms, where there are several computational nodes
with private memory address spaces and they can only share information and synchronize by
message passing.

This thesis addresses the implementation of Davidson methods, specifically the Generalized
Davidson and Jacobi-Davidson methods, a class of iterative methods that can be competitive
in particularly difficult cases such as calculating eigenvalues inside the spectrum or when the
matrix factorization is prohibitive or inefficient, and only incomplete factorizations are available.
The implementation has been developed in SLEPc¢ (Scalable Library for Eigenvalue Problem
Computations), a free software library for solving large-scale eigenvalues problems, quadratic
eigenvalue problems and singular value problems, among others.

As a result of this thesis, SLEPc includes an implementation of Generalized Davidson and
Jacobi-Davidson for standard and generalized problems, both Hermitian and non-Hermitian,
the latter being a remarkable feature considering that non-Hermitian problems are not sup-
ported in other free parallel libraries with Davidson methods. In addition to incorporating
techniques to improve the convergence of the methods, such as the harmonic Rayleigh-Ritz
subspace extraction, other optimizations were realized to improve the performance, such as
avoiding the complex arithmetic when the problem matrices are real (because the eigenpairs
may have imaginary part) or rearranging operations in blocks to take advantage of the cache
memory.

Moreover, we have presented a new method to expand the subspace, called GD2, which
provides better results compared with Generalized Davidson when the preconditioner is very
far from ideal.

The numerical stability and the computational performance of the implementation have
been evaluated with a battery of problems from real applications, and compared with other
libraries like PRIMME or Anasazi.

Finally, we present the integration of the implementation in two scientific applications. On
the one hand, Jacobi-Davidson has improved the performance of the calculations of eigenvalues
with significant impact in the multiparametric studies that appear in GENE, a code that solves
the gyrokinetic equations for calculating micro-instabilities in fusion plasma. On the other
hand, Generalized Davidson has obtained good results addressing large-scale problems that
come from the discretization of the Schrédinger equation, in the context of computing the
electronic configuration of atoms.
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Chapter 1

Introduction

The algebraic eigenvalue problem arises in many scientific and engineering applications, for
instance (see [Saad, 2011, Section 10] and [Roman, 2011]):

e vibration analysis, to study the resonance phenomenon in buildings and bridges (in struc-
tural dynamics);

e resonance in electrical networks;

e analysis of systems modeled by the Schrodinger equation (in quantum chemistry);
e stability analysis of dynamical systems, bifurcation analysis;

e principal components analysis (in data mining and statistics);

e analysis of Markov Chain models (for computing the stationary distribution in discrete
state and time random processes);

If the problem dimension is small (less than 10°), it can be solved by direct methods, that
obtain the results in a finite number of steps. For instance, the QR method [Francis, 1961]
obtains all the eigenvalues and eigenvectors of a matrix of dimension n in O(n?) iterations.

However, in many applications the problem dimensions are limited by the computational
resources, even if a small quantity of solutions are required. Examples of this can be found
in structural dynamics [Bertolini, 1998] and electromagnetism [Arbenz and Geus, 1999] where
more accurate results are obtained from solving larger-scale eigenvalue problems as a result of
finer-grain discretization. Moreover the problem matrices often have an efficient matrix-vector
products, in the sense that the cost in operations and the storage in float point numbers are
far from O(n?), such as the sparse, the Vandermonde or the Toeplitz matrices.

In these cases iterative methods can be more optimal. Considering the computing time, the
solution is corrected every iteration until the required quality of the solution is satisfied, process
that in general can be complete in O(n?) operations, that is a low cost compared to O(n?) of
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the direct methods. Moreover the time-expensive operations in the iterative methods (e.g,
the matrix-vector products with the problem matrices, the vector operations such as additions,
scaling and inner products) can be implemented with excellent performance in high-performance
architectures, like in distributed memory or in GPUs.

On the other hand, considering the memory requirements, iterative methods can be im-
plemented with a storage requirement of O(nk) with k& < n, excluding the problem matrices.
However many direct methods modify the problem matrices with the consequence of breaking
their efficient structures, arriving at to the cost of storing almost the full matrix, i.e. O(n?).

For an extended introduction to the eigenvalue problems and the methods for solving them
we refer the reader to [Bai et al., 2000; Stewart, 2001b; Saad, 2011].

1.1 Formal definition and problems classification

The thesis treats the solution of linear eigenvalue problems, whose most generic form is as
follows. Given a pair of square matrices A and B of dimension n, the problem consists in
finding non-trivial pairs, i.e., x # 0, of scalar A € C and vector x € C" such that

Ax = A\Bx. (1.1)

There are up to n distinct pairs, called eigenpairs, that satisfy this relation and we denote
them as (A;,x;). The \; solutions are called eigenvalues, and are also the solutions of the
characteristic equation det(A — AB) = 0. The x; solutions are called (right) eigenvectors, and
the y solutions that satisfy y* A = \y™* B are called the left eigenvectors. The subspace spanned
by the eigenvectors with the same eigenvalue A is called eigenspace associated to A.

An important subclass of problems is the standard Hermitian eigenproblem (HEP), when A
is Hermitian and B = I. In that case, the problem has n solutions, whose eigenvalues are real
and eigenvectors X form an orthonormal basis, i.e., X*X = I, so that

A= XAX* where A = diag(A1,...,\n) and X = [x1,...,X,]. (1.2)

Notice that the left and right eigenvectors coincide in this problem.
Moreover, the eigenvalues are well-conditioned: the eigenvalues change at most as much as
the norm of the perturbation in A,

IA(A+ E)i — A(A)i| < [ E]l2, (1.3)

where A(M); is the i-th smallest eigenvalue of M. Therefore we can bound the error of an
approximate eigenpair (A, X) by its associated residual r = A% — X,

A=Al < [lrf2. (1.4)

When A is Hermitian and B is Hermitian and positive definite, i.e., A(B); > 0, the problem

is referred to as generalized Hermitian (GHEP). In that case, the problem can be transformed
into a standard one,

Ax =ABx << L 'AL *(L*x) = \L*x), (1.5)
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where L is the Cholesky factor of B (B = LL*). By this relation part of the good properties of
the standard Hermitian problems are inherited. For instance, the eigenvalues are also real, the
eigenvectors form a B-orthonormal basis, i.e., X*BX = I, and the right eigenvectors are also
equal to the left ones. In addition, the error of an approximate eigenpair can be bound by its
residual r = Ax — ABX,

5 - < Ixl= (1.6)
%[

The standard non-Hermitian problems (NHEP), when A is not Hermitian and B = I, lose
some of the nice properties described above: the eigenvalues can be complex, even if A is real,
and the right and the left eigenvectors do not have to coincide, do not necessarily form an
orthogonal basis and may not exist n independent vectors (although there are at least as many
as distinct eigenvalues).

The rest of the problems are classified as generalized non-Hermitian problems (GNHEP) and,
beside sharing the NHEP properties described above (notice that if B~! exists the problem can
be transformed into standard form), they can have infinite as eigenvalues, whose associated
right and left eigenvectors correspond to the non-zero vectors z and y satisfying Bx = 0 and
y* B = 0, respectively.

In the non-Hermitian cases there is not a simple bound for the error of the eigenvalues and
the eigenvectors related with the associated residual. Nevertheless, practical solvers work with
the backward error, an estimation of the size of the perturbation on the problem matrices with
which the solution provided would be the exact solution. The product of the backward error
and the condition number (of eigenvalues and eigenvectors, i.e., the sensitivity of these entities
for perturbations in the problem matrices) provides a first order error bound for the computed
solution.

For the backward errors and condition numbers for different eigenvalue problems we refer
the reader to [Higham and Higham, 1998; Bai et al., 2000].

1.2 Subspace methods

The iterative methods we will refer to belong to the subclass of subspace methods, whose
basic structure consists in generating a sequence of subspaces V() and extracting approximated
solutions from them.

The Rayleigh-Ritz procedure is the most basic approach to extract approximate pairs (é, X)
and is considered useful for computing eigenvalues at the periphery of the spectrum. In a
standard problem, this technique imposes the Ritz-Galerkin condition on the associated residual
to the returned pair,

ri=Ax— 0% LV, (1.7)
which leads to the low-dimensional projected eigenproblem

V*AVu = 0V*Vu. (1.8)
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From the solutions (é, u) the returned pairs (é, X) = (é, Vu) are obtained, which are the so-
called Ritz pairs.

The simplest particular case of a subspace method is the Power method, that iterates with
a subspace of fixed dimension 1 (a vector) v(@ | that is replaced by a vector in the direction
of Av(), where A is the matrix of a standard eigenproblem. The approximate eigenvalue is
computed by the Rayleigh quotient §() = p(v?), where p(x) = x* Ax(x*x)~!, the particular
case of the Rayleigh-Ritz procedure for a subspace spanned by a single vector. The recurrence,
if it converges, tends to the eigenvector associated to the largest magnitude eigenvalue with a
linear convergence rate.

With a similar scheme, the Rayleigh Quotient Iteration (RQI) updates the vector in the
direction of (4 — 20 )~1v(® | with a convergence rate at least quadratic, and cubic in some
cases. Despite its great convergence rate, the inversion of large matrices makes the method
inefficient for large problems. See detailed information on the Power method and RQI in
[Parlett, 1980].

These two basic methods can be found in the soul of more sophisticated methods, such as
methods using Krylov subspaces, which are generated by the sequence of directions produced
by the Power method,

Km(A,x) = span{x, Ax, A’x,..., A" 'x}.

The Arnoldi method builds a Krylov subspace basis V', orthogonalizing the new vector v;
against the previous ones in the basis V7.;_; by Gram-Schmidt. As a result the projected matrix
V*AV is upper Hessenberg, and the matrix can be filled with the intermediate results during
the Gram-Schmidt orthogonalization.

When A is Hermitian, the projected matrix is symmetric tridiagonal, property exploited
by the Lanczos method, that only orthogonalizes the new vector against the two previous
ones. However, in finite precision arithmetic, the process does not keep the vectors in the
basis sufficiently orthogonal, and as a consequence spurious copies of the eigenvalues appears.
Practical versions of Arnoldi and Lanczos can be found in [Parlett, 1980; Saad, 2011].

As the Power method, Krylov methods converge toward eigenvalues in the periphery of the
spectrum. Their main drawbacks are exposed when interior eigenvalues are sought, often requir-
ing to handle a matrix inverse, for instance with the shift-and-invert technique [Ericsson and
Ruhe, 1980]. This implies solving linear systems quite accurately at each eigensolver iteration,
frequently addressed by direct solvers to guarantee robustness.

Davidson methods, which are the main topic of this thesis, try to overcome this limitation
by solving linear systems only approximately, without compromising the convergence in many
cases, although influencing in the total number of iterations.

Unlike Krylov methods, Davidson methods work with unstructured subspaces, formed by
corrections to the approximate eigenvector closest to the target values. Preconditioners (ap-
proximate inverses, such as incomplete Cholesky or incomplete LU) occupy a central role in
Davidson methods, being used in computing the corrections by either accelerating the conver-
gence of an iterative linear solver (as in Jacobi-Davidson) or being applied in order to generate
the new vectors (as in Generalized Davidson). A more detailed explanation of Davidson meth-
ods is exposed in §2.1 of this thesis.
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Table 1.1: List of software with Davidson-type methods for the solution of sparse eigenvalue
problems, indicating the version and the year of the last release, the main language in which is
written and whether distributed memory is supported.

Name Description Version Date Language Par.
ANASAZI Block Davidson, LOBPCG 10.8 2011 C++ Yes
JADAMILU  Jacobi-Davidson (symmetric) 2.0 2009 F77 No
JDQR, JDQZ Jacobi-Davidson NHEP and GNHEP - 2002 Matlab No
JDCG Jacobi-Davidson (symmetric) - 2005 Matlab/F77 No
MPB Conjugate Gradient, Davidson 1.4.2 2003 C Yes
PRIMME Block Davidson, JDQMR, JDQR, LOBPCG 1.1 2006 C Yes
PySPARSE  Jacobi-Davidson (symmetric) 1.1.1 2010 C/Python No
SLEPc Generalized Davidson, Jacobi-Davidson 3.2 2011 C Yes

Precisely the existence of a good quality preconditioner for a certain application that prop-
erly strikes the balance between numerical behaviour and computational performance can
make Davidson methods competitive against Krylov methods. This situation is extensible
to LOBPCG [Knyazev, 2001] that, although not being a Davidson method, it has a similar
structure and its performance is also influenced by the quality of the preconditioner employed.

1.3 Survey of freely available Davidson software

The progress in iterative methods for solving eigenvalue problems is reflected in the proliferation
of software in the last 20 years, as observed in the software listed in [Hernandez et al., 2006] and
[Hochstenbach, 2007]. In this section we take a brief tour considering the codes and libraries
with Davidson methods. The ones with some development in the last 10 years are summarized
in Table 1.1.

Two of the oldest codes that implement a Davidson method are the Fortran 77 packages
DVDSON ([Stathopoulos and Fischer, 1994] and NA18 [Sadkane and Sidje, 1999], block im-
plementations of the Classical Davidson and Generalized Davidson methods, respectively, for
computing extreme (i.e., leftmost or rightmost) eigenpairs in large symmetric matrices, with
several extensions such as reorthogonalization. A C code with similar features, beside support-
ing parallelism, can be found in the electromagnetic simulation software MPB [Johnson and
Joannopoulos, 2001].

The authors of the Jacobi-Davidson variants JDQR and JDQZ described in [Fokkema et al.,
1999] provide a reference implementation in Matlab, that includes standard and harmonic
Rayleigh-Ritz extraction and several iterative methods for solving the correction equations.
There is available a Fortran 77 code of the JDQZ method using complex arithmetic.

JDCG is a modified version of JDQR for symmetric problems, that solves the Jacobi-
Davidson correction equation with CG, using a sensible stopping criterion detailed in [Notay,
2002]. The corresponding algorithm for real GHEP is called JDCG_GEP. JDRPCG is another
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variant of JDCG with regular preconditioning [Notay, 2005].

The jdsym module in PySPARSE provides a Python wrapper to a C-coded Jacobi-Davidson
method for GHEP with B-orthogonalization, whose earlier version was developed in the context
of a PhD thesis [Geus, 2002].

JADAMILU [Bollhéfer and Notay, 2007] implements a Jacobi-Davidson method for com-
puting the smallest or interior eigenvalues of symmetric matrices. The correction equation is
accelerated by a built-in preconditioner based on ILUPACK.

Except MPB, the mentioned codes are sequential, i.e., they run in a single core. The main
parallel libraries that provide Davidson eigensolvers are: Anasazi [Baker et al., 2009], that
includes a customizable block Generalized Davidson (that with a little coding can behave like a
basic Jacobi-Davidson); and PRIMME [Stathopoulos and McCombs, 2010], that includes many
methods that fit in the Generalized Davidson scheme, although currently limited to HEP.

1.4 The SLEPc library

SLEPc, Scalable Library for Eigenvalue Problem Computations, provides implementations of
iterative methods for solving eigenvalue problems and singular value problems, optimized for
high-performance computers. The problem matrices can be defined by explicit (sparse) matrices
or implicitly by the matrix-vector products.

The methods in SLEPc include state-of-the-art implementations of the subspace methods
described in the previous section, such as power method, inverse iteration, Rayleigh Quotient
Iteration (RQI), Arnoldi, Lanczos, Krylov-Schur and Golub-Kahan-Lanczos for SVD, besides
Generalized Davidson and Jacobi-Davidson described in this thesis.

SLEPc has been developed and maintained by the GRyCAP group (Grid y Computacién
de Altas Prestaciones) at the Universitat Politécnica de Valencia following the next guidelines:

stability and robustness the implementations correspond with the most numerically stable
variants sought, whose robustness is reinforce by the inclusion of convergence monitors
and error detectors;

efficiency the most expensive parts of the code are optimized by parallelizing them and im-
proving the data locality;

abstraction the software is organized in several abstraction layers, hiding implementation
details and data structures, and allowing a uniform and consistent access to the methods
by an interface with concepts close to the services that are offered. For instance, the
different solvers implemented in SLEPc have a common interface to the user, and similarly,
the implementations access the problem matrices, the preconditioner and vectors by other
interfaces that do not consider the underlying format; and

friendly usability the methods expose in an organized way the options to control the aspects
that influence in the performance, with appropriate default values so that non-expert
users can skip as much as possible of them.
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SLEPc is built on top of PETSc (Portable, Extensible Toolkit for Scientific Computation,
[Balay et al., 1997, 2011]), a widespread freely available framework for the numerical solution
of partial differential equations, which provided mathematical algorithms using object-oriented
programming techniques in order to be able to manage the complexity of efficient numerical
codes for different architectures, specially considering distributed memory computers.

The object-oriented approach in PETSc has the objective of reducing the user code to
manage a set of data structures and algorithmic objects, avoiding the considerations on the
underlying data structures and implementation details. The basic abstract data classes are index
sets, vectors and matrices, and on top of that are various classes of solver objects, including
linear, nonlinear and time-stepping solvers. Many different iterative linear solvers are provided,
including CG and GMRES, together with various preconditioners such as Jacobi or Incomplete
Cholesky. PETSc has also the provision to interface with third-party software such as HYPRE.

SLEPc extends PETSc with all the functionality necessary for the solution of eigenvalue
problems. SLEPc inherits all the good properties of PETSc, including portability, scalability,
efficiency and flexibility. SLEPc also leverages well-established eigensolver packages such as
ARPACK, BLOPEX and PRIMME, integrating them seamlessly. Some of the outstanding
features of PETSc, also present in SLEPc, are the following;:

e object-oriented programming style, that aims at providing properties such as extensibility
and ease of maintaining;

e data-structure neutral implementation with transparent support for real and complex
arithmetic of single, double and quadruple precision;

e run-time flexibility, giving full control over the solution process (e.g., the method for
solving the eigenvalue problem, the linear system and the preconditioner to be used);

e portability to a wide range of parallel platforms; and
e interfaces to different languages other than C/C++, such as Fortran, Matlab and Python.

Like other high-level classes in PETSc, the SLEPc eigenvalue solvers are built on the foun-
dational classes:

Vec that represents dense vectors and can be used in typical algebraic operations like scalings,
additions and inner products;

Mat that represents matrices and can be operated with other matrices and vectors, with a
wide variety of available implementations like dense matrices, sparse matrices (using Com-
pressed Sparse Row format), block diagonal matrices, permutation matrices or discrete
Fourier transform (DFT) matrices;

KSP that represents Krylov iterative methods for solving linear systems, such as CG, GMRES
or BiCGStab (for more information about these methods and preconditioners we refer the
reader to [Saad, 2003]); and
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PC that represents preconditioners (i.e., matrix inverse approximations), which there are a
wide variety of implementations (such as Jacobi, block Jacobi, ICC and ILU), besides
wrappers to external packages (such as HYPRE! or pARMS [Li et al., 2003]).

SLEPc in turn extends the PETSc functionality by the addition of the following classes:

EPS that represents the eigenvalue solvers, including the Davidson methods described in this
thesis;

ST that represents a spectral transformation, which is employed by the Krylov solvers in order
to deal with GNHEP (by for instance computing the eigenvalues of B~ A) and to compute
interior eigenvalues;

IP that represents the inner product that is used in the orthogonalization of vectors.

The structure of SLEPc and PETSc is detailed in §2.2.1 and §2.2.2 of this thesis. For general
information about the libraries we refer the reader to [Balay et al., 1997, 2011; Hernandez et al.,
2005; Campos et al., 2011].

1.5 High-performance computing

High-performance computing has the objective of addressing challenging scientific computing
problems, dealing with huge data volumes and/or number of operations. The codes in this
context have to consider the underlying computer memory and processor architectures, whose
complexity has increased to satisfy the computation demands of scientific applications. For
instance, in order to obtain high performance in supercomputers with hybrid architectures in
which the computational processors are arranged in nodes with shared memory (the cores in the
same blade) and the communication with processors in outside nodes is significantly slower, the
operations and data must be distributed in an appropriate way, maximizing the communication
between the processors in the same node.

However, the optimal distribution of the data and the operations is not trivial and depends
on the specific characteristics of each machine, which can explain a certain lack of competent
software optimized for architectures other than the single core with uniform memory access
(UMA), such as multi/many-cores, GPU and distributed memory.

There are software providing high-level access to the special functions on these architectures
throw standard interfaces, such as:

o Message Passing Interface (MPI) [MPI Forum, 1994], as portable message-passing system
to communicate and synchronize processes running on nodes interconnected in some way
(distributed memory).

Thttp://www.1lnl.gov/casc/hypre.
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e POSIX threads (Pthreads)? and OpenMP?, as interfaces to shared memory multiprocess-
ing.

e CUDA* and OpenCL?, as interfaces to launch and manage executions on GPUs.

On the other hand, there are two important libraries that provide reference implementations
of common operations in scientific computation, BLAS [Blackford et al., 2002] for basic algebra
operations in dense vectors and matrices, and LAPACK [Anderson et al., 1992] for advance
dense linear algebra operations such as resolution of linear system of equations, eigenvalue
problems, singular value problems and least squares.

Major processor vendors provide optimized implementations of BLAS and LAPACK inter-
faces, like AMD Core Math Library (ACML)®, Intel Math Kernel Library (MKL)", Engineering
and Scientific Subroutine Library (ESSL)® for IBM Power processors, and CUBLAS? for Nvidia
GPUs.

In this context, we can find great efforts to extend (or supersede) the BLAS and LAPACK
features, for instance supporting other vector and matrix formats (e.g., ACML implements the
BLAS functionality for sparse matrices), or providing implementations optimized for different
architectures (e.g., MAGMA'? and PLASMA!!), or including more advance methods for solving
linear and non-linear problems (other examples besides PETSc and SLEPc are GNU Scientific
Library (GSL)'? and Trilinos'?).

1.6 Thesis objectives

As noted before, the Davidson methods are becoming an excellent alternative where Krylov
methods do not offer good performance. Despite their potential benefit, it is still difficult to
find freely available Davidson parallel implementations, specially for the non-Hermitian case
and the generalized case.

Our objective is to provide a robust and efficient parallel implementation of Generalized
Davidson and Jacobi-Davidson methods in the context of SLEPc, that can address standard
and generalized problems, Hermitian and non-Hermitian, with either real or complex arithmetic,
and follows the guidelines described in §1.4:

2Described in the standard POSIX.1c, Threads extensions (IEEE Std 1003.1.c-1995).
3The last version approved by the consortium OpenMP Architecture Review Board is 3.1, and is available
at http://openmp.org/wp/openmp-specifications/.

4Developed by Nvidia Corporation, see http://www.nvidia.com/object/cuda_home_new.html.
5Currently been developed by the Khronos Group, see http://www.khronos.org/opencl.
6http://developer.amd.com/cpu/Libraries/acml/.
“http://wwu.intel.com/cd/software/products/asmo-na/eng/perflib/mkl/.
8http://www-03.ibm.com/systems/software/essl.
9http://developer.nvidia.com/cuBLAS.

Ohttp://icl.cs.utk.edu/magma/.

Mhttp://icl.cs.utk.edu/plasma/.

Phttp://www.gnu.org/software/gsl/

Bhttp://trilinos.sandia.gov/.
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http://icl.cs.utk.edu/magma/
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stability and robustness by studying the different variants for each aspect of the Davidson
methods from the numerical point of view, such as the extraction of approximate eigen-
pairs, and the expansion, restarting and initialization of the search subspace (see §2.1);
even studying new approach, as the expansion described in Ch. 3;

efficiency by considering the parallel performance in the implementation of the Davidson
methods using PETSc functions (see §2.3), and even extending the PETSc interface such
as the case of the multi-vectors (see §2.2.1 and §2.2.2);

abstract by employing the interfaces provided by PETSc and being transparent to the un-
derlying architecture of the machine, as well as implementing as many functions of the
SLEPc eigensolver interface;

user friendly by exposing specific parameters to control critical aspects of the Davidson meth-
ods, with appropriate default values (as show the results with the test battery §2.4.1).

The stability, robustness and efficiency of the new solvers are validated using a collection of
problems whose matrices come from real applications (see §2.4.1), besides two relevant scientific
computing applications as a result of international collaborations, namely the computation
unstable modes of plasma (treated in Ch. 4 and 5) and the study of the electronic configurations
of atoms (treated in Ch. 6), in which obtaining the corresponding eigenpairs is challenging for
iterative solvers.

1.7 Outline

The chapters of this thesis, except the current one, correspond to papers published, submitted
or in preparation, slightly modified to ensure uniform notation.

Chapter 2, submitted to ACM Trans. Math. Softw., starts with a presentation of the
Davidson methods and the motivation of the development of parallel solvers to address large-
scale eigenvalue problems. After that, the different variants in this family of methods are
described, focusing on the ones included in the implementation, that is detailed in subsequent
sections. The chapter ends with experimental results solving a collection of problems, that
includes standard and generalized problems, both Hermitian and non-Hermitian.

Chapter 3, structured as a paper for future submission, introduces an expansion method that
is more general than the corresponding to Generalized Davidson, originated in a collaboration
with M. E. Hochstenbach. The convergence of this original expansion is studied, including
theoretical and practical results.

The Jacobi-Davidson solver has been employed in GENE, a plasma turbulence code be-
ing developed at the Max-Planck-Institut fiir Plasmaphysik (IPP). Chapter 4, published as
[Romero and Roman, 2011], briefly introduces the application and the method used to solve
the non-Hermitian eigenproblems that it generates, the Jacobi-Davidson method with harmonic
extraction. Chapter 5, published as [Merz et al., 2012], extends the description of GENE, and
addresses advanced issues, e.g., the use of a preconditioner based on part of the problem matrix,
and initializing the search subspace with previous solutions during parameter scan studies.
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Finally, Ch. 6 treats the solution of generalized symmetric-indefinite problems that appear
in the finite element analysis of the electronic structure of light atoms modeled by the density
functional theory. The chapter is based on a submitted paper to the journal Comput. Phys.
Commun., written in collaboration with T. D. Young in the context of the deal.Il library.

Because of chapters being self-contained, some topics are introduced or detailed more than
once along the chapters. Theoretical backgrounds of Davidson expansions are discussed in
Ch. 2, 3 and 4 and summarized in Ch. 5 (for Jacobi-Davidson in standard problems) and Ch. 6
(for Generalized Davidson for indefinite problems). In addition, the harmonic extraction is fully
detailed in Ch. 2 and summarized in Ch. 4 for standard problems. Chapter 2 is devoted to the
implementation of the Davidson solvers in SLEPc, although introductions to PETSc, SLEPc
and Davidson solvers are also found in chapters 4, 5 and 6.

Discussions about controlling the resolution tolerance in the Jacobi-Davidson correction
equation are found in chapters 2 and 4, with interesting experiment results in the latter. Ex-
amples of the performance gain by subspace recycling, i.e., starting with a solution of a similar
problem, is presented in chapters 5 and 6.

Two scientific applications are referred in the last chapters: the plasma turbulence code
GENE, treated in chapters 4 and 5, and the computation of electronic configuration of atoms,
presented in Ch. 6.
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Chapter 2

Implementation of Davidson
Methods in SLEPc

SLEPc, the Scalable Library for Eigenvalue Problem Computations [Hernandez et al., 2005], is
a parallel library that provides state-of-the-art algorithms and tools to solve large-scale eigen-
value problems, including linear eigenproblems as well as other related problems like singular
value decompositions and quadratic eigenproblems. These problems appear frequently in differ-
ent scientific disciplines, like for instance nuclear engineering, electromagnetics and electronic
structure calculations, and demand large computational effort. In this context, it is necessary
to make use of high-end computing platforms, such as clusters of computers, and, ever more,
emerging hybrid architectures that combine multi-cores and accelerators.

In this chapter we focus on the (linear) generalized eigenvalue problem, that is, the com-
putation of eigenvalue-eigenvector pairs (\;,x;) satisfying the equation Ax; = \;Bx;, where
A and B are square matrices, either real or complex. The case B = I is often referred to as
the standard eigenvalue problem. We will devote especial attention to symmetric (Hermitian)
problems, where both A and B are symmetric (Hermitian) and B is positive (semi-)definite.
Singular matrix pairs (A, B), that is, when A and B have a common null space, are not con-
sidered in this thesis. We are concerned with applications where A and B are large and sparse,
and only a small percentage of the eigenvalues are required. The methods for this are iterative
in nature, and compute approximate eigenpairs (6;,X;) such that the residual ||A%X; — 0; Bx;|| is
bounded by a given tolerance.

Among the methods available for addressing the above problem we can find: (i) classical
methods such as the power iteration, subspace iteration and Rayleigh quotient iteration (RQI);
(ii) Krylov methods such as Arnoldi, Lanczos and Krylov-Schur, that are particularly suitable
for computing extreme eigenvalues; (iii) preconditioned conjugate gradient methods such as
LOBPCG [Knyazev, 2001], that is efficient and robust for generalized symmetric eigenproblems;
and (iv) Davidson methods such as Generalized Davidson and Jacobi-Davidson, that prove being
very efficient compared with the rest of the methods when computing interior eigenvalues. See
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Table 2.1: Summary of parallel libraries providing Davidson-type solvers, with eigenproblem
types supported by each method (HEP: standard Hermitian, GHEP: generalized Hermitian,
GNHEP: generalized non-Hermitian).

Libraries
PRIMME Anasazi BLOPEX SLEPc
“ Subspace Iteration HEP GNHEP
T Rayleigh Quotient Iteration HEP GNHEP
= LOBPCG HEP GHEP  GHEP
§ Generalized Davidson HEP GHEP GNHEP
Jacobi-Davidson HEP GHEP~ GNHEP

* Anasazi requires the user to implement the Jacobi-Davidson correction equation.

[Bai et al., 2000; Stewart, 2001b; van der Vorst, 2002] for a more detailed overview of these
methods.

Krylov methods are very popular for computing eigenvalues in the periphery of the spec-
trum, and are available in the form of parallel implementations such as ARPACK [Lehoucq
et al., 1998]. The main drawback of these methods is that they often require to implicitly
handle a matrix inverse, e.g., when computing interior eigenvalues with the shift-and-invert
technique [Ericsson and Ruhe, 1980]. This implies solving linear systems at each eigensolver
iteration, and for this most often direct solvers must be employed to guarantee robustness.
Methods belonging to the Davidson family try to overcome this limitation by relaxing the pre-
cision with which these inverses are approximated (in some cases with a simple preconditioner).
As opposed to Krylov methods, general-purpose Davidson solvers are still difficult to find in
freely available parallel software, especially with capabilities for non-symmetric and/or general-
ized problems, despite there being numerous publications developing the methods for different
problem types (as §2.1 summarizes) and even describing parallel implementations tailored for
certain applications [Heuveline et al., 1997; Nool and van der Ploeg, 2000; Arbenz et al., 2006;
Genseberger, 2010; Hwang et al., 2010; Ferronato et al., 2012].

The main parallel libraries that provide eigensolvers similar to ours are summarized in
Table 2.1: Anasazi [Baker et al., 2009], that includes a customizable block Generalized Davidson
(that with a little coding can behave like a basic Jacobi-Davidson) and LOBPCG; BLOPEX
[Knyazev et al., 2007], that provides a reference implementation of LOBPCG; and PRIMME
[Stathopoulos and McCombs, 2010], that includes many methods that fit in the Generalized
Davidson scheme, although currently without support for generalized problems. As Table 2.1
shows, none of the mentioned libraries support non-Hermitian problems.

This chapter presents our developments in SLEPc in order to provide state-of-the-art, robust,
high performance Davidson solvers supporting Hermitian and non-Hermitian eigenproblems,
both standard and generalized, with either real or complex arithmetic.

In §2.1 we briefly summarize the theoretical background of the implemented Davidson meth-
ods and their variants. Section 2.2 starts with an overview of SLEPc and its foundation PETSc
(Portable, Extensible Toolkit for Scientific Computation [Balay et al., 1997]), followed by an
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outline on the design of the Davidson solvers and a description of their user interfaces. Then
in §2.3 we discuss how to implement some non-trivial aspects described in previous sections.
In §2.4 we present sequential and parallel performance results of our implementation, with a
number of test problems as well as a couple of real applications. Finally, we end with the
conclusions.

2.1 Davidson-type framework

We present a review of the Davidson methods and related techniques that we have implemented
in SLEPc. For an extensive bibliography about Davidson methods see [Bai et al., 2000; van der
Vorst, 2002, 2004; Hochstenbach and Notay, 2006]. First we describe the main steps of this
type of methods, and later subsections detail the variants of each step that are available in the
implementation. Unfortunately, often there is no mathematical proof that indicates the best
way of carrying out each step in the general case, that is, the optimal configuration is problem
dependent. For that reason, it is customary that libraries offering Davidson methods provide
several variants for each step and mechanisms to customize the execution.

2.1.1 General description of the Davidson-type methods

Subspace methods seek the eigenvectors in a low-dimensional search subspace, which is updated
at every iteration. Davidson-type methods are a distinguished subclass of the subspace methods
that expand the search subspace V in the directions of the computed corrections to the most
wanted eigenvectors in the search subspace. In fact a Davidson variant is characterized by how
to select the wanted eigenpairs in the search subspace (extraction) and how to compute the
corrections (ezpansion). The convergence of the eigenpairs is tracked, for instance monitoring
the norm of the residual associated to the approximate eigenpair, r;, or its correction, d;. When
an eigenpair is considered converged it is removed from the search subspace and a deflation
technique is used in order to prevent the convergence of the same pair afterward. When the
dimension of the search subspace V grows up to a certain limit m .y, it is reset to an mmyjn-
dimensional subspace V' C V keeping as much useful spectral information as possible (restart).
Algorithm 2.1 provides a general scheme of a Davidson-type method. We next discuss some
general issues, and postpone the details of each step until later subsections, where the theoretical
background of the different alternatives is introduced.

From the numerical point of view, working with an orthogonal basis of the search subspace
V' is desirable to control numerical error and also to maintain the whole set of vectors linearly
independent after the addition of the correction vectors D. The extraction of approximations
is based on a projection on this subspace, and it is also desirable to take into account any kind
of structure (e.g., symmetry) present in the original problem in such a way that this structure
is preserved in the projected problem. This has implications on how the Davidson method
is realized. Therefore, the general scheme is specialized depending on the properties of the
eigenproblem.
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Algorithm 2.1: Basic Davidson-type Method
Input: matrices A and B of size n, number of wanted eigenpairs p, block size s, initial
dimension of V' mg, maximum dimension of V' myax, restart with m,;, vectors
Output: resulting eigenpairs (0, X)

1 Choose a starting subspace basis V' of mg vectors
2 Set m < mg, [ < 0, © <[] and X < []
3 while !l < p do
4 Extraction: Compute the Ritz pairs (@), X ) from the proj. eigenprobl. and sort them
5 Test convergence, store the k converged pairs in (0, X) and remove them from (é7 X )
6 Setm+m—kandl <+ l+k
7 if m > mype,. then
8 Restart V' with an my,;,-dimensional subspace basis
9 Set m < Mmin
10 end
11 Expansion: Compute the correction D of the first s pairs (é, X ), and add them to V'
12 Set m <+ m+s

13 end

For instance, in a standard Hermitian or generalized Hermitian-definite problem (with B
positive definite) we know that eigenvectors are B-orthogonal, so keeping a B-orthogonal basis
V' will result in a standard Hermitian problem coming out from the projection, if the Rayleigh-
Ritz procedure is used. The deflation is performed by B-orthogonalizing the new vectors D
against the previously converged eigenvectors X. This variant is detailed in Algorithm 2.2.

Algorithm 2.2 returns eigenvectors with unit B-norm. However, if B is numerically singular,
i.e., |x*Bx| is close to zero for some eigenvector x (that is, an eigenvector corresponding to an
infinite eigenvalue of the matrix pair (A, B)), enforcing B-normality may result in breakdown
if a Ritz vector converges to x. If a € R can be found such that A — aB is nonsingular, a
straightforward solution would be to run Algorithm 2.2 on the matrix pair (A — 8B, A — aB),
that has the same eigenvectors as the original problem and the eigenvalues

i =

Sl
=™

(2.1)

Q .

el

(3

When the problem is not Hermitian, the implemented Davidson-type method works com-
pletely with generalized Schur decompositions, see Algorithm 2.3. The eigenvectors of non-
Hermitian eigenproblems do not have to form an orthonormal set (nor B-orthonormal), so an
algorithm that operates directly with them would be dangerous from the numerical point of
view. In contrast, Schur decompositions are numerically more stable because of the use of
orthonormal bases of invariant subspaces, which also simplifies the task of deflation. Schur
forms have the additional benefit of using quotients s; ;/¢;; for representing the eigenvalues,
thus handling infinite eigenvalues more naturally with ¢; ; = 0.
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Algorithm 2.2: Generalized Hermitian Davidson-type Method with B-orthogonalization

Input: matrices A and B of size n, preconditioner K, number of wanted eigenpairs p,
block size s, initial dimension of V' mg, maximum size of V' max, restart with
Mmin VECtors

Output: resulting eigenpairs (0, X)

1 Choose a starting subspace basis V' of mq vectors, such that V*BV = I,,,,

2 Set m < mg, [+ 0, © < [] and X <+ []

3 while [ < p do

4 Extraction: Compute the Ritz pairs (é, X ) by means of the Rayleigh-Ritz method,
that is, solve V*AVU = U®, where U*U = I,, and X = VU

5 Sort the Ritz pairs (6, X)

6 Obtain the number of converged pairs k

7 if £ > 0 then

8 Add eigenvalues 51, ceey gk to ©

9 Set X < [X  Xy4] and V « Xpi1im

10 Set m—m—kandl <+ [+ k

11 end

12 if m > myq. then

13 Choose an m X muyin-matrix M to reset V., V < VM, such that M*M = I, ..

14 Update (6, X) and U so that V*AVU = U®, where U*U = I,,,,. and X = VU

15 Set m < Mmin

16 end

17 Expansion: Compute the correction D of the first s pairs (é, X )

18 V « [V B-orthonormalize([X V], D)] and set m < m + s

19 end

Moreover, an additional advantage for the case of real non-symmetric eigenproblems is the
use of real Schur forms, which work with real orthogonal bases of the invariant subspaces associ-
ated to the eigenvectors, that may be complex, hence avoiding complex arithmetic completely. If
the generalized Schur form corresponding to a matrix pair (121, B) is the decomposition AU =258
and BU = Z T, where U and Z are unitary matrices and S and T are upper triangular matrices,
in the real Schur form S and T are upper quasi-triangular (possibly with 2 x 2 diagonal blocks
representing complex conjugate pairs of eigenvalues).

In [Fokkema et al., 1999] a Jacobi-Davidson method using generalized Schur forms is in-
troduced (called JDQZ), whose main difference with respect to the version presented in this
chapter is that vectors used for deflation of the search subspace (see §2.1.4) must be necessarily
included in the projectors in the correction equation (see §2.1.3). In our implementation this
is optional and, if necessary, deflation is completed when a new vector is added to the bases V'
and W.
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Algorithm 2.3: Generalized non-Hermitian Davidson-type Method

LB VR VN

© 0 N o

11
12
13
14
15

16

17
18
19
20
21

22
23

Input: matrices A and B of size n, preconditioner K, number of wanted eigenpairs p,
block size s, initial dimension of V' mg, maximum size of V' max, restart with

Mmin VECtors

Output: resulting eigenvalues © and Schur vectors X

Choose a starting subspace basis V' of mg vectors, such that V*V = I,
Compute W corresponding to V, such that W*W = I,

Set m <+ mg, 1+ 0,0+ [], X + []and Y « []

while | < p do

Extraction: Compute the Schur pairs ((:)7 X ), from the Generalized Schur
decomposition W*AV = ZSU* and W*BV = ZTU*, where X = VU and
0 =sii/tii

Sort the Schur pairs (6, X)

Obtain the number of converged pairs k

if £ > 0 then

Add eigenvalues 51, ceey 0y, to ©

Set X « [X Xyi], Y < [Y WZyy]

Set V + VUiir1m and W (W W Zi41.m)
Setm+m—kandl+Il+k

end

if m > mye, then

X = VU and 52 = Si,i/ti,i
Set m < Mumin
end

Expansion: Compute the correction D of the first s pairs (é7 X )
Set V <= [V orthonormalize([X V], D)]

Compute WY corresponding to Vinim+s and set

W < [W orthonormalize([Y W], W?)]

Set m <+ m+s

end

Consider the partial generalized Schur decomposition AX =Y .S and BX = YT correspond-
ing to already converged eigenpairs. The method considers that the Schur tuple (x,y, (o, 8)),
which comes from the Schur form of the projected problem in the extraction, has converged

and must be appended to the decomposition, that is,

S s

A w-w s g 2

] and B[X & =[V y]{
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Choose an m X muyin-matrix M to reset V, V < VM, such that M*M = I,,,_,_
Update (8, X), U and Z so that W*AV = ZSU* and W*BV = ZTU*, where



Chapter 2. Implementation of Davidson Methods in SLEPc 2.1. Davidson-type framework

So the only condition that the new tuple should satisfy is X*x = Y*y = 0 or, equivalently,
that X*V = Y*W = 0, because X € span{V} and y € span{W}. In the implementation
this condition is enforced by maintaining the bases V' and W orthogonal against X and Y,
respectively. This variant is detailed in Algorithm 2.3.

Both Algorithm 2.2 and 2.3 support computing the correction of more than one approx-
imate eigenpair, by increasing the value of parameter s (block size). However, in terms of
convergence our experience shows that the optimal value for s is 1 (the same comment appears
in [Stathopoulos and McCombs, 2007, §2.2.2]).

In step 5 of Algorithm 2.3 the generalized Schur decomposition is sorted so that the wanted
pairs are located at the beginning of the decomposition (see [Kressner, 2006] and references
therein). The first s pairs will be corrected at the next steps, and when restarting, the first
Mmin pairs determine the part preserved in V and W.

We conclude this subsection with a brief comment about the case of Hermitian-indefinite
problems. When both A and B are Hermitian matrices, but B is indefinite, then Algorithm
2.2 cannot be used but it is still possible to exploit symmetry to some extent. If B~ A is non-
defective, the eigenvectors X satisfy X*BX = I*, where I is a signature matrix (diagonal with
+1 elements on the diagonal). For this case, we have implemented a variant of Algorithm 2.3
where W = V| the orthogonalization is performed with respect to the B inner product (that is
an indefinite inner product or a pseudo-inner product), and the resulting vectors are normalized
so that |[x*Bx| = 1. The corresponding projected problem is a generalized symmetric-indefinite
eigenproblem and can be solved with a structure-preserving method like the one proposed in
[Brebner and Grad, 1982]. However, since this solver is not available as a LAPACK subroutine,
we currently use the Schur decomposition instead.

2.1.2 Subspace extractions

The extraction techniques considered in this section return a set of approximate eigenpairs
(é, %) whose vectors belong to the search subspace V spanned by the columns of V| that is, X =
Vu. The Rayleigh-Ritz approach is the most basic one and is considered useful for computing
eigenvalues at the periphery of the spectrum (see [Stewart, 2001b, §4.4]). This technique imposes
the Ritz-Galerkin condition on the residual associated to the returned pair,

r:=Ax —0Bx LV, (2.3)
which leads to the low-dimensional projected eigenproblem

V*AVu = 0V*BVu. (2.4)
From the solutions (f,u) of (2.4), the returned pairs (,%) = (f, Vu) are obtained, which are
called Ritz pairs.
The projected matrices V*AV and V*BV preserve the Hermitian structure of the problem
matrices A and B, and in case the search subspace basis V' is B-orthogonal, (2.4) will be a
standard Hermitian eigenproblem, as indicated in line 4 of Algorithm 2.2.
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However, the Rayleigh-Ritz approach generally returns poor approximate eigenvectors for
interior eigenvalues (see, for instance, [Stewart, 2001b, Example 4.2]). A simple explanation for
that is that the Ritz-Galerkin condition (2.3) does not consider the residual norm of the result-
ing eigenpairs (for a more detailed explanation see [Sleijpen et al., 1998, §4]). The harmonic
Rayleigh-Ritz method [Morgan, 1991; Paige et al., 1995] was proposed instead as an alternative
technique for interior eigenvalues, that imposes the Petrov-Galerkin condition to the residual
of the returned pairs (6, X)

A% —0Bx LW := (A - 7B)V, (2.5)

if eigenvalues close to 7 are sought. Similarly to the previous case, this leads to the projected
eigenproblem
V(A—7B)"(A—7mB)Vu=¢V*(A—-7B)"BVu. (2.6)

The solution pairs (£, u) of (2.6) with smallest £ correspond to the Ritz pairs (é, X) = (74 Vu)
closest to the target 7, which satisfy
| Ax — 7Bx|| < [£][| Bx||, (2.7)

resulting from left-multiplying (2.6) by u* and applying the Cauchy-Schwarz inequality. Hence
it is sensible to think (at least for eigenvalues sufficiently close to 7) that selecting the pairs
(0,%) with 6 closest to 7 (i.e., with smallest |¢|) also correspond to the pairs with smallest
residual norm.

Recently, two new variations of the harmonic extraction have been proposed. One is the
relative harmonic extraction [Hochstenbach, 2005b] that finds eigenvalues § with minimal

0 — 7|67t = |1 — 7671, (2.8)

that is, eigenvalues 6 closest to 7 considering the weight of 6, in contrast to harmonic extraction.
These approximate eigenpairs (6,x) can be obtained by the constraint

Ax —7(1 =70 Y A—7B)Xx LW := (A—1B)V. (2.9)
The resulting eigenpairs satisfy
|AX — 7Bx|| < |1 — T§_1|||A5<||. (2.10)

The other one is specific for extracting the rightmost eigenvalues [Hochstenbach, 2005a],
particularly when eigenvalues with large imaginary part are present in the spectrum. These
eigenpairs are selected with the Galerkin condition,

(A+7B)x — Z—H—(A—TB)S(LW = (A—TB)Y, (2.11)
-7
and they satisfy
| A% — 7B%]|| < ?‘f‘ (A + 7B)%]|. (2.12)
T
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Table 2.2: Correspondence between the values of «, 8, v and § in the generic Galerkin condition
(2.13) and some extraction methods.

Extraction ‘ a B v 6
Harmonic Rayleigh-Ritz 1 7 0 1
Relative harmonic Rayleigh-Ritz | 1 7 1 0
Rightmost eigenvalue 1 = 1 -7
Largest eigenvalue 0 1 1 0

However our implementation follows the next approach. The Galerkin conditions associated
to the harmonic extraction and their variants can be generalized in the parametrized Galerkin
condition [Hochstenbach, 2005b, §5.1]

af —
70 —45

(@A — BB)% — £(vA — 6B)X LW = (aA — BB)V, with ¢= (2.13)

The values of «, 5, v and § corresponding to the extraction methods are detailed in Table 2.2.
The projected eigenvalue problem associated to (2.13) is

W*(aA - BB)Vu=EW*(yA - 6B)Vu, with (aA—BB)V =WR, (2.14)

where W has orthonormal columns and R is upper triangular. The error associated to the
approximate eigenpairs is bounded by

(@A = BB)x|| < [§]|(vA + 6B)x||. (2.15)

This approach is concreted in Algorithm 2.3, by solving a problem equivalent to (2.14) at
step 5, and computing W as a basis of «A — 8B at steps 2 and 21. The implementation does
it by setting

e W < orthonormalize((«A — BB)V) in step 2, and
o WY« (A — BB)Vypmys in step 21.

2.1.3 Subspace expansions

The first subspace expansion in the context of the Davidson methods was proposed with classical
Davidson [Davidson, 1975]. The method tries to compute the smallest eigenpairs of a standard
Hermitian problem expanding the search subspace with d satisfying,

(diag(A) — 6I)d = r := Ax — 6x. (2.16)

Subsequent developments [Morgan and Scott, 1986; Natarajan and Vanderbilt, 1989; Morgan,
1990] tried to understand (2.16) as an iterative linear equation solver step of the system

(A—6I)d =r. (2.17)
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Then Generalized Davidson was proposed, a more general expansion also useful for non-Hermitian
and generalized problems that introduced the use of fast, approximate inverses (the precondi-
tioners, K),

d=K'r, K=~A-6B. (2.18)

The Olsen variant [Olsen et al., 1990] attempts to avoid the possible stagnation of the method
when the resulting vector from the expansion d and the approximate eigenvector x are almost
collinear (possibly because the preconditioner cannot improve the current approximation, see
[Stathopoulos et al., 1995] for numerical experiments),

K Bxx*
- (1-2 XX Vg 2.1
d ( i*KlBi> g (2.19)

In Jacobi-Davidson [Sleijpen and van der Vorst, 1996, 2000] the search subspace is expanded
by the approximate solution of the Jacobi orthogonal correction equation, that obtains a cor-
rection d orthogonal to the selected approximate eigenvector X. In [Sleijpen et al., 1996] it is
extended to generalized eigenproblems (and polynomial problems) and adapted to the use of a
preconditioner (see [Sleijpen et al., 1996, Theorem 7.3]),

K*lyz*

PK ' (A-—0B)Pd=—PK 'r, withdlz  where P=1——"—.
z* K~y

(2.20)
Also, some theorems have been proposed about the convergence speed depending on the
values of z and y:

e For A and B Hermitian and A € R, the choice of z = %X and any y such that y L X,
implies quadratic convergence [Sleijpen et al., 1996, Remark 3.4].

e The choice of y = Bx and z such that z / X leads to quadratic convergence [Sleijpen
et al., 1996, Theorem 3.2], also y = § Ax+ Bx leads quadratic convergence [Sleijpen et al.,
1996, Remark 3.1].

e The choice y = z = X implies superlinear convergence [Sleijpen et al., 1996, Theorem 3.4].

In SLEPc the correction equation is solved with z and y set to the approximate right eigenvector
x and the corresponding vector from the test subspace, respectively. This solution can be found
also in [Sleijpen et al., 1996; Fokkema et al., 1999].

2.1.4 Deflation

In works dealing with non-Hermitian problems and in early works of Jacobi-Davidson, the
projector P in the correction equation (2.20) is extended to deflate also against the converged
pairs (see [Sleijpen and van der Vorst, 1996; Fokkema et al., 1999])

P=I-K 'W(Z*K~'Y)"'Z*, whereY =[Y Y|, Z=[X X]. (2.21)




Chapter 2. Implementation of Davidson Methods in SLEPc 2.1. Davidson-type framework

The extended projector avoids that the computed correction d converges toward the previously
locked invariant subspace instead of new directions that could enrich the selected eigenvector.
An extreme example is illustrated in [Fokkema et al., 1999, §4.5] in which the convergence is
slowed down and finally stagnated due to the lack of newly produced directions.

The theoretical justification for this stagnation is presented next following [Fokkema et al.,
1999, £§3.4]. Consider the standard eigenvalue problem with matrix A and eigenpairs (5\1,)21)
and the approximate eigenpair (6,%) converging toward (Ay,%;). The exact solution of the
correction equation (2.20) with z = y = x is given by [Sleijpen and van der Vorst, 1996, §4.1]

d=—-x+eA-00)"'%, e=E"(A-0D"1x)L (2.22)

Considering the projection of x onto X; and the constraint d L x results in

d~ S %, (2.23)

Hence the directions x; of eigenvalues by closest to 6 become dominant. In that way, the conver-
gence rate of (9 X) increases as 0 gets closer to A However, suppose that a good approximation
to (Al,xl) was obtained and the next closest pair ()\Q,XQ) is sought If the two pairs are ap-
proximately at the same distance to (6,%), that is |A\; — 8] = |\ — 6] and XIx ~ X3x, or even
worse, the first pair is the closest one, then we expect that d has many unwanted components
of X;. This can justify the implementation of the deflation in the correction equation.

On the other hand, in [Stathopoulos and McCombs, 2007] the authors discuss the correction
equation without the presence of the converged vectors in the context of a method for standard
Hermitian problems (called JDQMR-000), showing some examples where it outperforms the
deflation discussed above. Notice that the cost of applying the projector with converged vectors
can become expensive when many pairs are sought: a cost of O(kn) per application for the
simplest projectors and up to O(kn + k%) for oblique projectors, when k vectors are locked.

Our proposal is slightly more flexible and robust, allowing the user to limit the maximum
number of converged vectors in the projector (a parameter called pwindow in §2.2.4). This
approach can be useful in problems with presence of close eigenvalues, if a bound of the size of
these clusters is available a priori.

2.1.5 Restarting

The maximum dimension of the subspace bases V' and W is restricted with the parameter
Mmax, limiting the cost of maintaining them orthogonal, that in general is one of the most
expensive parts of the method, along with the matrix-vector product and the computation of
the expansion. Too low values of m .« may prevent the convergence and too high values may
affect the global performance negatively, and its optimal value depends on the application and
the expansion employed.

From the methods that have been proposed to minimize the negative impact of restarting on
convergence, we have incorporated in SLEPc (i) the thick restart technique [Stathopoulos et al.,
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1998], also called GD(mmin,Mmax), that restarts V' with a subspace basis that contains the best
Mmin Current approximate eigenvectors; and (ii) its combination with a generalized CG-based
restart [Stathopoulos and Saad, 1998], resulting in GD(mmin,Mmax)+k, that enriches the thick
restart basis with the best k vectors from the previous iteration. For seeking extreme eigenpairs
in standard Hermitian problems, the latter technique has theoretical [Stathopoulos and Saad,
1998, §4] and practical [Stathopoulos and Saad, 1998; Stathopoulos, 2007] justifications.

2.1.6 Initializing the search subspace

An interesting advantage of the unconstrained Davidson’s search subspace (in opposition to
structured subspaces, like in the case of Krylov methods) is the possibility of starting with an
available rough approximation of the sought eigenvectors, for instance in applications where
the solution of a previous similar eigenproblem can be used or an analytic solution of a simpler
problem is provided.

However, in practice initializing the search subspace with initial solutions X is not enough
to improve the convergence unless it is sufficiently close to the exact solutions. Alternatively,
better results may be obtained by initializing the search subspace with a Krylov subspace
generated by the operator K~ !(A — 7B) and X,. An example of use and performance is given
in the applications of §2.4.2 and §2.4.3.

2.2 SLEPc eigensolver design

The two following subsections depict SLEPc, the library in which the previously exposed vari-
ants of the Davidson methods are implemented, and PETSc, the framework on which SLEPc
relies. Then related software efforts for solving large-scale problems with Davidson solvers are
presented. And the section ends with a detailed description of the user interface of the Davidson
solvers in SLEPc.

2.2.1 PETSc description

PETSc provides implementations of basic linear algebra operations with vectors and matrices,
as well as tools for the solution of linear and non-linear systems of equations, all this enhanced
with the support for distributed memory parallel computing platforms as well as an incipient
support for emerging architectures such as shared memory clusters and GPUs. The interface
is object-oriented, there are sets of functions in C (the class methods) accepting the same data
type (representing a class), which encapsulates a pointer to a data structure of the class (that
stores the object). The main advantage of this simple approach, over using a language with
object-oriented support like C++, is the simplicity to invoke C functions from other languages.
In fact PETSc gives support to C++4, Fortran, Python and Matlab.

In general, the algorithm or the variant that will be used is determined by the type, that is
set after the creation of the object. For instance, some of the available types for the KSP class,
aimed at solving linear systems, are CG, GMRES and BiCGStab(¢).
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PETSc SLEPc
Nonlinear Systems Time Steppers SVD Solvers Quadratic
Line Trust Backward | Runge- | Crank- Cross | Cyclic Thick R.| |Linear- .
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Figure 2.1: Main classes in PETSc and SLEPc.

The Vec and Mat classes gather different data structures for vectors and matrices. All
vector objects are dense, but the Mat class offers a wide variety of matrix types like dense and
sparse matrices, block diagonal matrices, FFT and user-defined implicit matrices, among others.
Some types of vectors and matrices support high performance hardware, such as VecMPI, that
distribute the vector and operations among MPI processes, and VecPThread and VecCUSP,
that perform the operations by its distribution among POSIX threads and by launching GPU
kernels, respectively. Types with similar capabilities can also be found in Mat.

Hence the parallelism and other high performance mechanisms are mostly transparent for
other objects built on top of these, and also for the application programmer. The rest of classes
such as linear, non-linear and time-stepping solvers, implement their methods without taking
care of the underlying data-structures in matrices and vectors. The exception is the precondi-
tioners class (PC), in which many of the types correspond to complete or partial factorizations
(e.g., LU, ILU, Cholesky and ICC) that are stored in ad-hoc Mat implementations.

For more information about the internal structure and the provided interfaces see [Balay
et al., 1997, 2011].

2.2.2 Internal structure of SLEPc

SLEPc provides a collection of state-of-the-art eigensolvers, SVD solvers and quadratic eigen-
solvers. Besides the Davidson-type solver addressed in this chapter, the class EPS provides
an implementation of the Arnoldi, Lanczos and Krylov-Schur methods as well as wrappers to
other libraries such as ARPACK, PRIMME and BLOPEX. Spectral transformations such as the
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shift-and-invert technique are encapsulated in the class ST, and are needed by Krylov methods
to compute interior eigenvalues or to deal with matrix inversion in generalized eigenproblems.
Class SVD provides algorithms for computing a partial singular value decomposition, for in-
stance by solving an equivalent eigenvalue problem via EPS or by implementing native methods
such as restarted Lanczos bidiagonalization. In the same way QEP objects can solve quadratic
eigenproblems by using EPS to solve an eigenvalue problem resulting from linearization or
directly with the Q-Arnoldi method.

Like other high-level classes, these SLEPc classes are built on the foundational classes Vec
and Mat, and also KSP for the spectral transformations (matrix inversion is implemented via
linear solves). As explained in §2.3.1, KSP will also be used in the solution of the correction
equation in Jacobi-Davidson, and the preconditioner in the Generalized Davidson expansion.
Orthogonalization and B-orthogonalization methods (like classical and modified Gram-Schmidt,
optionally with selective reorthogonalization) are encapsulated in the class IP. For a complete
description of SLEPc classes and usage, the reader is referred to [Campos et al., 2011].

PETSc and SLEPc delegate many dense operations to BLAS and LAPACK compatible
libraries, such as the netlib reference implementation' or the ATLAS, MKL and ACML libraries.
The delegated operations include frequent computations that account for most of the floating-
point operations, like the addition and product of vectors during orthogonalization. Other
delegated operations are performed on the projected problems, usually of rather small size, and
they are important in terms of robustness of the algorithms, such as the computation of Schur
decompositions in the extraction step of the algorithms in §2.1.

Furthermore SLEPc provides an interface for specifying operations with multivectors (a set
of vectors that represent the columns of a thin tall matrix), giving the possibility to accelerate
a sequence of level-2 BLAS operations by rewriting them as level-3 operations. The mechanism
behind this consists in some functions to create PETSc Vec objects whose entries are stored
contiguously in memory and to implement operations between such multivectors or multivec-
tors with dense matrices. For instance, these functions are employed in the Davidson solvers
in the creation of the projected matrices and the orthogonalization of the subspaces. As dis-
cussed below, interfaces to multivector operations are common in other libraries with Davidson
methods.

2.2.3 Comparison with the design of other parallel Davidson software

Part of the design principles of Davidson methods in SLEPc can also be found in other libraries
that implement related methods and share similar high performance aims, in particular Anasazi
[Baker et al., 2009], BLOPEX [Knyazev et al., 2007] and PRIMME [Stathopoulos and McCombs,
2010].

Anasazi is part of Trilinos, a parallel object-oriented software framework for large-scale
multi-physics scientific applications. It was designed for being independent of the particular
implementation of the underlying linear algebra primitives, in order to facilitate its incorpora-
tion into larger libraries and application codes. The Anasazi package contains a collection of

lhttp://netlib.org/blas/ and http://netlib.org/lapack/.
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eigensolvers that includes block Generalized Davidson and LOBPCG, among other solvers not
related with Davidson. The eigensolvers provide an interface to establish the concrete imple-
mentations that will be used for vector and matrix operations, for the orthogonalization and
for the stopping criterion.

BLOPEX is a stand-alone library that includes only a LOBPCG solver. The library is also
distributed as part of the HYPRE? library for parallel preconditioning, and can optionally be
used as a external solver in SLEPc. BLOPEX is designed with independence and interoperabil-
ity goals similar to Anasazi, but without the possibility for customizing the orthogonalization
method and the stopping criterion.

PRIMME implements a parametrized Davidson-type method, general enough to include
algorithms ranging from Subspace Iteration to Jacobi-Davidson with several options about the
correction equation. It uses its own distributed vectors with the solely support of BLAS and
LAPACK, and a user-provided sum reduction operation. Currently, PRIMME only supports
standard eigenproblems, although the interface is prepared for a matrix B. SLEPc also provides
a wrapper to PRIMME as a external solver.

Table 2.3 summarizes the differences among these three libraries and our approach.

SLEPc’s design goals lie between Anasazi/BLOPEX and PRIMME. On one hand, SLEPc
eigensolvers use vectors, matrices and linear algebra primitives from PETSc. However, this
PETSc-dependence does not reduce the software interoperability because PETSc classes allow
for user-defined implementations. Anasazi and BLOPEX have an interface for multivector op-
erations, and as mentioned before, SLEPc provides a simple interface for multivector operations
such as inner-product W*V and the update VU, where V and W are multivectors and U is a
dense matrix.

The orthogonalization is also encapsulated in a SLEPc class and decoupled from the eigen-
solvers. Another simple mechanism to make the implementation independent of a given opera-
tion is to use callback functions. This is the way the convergence test and the sort routine can
be replaced by user-defined code.

On the other hand, the code of Davidson-type methods in SLEPc is organized as a para-
metric multi-method, following PRIMME’s approach. Hence, in practice, there is only one
abstract object that contains all the Davidson code. By changing values in a C structure, the
implementation behaves like either Algorithm 2.2 or 2.3. In the same way, the structure has
variables to select the extraction and the expansion methods, to configure the restarting and
to build the initial subspace.

2.2.4 Davidson-type eigensolvers interface

SLEPc offers two EPS solvers that implement Davidson-type methods, the Generalized David-
son (GD) and the Jacobi-Davidson (JD). As mentioned above, these objects are simply inter-
mediate objects that access another abstract EPS object (abstract, in the sense that the end
user cannot directly use it) that contains the implementation of the methods and techniques
described in §2.1.

2http://www.1llnl.gov/casc/hypre.
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Table 2.3: Summary of differences among BLOPEX, Anasazi, PRIMME, and SLEPc¢’s Davidson,
considering the implementation of the linear algebra operations (Vectors and Matrices), the
possibility to change the orthogonalization routine (Orth.), the convergence test (Conv.) and
the sort function (Sort), and how the Davidson solvers are organized.

Customize
Vectors and > & X .
X &
Framework Matrices S 000 P Eigensolvers
BLOPEX - - - Unique
—— 1 Abstract classes
Anasazi X X X Separate
PRIMME . Hard COde. - - - Parametrized
implementation Davidson
SLEPc PETSc X X X Eigensolver

The JD and GD solvers share the following interface with the rest of EPS objects:

the problem matrices, with EPSSetOperators;

the problem type like Hermitian, non-Hermitian, standard or generalized, with EPSSet-
ProblemType, that selects between Algorithms 2.2 and 2.3;

the subspace expansion method, determined by the object type with EPSSetType, that is
(2.19) for GD and (2.20) for JD;

the subspace extraction method, with EPSSetExtraction, that selects between the ex-
traction techniques presented in §2.1.2;

the sorting criterion for the eigenpairs computed by the extraction method, with EPS-
SetWhichEigenpairs, which can be relative to a target value, or with respect to the
magnitude, the real or the imaginary part of the eigenvalue;

the target value 7 if interior eigenvalues are wanted, with EPSSetTarget, parameter that
is also used in the extraction;

the maximum size of the search and testing subspaces, mmax (see §2.1.5), and the number
of wanted eigenpairs, p, with EPSSetDimensions, called mpd and nev, respectively;

the convergence criterion, with EPSSetConvergenceTest;

the tolerance for the convergence criterion and the maximum number of (outer) iterations,
with EPSSetTolerances;
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e the initial guess of the wanted invariant subspace, with EPSSetInitialSpace (see §2.1.6);
and

e the subspace in which the eigenvectors are not wanted, with EPSSetDeflationSpace (see
§2.1.4).

The specific options that are shared by the Davidson solvers are (the * has to be substi-
tuted by GD or JD, because there are different function names for GD and JD, for instance
EPS*SetBlockSize is EPSGDSetBlockSize for GD and EPSJDSetBlockSize for JD):

e whether to enrich the initial subspace as explained in §2.1.6, with EPS*SetKrylovStart;
e the block size s, with EPS*SetBlockSize;

e the size of the subspace after restarting my,, and GD+k, with EPSxSetRestart (see
§2.1.5);

e the size of the initial search subspace, with EPS*SetInitialSize (if the number of initial
vectors provided by the user is smaller than this number, the initial subspace is filled with
random vectors); and

e the maximum number of converged vectors to be included in the projectors (parameter
pwindow, see §2.1.4), with EPS*xSetWindowSizes;

Moreover, the JD solver has two advanced options more that affect the convergence and
performance of the solution of the correction equation, EPSJDSetFix and EPSJDSetConstant—
CorrectionTolerance, discussed in §2.3.1.

All preconditioned eigensolvers in SLEPc (JD and GD, but also the BLOPEX and PRIMME
wrappers) are used in combination with the special ST object Precond. As other ST’s (including
shift-and-invert), it handles a linear solver (KSP) internally. The PC object in Precond’s
KSP corresponds to the preconditioner used in the Generalized Davidson expansion or to the
acceleration of the KSP that solves the Jacobi-Davidson correction equation. If the user does
not provide a matrix as a basis for the preconditioner, with STPrecondSetMatForPC, the default
preconditioner is built from A—7B if interior eigenvalues are wanted, and B if largest magnitude
eigenvalues are wanted. The method and the options for solving the correction equation are set
in the KSP object. The default iterative solver for the JD correction equation is BiCGStab(2).

After the call to EPSSolve, the user can get individual converged eigenpairs with EPS-
GetEigenpair, or an orthogonal basis of the invariant subspace associated to them with EPS-
GetInvariantSubspace. Moreover, a basis of the test subspace associated to the converged
pairs is accessible by the function EPSGetInvariantSubspaceleft. Although not guaranteed,
the test subspace may be a rough approximation to the left invariant subspace (if future ver-
sions of SLEPc include two-sided Jacobi-Davidson, more accurate approximations of the left
invariant subspace will be obtained).

Figure 2.2 illustrates a simple example in C that computes the largest eigenvalue of a non-
Hermitian matrix A, omitting the creation of the matrix, as well as the error checking and the
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1 #include "slepceps.h"

2 EPS eps; /* eigensolver context */

3 Mat A; /* matrix of Ax=kx */

4 Vec Xr, Xxi; /* eigenvector, x */
PetscScalar kr, kij; /* eigenvalue, k x/
PetscInt j, nconv;

EPSCreate ( PETSC_COMM_WORLD, &eps );

EPSSetOperators( eps, A, PETSC_NULL );

10 EPSSetProblemType( eps, EPS_NHEP );

11 EPSSetFromOptions( eps );

12 EPSSolve( eps );

13 EPSGetConverged( eps, &nconv );

14 for (j=0;j<nconv;j++) { EPSGetEigenpair( eps, j, &kr, &ki, xr, xi ); }
15 EPSDestroy( eps );

Figure 2.2: The shortest SLEPc example code that compute the eigenvalues of a non-Hermitian
matrix.

functions to initialize and finalize the SLEPc environment. Notice that if PETSc is built in real
arithmetic (that is, PetscScalar is not a complex type), SLEPc returns the real and imaginary
part of eigenvalues (kr and ki) and eigenvectors (xr and xi) separately. In order to use some
Davidson solver, a call to EPSSetType (GD) or EPSSetType (JD) has to be included just before
line 11.

Most of the above options are accessible via the command line. For instance, the code in
Figure 2.2 can employ the GD solver to compute 10 eigenvalues with a relative tolerance of
108 by the execution of

$ ./exe -eps_type gd -eps_nev 10 -eps_tol 1e-8

or can employ JD for seeking the eigenvalues closest to 1 solving the correction equation with
BiCGStab(2) and accelerated with an ILU preconditioner:

$ ./exe -eps_type jd -eps_nev 10 -eps_target 1 -st_ksp_type bcgsl \
-st_ksp_bcgsl_ell 2 -st_pc_type ilu

This feature facilitates the process of manually tunning a code to find optimal configurations.

2.3 Implementation details

In this section we include some discussions about the way we have implemented certain variants
or aspects of the Davidson methods, such as the solution of the Jacobi-Davidson correction
equation by an iterative Krylov solver (a KSP object), the treatment of complex numbers in
real problems, how the data structures are distributed across processors and some considerations
about the memory management.
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2.3.1 Solution of the correction equation

Linear system (2.20) is solved when the Jacobi-Davidson expansion is selected. For that, a
PETSc Krylov linear solver is employed (a KSP object), accelerated with preconditioners (PC
object). Practical aspects of how to modify the correction equation and the projectors in order
to use a preconditioner are summarized below (details can be found in [Sleijpen et al., 1998,
§3.2]).

Most KSP solvers available in PETSc support left preconditioning (many of them exclu-
sively), that is, they solve the linear system M ~*Ax = M~'b. In that case, (2.20) is equivalent
to a linear system with coefficient matrix A = PK~1(A—0B) and right hand side b = —PK ~'r.
If the initial guess is a zero vector, then the obtained approximate solution d will satisfy the
constraint d L z.

The most frequently used KSP solver supporting right preconditioning (AM “Mx = B)
is FGMRES [Saad, 1993], that is employed when the preconditioner can change during the
iteration, for instance, when it performs a nested linear solve iteration as in pARMS [Li et al.,
2003]. In the right preconditioning case, (2.20) is equivalent to a linear system with coefficient
matrix A = Q(A — 7B) where Q can be P or I — zz*, the preconditioner M~! = PK~! and
right hand side b=—r.

In both cases, the operator A and the preconditioner M ~! are implemented implicitly (that
is, only the matrix-vector product is defined) using a MatShell and a PCShell, respectively
(these shell constructs are simply a way to encapsulate user-defined operations as a PETSc
object).

In terms of computational cost, the weight of the solution of the correction equation can be
heavy if too accurate solutions are requested. The trade-off between performance and global
convergence is controlled in the stopping criterion, that the user can configure by setting the
maximum number of iterations besides the relative and the absolute tolerances. In addition,
unless EPSJDSetConstantCorrectionTolerance is invoked, the KSP stops when the residual
of the linear system at iteration j, ||#(7)||o, satisfies at outer iteration 4

1E9 2 < 27 [# 2. (2.24)

Notice that in PETSc the stopping criterion uses the preconditioned residual by default. This
dynamic criterion comes from the Newton methods and the use in Jacobi-Davidson is suggested
in [Fokkema et al., 1999], and tested in [Genseberger, 2010; Romero and Roman, 2011].

It is well-know that in the first iterations of the Davidson-type methods the extraction
method usually produces poor eigenpair approximations and the target 7 may be a relatively
closer approximation to an exact eigenvalue [Morgan and Scott, 1986]. Therefore until the
residual norm associated to the selected eigenpair reaches a threshold value so-called fiz (that
can be set by EPSJDSetFix), the correction equation is solved with = 7 [Fokkema et al., 1999].

2.3.2 Real arithmetic

In real non-symmetric problems the eigenvalues and the corresponding eigenvectors may be
complex, or even in the convergence of a real eigenpair the approximate eigenpairs may be
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complex. Considering that PETSc does not support operations mixing real and complex ma-
trices or vectors, a simple workaround would be to perform all the computations in complex
arithmetic. However, this is wasteful not only in terms of memory requirements but also in
computational efficiency since the effective operation throughput may be reduced up to 50% for
sufficiently large problems in which the bottleneck is the bandwidth between the main memory
and the processor.

Another possibility to avoid complex arithmetic is the use of real Schur decompositions,
where all matrices involved are real and 2 x 2 blocks on the diagonal of quasi-triangular matrices
are used to represent complex conjugate eigenvalues. Besides requiring half the storage of
a complex Schur decomposition, another advantage of the real Schur form is that complex
conjugate eigenvalues always appear together.

Thus SLEPc¢’s Jacobi-Davidson has an implementation based on RJDQZ [van Noorden and
Rommes, 2007], that adapts the extraction process and the correction equation (2.20) to work
with the real Schur form. Considering the preconditioning, the resulting correction equation
for the selected complex conjugate eigenvalues 0" 4+ 6%i and the associated Schur vectors X; and
X9 1S

PBE 0] [KYA-6"B) KB P50 [d]  [PPK'r (2.25)
0 PB —0'K'B K Y A-6"B)| | 0 PB||d:]  |PBK |’ '

where P® is the block version of the projector P in (2.20),
PB =1 -KYW(Z*K~'Y) 'Z", (2.26)

and the residual is computed as

ri] [A-6"B 6B |[x
L«J B [ -0'B A—éTB] |:X2:| ' (2.27)

This version of the correction equation admits the same stopping criterion as (2.20), because
if d; and ds are obtained from the approximate solution of the correction equation (2.25) with
a linear system residual norm e, then also d = d; + dgi satisfies the correction equation (2.20)
with the same residual norm tolerance. Moreover we do not expect a significant difference in the
convergence of the iterative resolution of both equations because the condition number corre-
sponding to the coefficient matrices are the same [van Noorden and Rommes, 2007, Proposition
1].

If Jacobi-Davidson is activated, the KSP in ST is responsible for solving the correction
equation, that can be

o the linear system (2.20), if either the problem and the selected eigenpair are both real or
the problem is complex, or

e the double-sized linear system (2.25), if the problem is real, but the selected eigenpair is
complex.
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Figure 2.3: Collaboration diagram for the SLEPc¢’s Davidson solver when the Jacobi-Davidson
expansion is selected.

In the case of real problems, the KSP object would have to solve linear systems of different
sizes, which implies reallocating the memory every time the system size changes. This problem
can be neglected if the block size is one and the eigenpairs last many iterations before their
convergence, because in general we do not expect an excessive number of jumps of a single
approximate eigenvalue from real to complex (and vice versa). For applications that require
many eigenvalues and they converge quickly, we have designed a special vector type VecComp
with virtually the length of the double-sized system, which is employed by the KSP object.
VecComp vectors are formed by two sub-vectors whose length is equal to the problem size,
and only one is used when the approximate eigenvalue is real. Working with these vectors also
simplifies the implementation of the double-sized coefficient matrix-vector product (which is
implemented using the MatShell PETSc class, because the double-sized matrix is never built
explicitly), that can be arranged as a 2-by-2 block product. This product also includes the
projection and the preconditioner application. For that, the PC associated to the KSP object
is detached and replaced by a dummy PC (PCNone). Figure 2.3 depicts the component diagram
in this case.

2.3.3 Parallelization and memory management details

The problem matrices A and B and the vectors of the same size, such as the search and test
subspaces V and W, and the converged invariant subspace X, are distributed by blocks of rows
among the processes, in the case of using MPI objects for vectors and matrices. The rest of
the matrices and vectors with smaller size (bounded by mmayx) are implemented as sequential
(non-MPT) objects, but are replicated in all nodes. For instance, this is the case of the projected
matrices and the associated decompositions ©, U, Z, S and T

The operations involving distributed operands are parallelized, such as the A and B matrix-
vector product, the subspaces updating, the computation of the projected problem matrices and
the orthogonalization of the subspaces. In addition, these operations can also be accelerated
by the GPU or parallelized for taking advantage of multi-cores, if the appropriate types are set
for matrices and vectors. Currently these features are experimental in PETSc, but in the near
future they are expected to be fully functional.
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Algorithm 2.4: Optimized Iterative Classical Gran-Schmidt with B-inner product.

Input: matrix B of size n, B-orthonormal basis V., VZ = BV, vector vq
Output: B-orthonormal basis [V v] of span{[V v¢]} and vZ = Bv
v + vg and vB « Bvy
for:=1,2,3 do
h « V*vB
vv—"Vh
vB « vB —VBh
Test criterion
end
v=v/|lvlls

® N O Uk W N -

In terms of memory management, nearly all memory required by the eigensolver (the bases
of the search and test subspaces, auxiliary vectors and work spaces) is allocated in a contiguous
array, in order to reduce the memory management overhead. Each piece in which the allocated
memory is divided is aligned properly.

2.3.4 Subspace orthogonalization

The orthogonalization of vectors can become an expensive step in variants with cheap expansion,
e.g., Generalized Davidson, so it is important to use a procedure that is efficient both sequen-
tially and in parallel. The SLEPc class IP provides Classical and Modified Gram-Schmidt to
carry out that process. The default configuration (used in §2.4) employs iterative CGS (which
yields better parallel scaling and higher floating point operations throughput than MGS), with
a DGKS-like re-orthogonalization criterion. See [Hernandez et al., 2007] for details.

This configuration is also used for maintaining B-orthogonal bases, although it is not clear
that the re-orthogonalization criterion can be useful when using B-inner products with ill-
conditioned B [Kopal et al., 2011] (to avoid problems, it is possible in SLEPc to deactivate
selective re-orthogonalization and use double orthogonalization instead). In any case, we present
in Algorithm 2.4 a variant of iterative CGS that avoids the extra matrix-vector products when
the search subspace is B-orthogonalized, at the cost of additional storage for vectors BV'.

2.3.5 Convergence criterion for the eigensolver

SLEPc monitors the residual norm associated to the approximate eigenpairs in order to detect
the converged ones with respect to some criterion, e.g., ||r|l2 < € for a given tolerance €, or
other criteria that can be defined by the user. When the problem is non-Hermitian, the solver
works with approximate Schur vectors instead of eigenvectors, so the residual norms associated
to the eigenpairs are not readily available. Our implementation first checks the convergence
criterion with the residual associated to the Schur vector, and if it is passed, the criterion is
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Table 2.4: Number of converged cases in each experiment.

Solver Total None Jacobi ILU/ICC HYPRE pARMS
Ezxperiment I: generalized non-Hermitian, largest magnitude eigenvalues

GD 218 14 24 70 54 56

JD BiCGStab(2) 273 35 41 69 70 58

FExperiment II: standard and generalized non-Hermitian, eigenvalues closest to target

GD 599 81 86 186 104 142

JD GMRES 280 21 42 94 43 80

JD BiCGStab(2) 490 90 100 143 77 80

Ezxperiment III: standard Hermitian, eigenvalues closest to target

GD 854 279 304 271
PRIMME JDQMR_Etol 965 423 233 309
JD BiCGStab(2) 895 280 358 257

checked again with the corresponding eigenvector residual. In this way, we avoid the costly
computation of the eigenvector in each iteration unless it is close to convergence.

2.4 Results

In this section, we present performance results of the SLEPc Davidson solvers. First sequential
results are shown comparing our implementations of GD and JD, as well as with PRIMME
solvers, in the context of a collection of small eigenproblems. Then we show parallel results in
the context of two large-scale scientific applications.

2.4.1 Test battery

We compare the Davidson solvers in terms of execution time and number of preconditioner
applications required by each one in the solution of a collection of problems.

The collection consists of standard and generalized problems whose matrices come from the
University of Florida Sparse Matrix Collection [Davis and Hu, 2011]. For each problem, the
sequential performance of the solvers, in terms of number of matrix-vector products and time
spent, is obtained computing 1 and 10 pairs with a relative tolerance of 107!° using either
no preconditioner or one of the PETSc preconditioners Jacobi, ILU (or ICC for Hermitian
problems), HYPRE and pARMS. The rest of the solver’s parameters keep the default values: 5
random vectors as initial subspace, restart the search subspace with 6 vectors after the dimension
reaches 17 or 26, respectively for seeking 1 or 10 pairs. The default linear solver for the JD
correction equation is BiCGStab(2). Each of these configurations is executed twice with three
different initial random vectors, discarding the slower one.
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Figure 2.4: Comparison of number of matrix-vector products (left) and execution time in seconds
(right) between SLEPc GD and JD computing the largest magnitude eigenvalues of general-
ized non-Hermitian problems. A mark above the line corresponds to an experiment with GD
performing better than JD.

Table 2.4 summarizes the number of cases in which the solvers obtained all the requested
eigenpairs with less than 5050 and 10100 matrix-vector products for standard and generalized
problems, respectively. We use use matrix-vector products because it is unfair to compare GD
and JD in terms of the number of outer iterations. Instead, it is more natural to roughly
compare the number of iterations used by GD with the accumulated number of inner iterations
employed by JD.

Experiment I takes results of the SLEPc solvers GD and JD computing the largest magni-
tude eigenpairs of a group of 25 generalized non-Hermitian problems. JD solves slightly more
problems than GD, and many of them faster (see Figure 2.4, right). However, in terms of
matrix-vector products, JD generally requires more products than GD (see Figure 2.4, left).

Experiment II collects the performance of the solvers with a group of 52 standard and
generalized non-Hermitian problems while computing the eigenvalues closest to a target in the
interior of the spectrum. In absolute terms, GD successfully converges in more cases than
JD (599 vs 490). In part, this is due to the few converged problems obtained by JD using
sophisticated preconditioners (ILU, HYPRE and pARMS), compared with the JD results when
no preconditioning is used, and with the GD results for those preconditioners. Apparently, the
use of GMRES for solving the correction equation does not improve the results. Nevertheless,
GD needs less matrix-vector products, but JD is generally faster, as in the previous experiment
(see Figure 2.5).
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Figure 2.5: Comparison of number of matrix-vector products (left) and execution time in sec-
onds (right) between SLEPc GD and JD computing the eigenvalues closest to a target in non-
Hermitian problems. A mark above the line corresponds to an experiment with GD performing
better than JD.

Experiment III compares SLEPc GD and JD solvers with PRIMME’s JDQMR_Etol, in
which the JD correction equation is solved by QMR with an ad-hoc stopping criterion [Stathopou-
los, 2007, §3.3]. In this case, the eigenvalues closest to an interior target are computed in a
group of 99 standard Hermitian problems. We observe the same trend concerning the number
of converged pairs by GD and JD as in experiment II. PRIMME JD obtains better figures
than SLEPc solvers, possibly due to the effectiveness of the PRIMME stopping criterion, that
reduces significantly the number of matrix-vectors products (see Figure 2.6, left). However
this PRIMME advantage is less important considering the total time spent by the solvers (see
Figure 2.6, right).

2.4.2 Application 1: unstable modes of turbulent plasma

The plasma physics application GENE [Dannert and Jenko, 2005] computes micro-instabilities
in fusion plasma, solving the gyrokinetic equations, a set of nonlinear partial integro-differential
equations in five-dimensional phase space by means of the method of lines. In certain analyses,
a few rightmost eigenvalues of a large complex non-Hermitian linear operator (available through
matrix-vector products) must be computed, which is computationally hard because eigenval-
ues with large imaginary part dominate the spectrum. The required rightmost eigenvectors
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Figure 2.6: Comparison of number of matrix-vector products (left) and execution time in seconds
(right) between SLEPc JD (%) and PRIMME JD (®), taking the results of SLEPc GD as a
basis, when computing the eigenvalues closest to a target in standard Hermitian problems. A
mark above the line corresponds to an experiment with GD performing better than JD.

correspond to the unstable modes of the linearized gyrokinetic equation,

dg
ot
that describes the time evolution of the distribution of the particles in the plasma.

A study of the sequential and the parallel performance of SLEPc’s Jacobi-Davidson is pre-
sented in Ch. 4, computing two rightmost eigenvalues using the harmonic extraction and solving
the correction equation with BiCGStab(2) without preconditioner. The results reveal that the
dynamic stopping criterion in the iterative solution of the JD correction equation (see §2.3.1) ef-
fectively improves the parallel performance (by reducing the overall number of reductions), and
that the global performance has a strong dependence on the matrix-vector product performance.

An explicit sparse representation of the operator is not computationally feasible because of
the high density of the resulting matrix. Instead, we opted for building a preconditioner based
on a sparse part of the operator that still retains most of the information of the system. The
results in Ch. 5 corresponding to this preconditioning illustrate an acceleration of more than
10 times faster using ASM (restrictive Additive Schwarz Method) and more than 3 times using
pARMS, both preconditioners scaling well (see Figure 2.7, left). Moreover the work presents
a parameter scan test case in which similar problems are solved, and the total time is reduced
around 23% if the eigensolver’s initial subspaces are taken from the previously obtained solutions
enriched as described in §2.1.6.

Llg], (2.28)
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Figure 2.7: Speedup examples corresponding to GENE (left) and the DFT code (right) employ-
ing the SLEPc JD and GD solvers, respectively.

2.4.3 Application 2: electronic configuration of atoms

The Density Functional Theory (DFT) is one of the most popular methods that can be used
to compute the electronic structure (principally the ground state) of atoms and molecules.
The method requires the solution of the Schrédinger equation and the Poisson equation, that
are coupled to each other. The computational approach consists in applying a self-consistent
scheme, that is, the solution of the Schrodinger equation determines the next Poisson equation.
The alternate solution of both equations is stopped when their results do not differ from the
previous iterations under certain threshold.

After the discretization by the finite element method, the Poisson and Schrédinger equa-
tions result in a linear system and a generalized eigensystem, respectively, with large, sparse
Hermitian matrices. Both problems are solved approximately, and in the case of the eigenvalue
problem, the number of computed solutions depends on how many orbitals are sought.

Chapter 6 presents a comparison of different refinement strategies for the meshes generated
during the discretization. The computation of the smallest eigenvalues (corresponding to the
lowest energy orbitals) of the generalized Hermitian problems was done using GD with harmonic
extraction and block Jacobi as the preconditioner for the expansion. Results for sequential
and parallel performance are given, together with the acceleration produced by the subspace
recycling within the self-consistent loop, resulting in a speedup of 4 with respect to no recycling.
A sample parallel speedup is shown in Figure 2.7, right.
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2.5 Conclusions

This chapter has introduced the implementation of Davidson methods in the context of the
SLEPc library for the solution of Hermitian and non-Hermitian eigenvalue problems, both
standard and generalized. The proposed solvers incorporate state-of-the-art expansion meth-
ods (such as Generalized Davidson and some variants of Jacobi-Davidson), extraction techniques
(such as standard Rayleigh-Ritz and harmonic variants) and restart techniques (GD+k), ex-
posing a number of parameters that allow for the adaptation of the solver to the characteristics
of the problems. The solvers are robust and efficient by trying to maintain the structural prop-
erties of the original problem in the projected problem, and performing the operations in real
arithmetic whenever possible.

The implementations are fully integrated in the PETSc framework, as the rest of SLEPc
solvers, inheriting its benefits such as ease of solver customization via the command line (gener-
ally the optimal configuration is not straightforward), availability of a large variety of iterative
linear solvers and preconditioners even from external packages, and high-performance comput-
ing capabilities, mostly MPI but also increasing support for novel architectures like multi-cores
and GPUs.

In terms of practical use, the SLEPc Davidson solvers are competitive with respect to other
free parallel libraries, and even provide new features like the support for non-Hermitian prob-
lems and harmonic extraction methods. We have addressed two relevant scientific computing
applications, the computation of unstable modes of plasma and electronic configurations of
atoms, in which obtaining the corresponding eigenpairs is challenging for iterative solvers.




Chapter 3

A Double-Expansion Davidson
Method

We consider the generalized eigenvalue problem (GEP)
Ax = A\Bx, (3.1)

where A and B are nxn matrices, and are interested in interior eigenvalues close to a given target
7 € C. Efficient computation of these eigenvalues is a hard task that generally requires both a
suitable subspace extraction process (often harmonic Rayleigh-Ritz is used, see, e.g., [Stewart,
2001b]) and a quality subspace expansion method. This subspace expansion in turn generally
requires a (good) preconditioner and/or many steps of an iterative linear solver, depending on
the complexity of the problem at hand. In this chapter we assume that we have a preconditioner
M, which, for instance, may be an inexact LU-decomposition of A — 7B.

Tterative methods based on Krylov subspaces (for instance, Lanczos for Hermitian prob-
lems, and Arnoldi and Krylov-Schur for non-Hermitian problems) are widely used to compute
the eigenvalues in the extremes of the spectrum of standard eigenvalue problems. However,
Davidson methods may present better performance computing interior eigenvalues and/or in
generalized eigenproblems when exact solves with A — 7B are unaffordable, but some approxi-
mations are available, so-called preconditioners, [Davidson, 1975; van Lenthe and Pulay, 1990;
Crouzeix et al., 1994; Heuveline et al., 1997; Arbenz et al., 2006; Genseberger, 2010].

The outline of the chapter is as follows. We start with a review of the Davidson methods,
with a special interest in the expansions of Generalized Davidson (GD), Olsen (more robust
method than Generalized Davidson but twice preconditioner applications) and Jacobi-Davidson.
Then a new expansion is presented in §3.2, that tries to improve the robustness of Olsen at
the same cost in terms of preconditioner applications, and we compare the new expansion with
GD in terms of convergence. The section ends discussing some consideration for an optimal
implementation. After that, in §3.3 we offer some examples of the effectiveness of the new
expansion computing interior eigenvalues in a collection of problems.
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3.1 Expansions in Davidson methods

Starting with the introduction of the Davidson method [Davidson, 1975], there have been a
wide variety of developments in the subspace expansion. Generalized Davidson (GD) [Morgan
and Scott, 1986] introduces the first expansion that uses an arbitrary preconditioner, which
is applied to the residual to try to enrich the approximation in the direction of the desired
eigenvector. However, it may very well occur that the resulting vector is almost collinear to the
approximate eigenvector, leading to the stagnation of the method. The Olsen variant [Olsen
et al., 1990] attempts to avoid this situation by working on the orthogonal complement of the
span of the approximate eigenvector.

Jacobi-Davidson (JD) [Sleijpen and van der Vorst, 1996, 2000] also seeks to avoid the stag-
nation, but differs from the previous methods in the fact that the convergence of JD may
depend less on the quality of the preconditioner. The JD expansion results from the approxi-
mate solution of a linear system called the correction equation; the quality or the efficiency of
the computation may be enhanced by a preconditioner.

GD and Olsen are attractive because of their straightforward implementation and good
performance for easier problems. A major challenge in JD is the adaptive determination of
parameters such as the number of inner steps; see [Stathopoulos, 2007; Hochstenbach and
Notay, 2009] for recent progress in this direction. A rule-of-thumb is that JD may be necessary
for harder problems.

For interior eigenvalues subspace expansion methods include (inexact) Rayleigh quotient
iteration (RQI), (inexact) inverse iteration, or Jacobi-Davidson [Sleijpen et al., 1996]. Let
(f,u) =~ (A,x) be an approximate eigenpair, where u is in the search space . In the Jacobi-
Davidson method, a possible correction equation is

Buu*®
I— A—-60B)t=— 1 2
( u*Bu) ( 0B)t t tlu (3.2)

where r := Au—60Bu. This t is used to expand the search space. With the (standard) projected
preconditioning we solve t L Bu from

u*M-1Bu

M~!'Buu*
uw*M~—1Bu

—1 *
> M~Y(A—-6B)t = — <I _M"_Buu ) ~Ir.

First we note that we may approximate the solution t by just taking the right-hand side

M~!Buu* 1
b == (1 g i) M

This is a linear combination of M ~!(Au — §Bu) and M ! Bu, orthogonal to u. The subscript
reflects that fact that it is a generalization for the GEP of the approach advocated by Olsen et
al. [Olsen et al., 1990], who proposed the expansion

< M~ luu*

— 71 —
u*Mlu)M (Au — Ou)
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for the standard eigenvalue problem Ax = Ax.
We can also precondition (3.2) by a regular (unprojected) preconditioner (cf. [Hochstenbach
and Notay, 2009])

M (I - ff;u> (A—0B)t=M"'r, t.LBu

Again, we may approximate the solution t of (3.2) by just taking the right-hand side
tap = M~ r;

this approach is called generalized Davidson (GD) or also preconditioned inverse iteration (PIN-
VIT) in the literature (see, e.g., [Neymeyr, 2001]).

We now make some comparisons between t,)se,, and tgp. Suppose that M is a preconditioner
of good quality, for the moment we will assume that M~1 = (A — 7B)~! is an exact inverse.
Then, for this special case,

tolsen = —u + (ll*(A — TB)ilBll)il (A — TB)ilBll

and
tgp =u+ (1 —0)(A—7B)"'Bu

If 4 is very close to 7, which for instance may be possible if the target is quite accurate, it is clear
that tgp may degenerate. Indeed, the case that 6 = 7 suffers from the well-known “Davidson
paradox”: the perfect preconditioner gives no subspace expansion. The Olsen approach does
not share this disadvantage; note that

|(u*(A—7B)"*Bu)™' (A—7B)"'Bu| > 1.

However, a clear disadvantage of tesen is that, unless M ! is an exact inverse of A—7B as above,
this approach spends two actions of the preconditioner (M ~!Au and M ~'Bu, or M ~!Bu and
M~1(Au — §Bu)); while tgp spends only one. In the next section we propose a new approach
that attempt to turn this fact into a strength.

3.2 A double subspace expansion approach

Based on the observations of the previous section, we conclude that tgp is a comparatively
cheap approach and may be sensible in particular if the preconditioner is of good quality and
M~1(A—0B) is not close to the identity. On the other hand, the expansion tyjsen may be more
robust in general, but is twice as expensive in terms of actions with the preconditioner.

We now propose a new subspace expansion that may combine the strengths of the two
approaches: we will expand the search space by both M ! Au and M ~!Bu. While these vectors
will asymptotically be collinear, generally this will not be the case until very late in the process.

We note that this subspace expansion process has a number of potential favorable properties.
First, the expansion includes both t,sen and tgp. Second, by expanding the space by more
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Algorithm 3.1: Simplified Davidson for finding the eigenvalue closest to T

Input: initial eigenvector approximation u(®.
Output: %) and u® from the last iteration k.

1 Compute 00 = p(u®)

2 fori=0,1,2,... do

3 Compute the residual r® = (4 — () B) u®

4 Test for convergence

5 | Compute t® 1 B*Bu® such that [|(4 — rB)t® — r®| < &9 p@)|
6 Set ulth) = [u® — t@] =1 (u® — t) and 40+ = p(ult))

7 end

than one vector per outer iteration, effectively one (harmonic) Rayleigh—Ritz extraction process
is avoided, saving computational costs. Third, the new expansion relies on the robustness of
the extraction process to select the best combination of M ~'Au and M ~!Bu.

3.2.1 Comparative analysis

We introduce a simplified scheme of a Davidson method for seeking an eigenpair with the
eigenvalue close to 7, that does not take into account the subspace acceleration, and in which
the computed expansion at each iteration t(* is treated as an approximate solution of

(A—7B)t® =@, (3.3)

with a residual tolerance of 59 with respect to |[r()||. In this scheme the double expansion is
considered as the linear combination

M~ Au® + O~ Au®

with the (! that obtains the best solution of (3.3) under some criterion. The GD expansion
corresponds to setting (Y = —0(). The scheme is detailed in Algorithm 3.1.

Without loss of generality, for the following discussion we compute the approximate eigen-
value associated to an approximate eigenvector as the related generalized Rayleigh quotient

u*B*Au
u) = ——-— 3.4
() = LAY (3.4)
and we consider that the approximate eigenvectors u are normalized so that ||Bu| = 1.

Assume we have the approximate eigenvector u(” and an expansion
M=% = MY (A + D B)u®,

computed by either expansion. Consider t() in Algorithm 3.1 as a projection of the expansion
M=t orthogonal to B*Bu(?. We characterize the quality of the expansion by d(¥),
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(A—7B)t® =@ +d@ for t@ L B*Bu®. (3.5)

We can write (3.5) as o ‘ ‘ ,
(A—7B)M D =@ 4 aBu® +a®,

where . o _ _
u"B* B (MY — (A—7B)"!(x® 4+ dV))

. u@ B B(A— 7B)-1Bul '

This results in
QA —TB)M 't = (4 —B)OM 't = Qr + Qd?, (3.6)
where
Bu®u®*B*B(4 — rB)~! - A—7B)"'Buu"B*B
Q=1 uYu ( TB) and Q:I—( TB) uYu

- u@®*B*B(A — 7B)~1Bu® u)*B*B(A — rB)~'Bu®’

Hence we take t(9) := QM_I‘E(i), satisfying QM_lf(i) 1 B*Bu,
Then we approximate the distance to the best expansion by 6 := ||d?||, that for the GD
expansion is

06 = Iyl = (@A —rB)M ™ — 1)x®

Note that 58)D =0if M = A— 7B. In the case of GD2, 8() is a free parameter, and it is
(@)

opt that minimizes 6@ . Furthermore, we will assume that

possible to find the optimal value

GD2 selects 552 when computing the correction t(®).

Proposition 1. If GD2 selects () = B((j?t, then in general 5@3 > (58%2 and the equality holds
at every iteration if M = A — 17B.

Proof. If we rewrite (3.6) as
d9 = (QA—-7B)M~ — DrD + Q(A — 7B)M ' Bu® (3@ — 9¥))
=d% + QA - 7B)M ' Bu® (8 — o)), (3.7)
then the application of least squares leads to bound 58%2 as
s = mind® = [(Q(A —7B)M ™ Bu)*dgp | < dp] = 55,
where, by abuse of notation, we employ v* to denote the orthogonal projector I —v(v*v)~1v*.
Of course, when M = A — 7B, d(é)D = 0, and hence d(é)Dz =0. O

From Proposition 1 it seems clear that the case where the double subspace expansion is
more likely to be advantageous is in problems with preconditioners M ~! far from (A4 —7B)~1.
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Algorithm 3.2: Inexact Inverse Iteration

Input: initial approximate eigenvector u(®)
Output: %) and u® from the last iteration k
1 fori=1,2,...do
2 Choose the shift ¢(?) and the tolerance £(*)
3 Find y( such that

I(A = 0@ B)y® — Bu V|| <O ButY) (3.8)
4 Set u?) = y@||By®@||=! and () = p(u?)

Test for convergence

6 end

3.2.2 Convergence analysis

We approach the analysis of the convergence of GD by relating the Davidson iterations with
inexact inverse iterations.

A quite general convergence theory of Algorithm 3.2 is presented in [Freitag and Spence,
2007], for the computation of a finite eigenvalue 8; and the corresponding right eigenvector x;
of a generalized nonsymmetric eigenvalue problem. Consider the block factorization of A — 6B
as

—1 _ _ t11 0* . S11 o*
U~Y(A HB)X—[ 0 TQQ} 9{ 0 522}, (3.9)

with nonsingular square matrices U and X of size n. In [Freitag and Spence, 2007], u® is

decomposed as
u® = o® (Xlg(i) + Xgp(i)),
for some ¢V € C and p» € C*!, where X = [x; X5] and a(¥ is chosen so that |[Bu®|| = 1.
Then the quotient
) [[Sa2p™ ||
‘Sllc(i”
is introduced as a measure for convergence, since it can be interpreted as a generalized tangent

of the angle between u? and the eigenvector x;. The following theorem shows the conditions
guaranteeing that 7(*) decreases linearly.

Theorem 1. Let (61,%1) be an algebraically simple eigenpair of (3.1) and let the decomposition
(3.9) be induced by X1, with 601 = tll/sll_. Assume that the initial guess u(®) satisfies 0 <
[S22p || < 1 and 6D ¢ N(Thz, S22). If o'V and 7(;) are chosen in Algorithm 3.2 so that

[(Tog — 01552) ||~
2| Saz|

. 1 .
01 — o] < 15220 ||,
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and

) o'\t )

£V < s Bls1 ¢,
[Ba@ || {Juy

with 0 < 26 <1 — 7O then Algorithm 3.2 converges linearly.

Proof. See Theorem 3.4 in [Freitag and Spence, 2007]. O

Using the convergence theory of Inexact Inverse Iteration, we shall prove the linear con-
vergence of GD2. For that we rewrite the step of the computed correction t(¥) (step 5 in
Algorithm 3.1) represented by (3.5) in the form of (3.8),

(A—7B)(6® — u®)(r — 9@)L = Bu® = a%, (7 — 6D) 1,

Hence if the computed correction obtained in Algorithm 3.1, t( is used in Algorithm 3.2 as

we can bound 5?[)[, assuming that the inequality in step 5 of Algorithm 3.1 for the GD2 expan-
sion holds at every iteration (||d8)m\| < &r@)), as

00 = (A= o@B)y® — Bul=V|| = [|d%), |7 — 69|t < & |r@|||r — D71 (3.10)

Corollary 1. Let (A,x1) be an algebraically simple eigenpair of (3.1). Assume that the initial
vector u®), and the values of ¢V =7 and £ = fg?,, where

it = Glr @l =0 (3.11)
satisfy the conditions of Theorem 1. Then Algorithm 3.1 converges linearly to (A1,x1).
Proof. Note that |[Bu”| = 1 and (3.10) yield
51t < &l [r = 0971 < &7 Bu®||.

O

Note that the suggested value of 5%)1 of (3.11) is similar to the one proposed in [Freitag and
Spence, 2007, Remark 3.5].
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3.2.3 Algorithmic details

As a consequence of expanding the search subspace with two vectors, the matrix-vector product,
the preconditioner application and the orthogonalization of the search subspace double their
cost, at least, per iteration with respect to the single vector expansions. Rearranging the
operations in blocks may improve the data locality and reduce the time spent per vector.

Some high-performance libraries provide multivector versions of the sparse matrix-vector
product and are available even for new computer architectures such as multicore processors and
GPUs [Williams et al., 2009]. Unfortunately, the availability of multivector preconditioners is
quite rare. Still, in very large problems, consecutively applying the preconditioner to the vectors
may imply an effective time reduction since the second application can reuse the preconditioner
data already available in faster memory. An example of this can be found in Ch. 4.

The SVQB method [Stathopoulos and Wu, 2002] computes an orthogonal basis from a set
of vectors, but instead of orthogonalizing one vector at a time, it works with a block of vectors
employing matrix-matrix operations almost exclusively. An interesting candidate for updating
the search subspace V with several new vectors W is the GS-SVQB variant that combines a
Gram—Schmidt procedure to orthogonalize the new vectors against V., W < (I — VV*)W, and
SVQB for the inner orthogonalization of the new block. Like (classical or modified) Gram—
Schmidt, an iterative version of GS-SVQB that achieves good orthogonality levels is available.

Remark 1. As mentioned before, Au and Bu will asymptotically become linearly dependent.
Therefore, it may be sensible to first determine an orthonormal basis for [Au Bu] before applying
the preconditioner M. However, in our experiments we did not encounter an example in which
the orthogonalization of [Au Bu] decreased the number of iterations significantly.

3.3 Numerical results

First we illustrate the potential of the new expansion by computing interior eigenvalues of a
diagonal generalized eigenvalue problem of order n = 200, formed by diagonal matrices A and
B, with a; ; =7 and b; ; = n — i+ 1. We study the impact of the quality of the preconditioner
in the convergence. For that, we use a preconditioner with a configurable quality,

MJ'=(A—7B+aE)™, (3.12)

where E is a diagonal matrix whose diagonal elements are random numbers uniformly dis-
tributed in the interval [—1, 1]. The quality of a preconditioner M for A —7B may be estimated
by its difference relative to M:

V(M) = ||MH(M — (A= 7B))|| = I - M~ (A-7B)|.

For the above eigenproblem, we obtained larger values of v(M,) for larger values of a,, when «
has a relatively small value (see Table 3.1). We present results up to the point where this trend
is dramatically inverted, because for large values of a, v(M,) lowers to 1:

lim || — M (A—-7B)|| = lim [[(A—7B+ aE) taE| = 1.

a— 00
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Figure 3.1: Residual norm against preconditioner applications spent by single expansion (GD)
and the new expansion (GD2) using the high quality preconditioner My (left plot) and the low
quality preconditioner M, with o = 10%/3 (right plot).

We look for the eigenvalues closest to 7, which in this experiment is set to the arithmetic mean
of the eigenvalues of the pair (A, B). The tolerance on the residual norm for the convergence
of the eigenpair is 1071°. The search subspace is bounded to 50 vectors and the solvers restart
with 25 vectors. The harmonic Rayleigh-Ritz procedure is used to extract the approximate
eigenpairs from the search subspace. In Figure 3.1 we have plotted the residual norm against
the number of applications of the preconditioner (which is the same as the application of the
matrix A, and also for matrix B), until one eigenpair converges. We can infer from the left
plot that, in the case of using the high quality preconditioner M, the extra vector of the new
expansion does not accelerate the convergence, compared with GD. However, using the low
quality preconditioner M, with a = 103 the acceleration of the new expansion is evident.
Table 3.1 shows the progressive effect of the preconditioner quality on the total number of
preconditioner applications required by the solvers. One sees that the new expansion is less
sensitive to the lack of preconditioner quality and its performance is significantly better in (very)
low quality cases (like the case of o = 100, in which GD required more than 1000 iterations to
converge).

We tested the approach also on standard eigenvalue problems, in particular with a diagonal
matrix A with entries a; ; = i/(n—i+1), that has the same solutions as the generalized example
above. In this case, we found that the convergence history is very similar to the one shown in
Fig. 3.1.

We have checked the conclusion inferred in the previous simple case by testing the new
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Table 3.1: Tterations spent by the solvers versus the preconditioner quality

a 105 105 105 10% 105 105 10%
v(M,) | 1.2 1.1 25 96 31.3 251.6 205
cD 13 16 22 34 65 174 -
GD2 18 22 28 34 50 78 126

expansion in a collection of 262 problems, both standard and generalized. The problem matrices
were taken from the real and complex matrices available in the University of Florida Sparse
Matrix Collection [Davis and Hu, 2011], disregarding their original application. The targets
have been set to the arithmetic mean of the eigenvalues of the problem, which guarantees that
the obtained approximate eigenvalues are interior. The tolerance on the residual norm for the
converged eigenpair was 1077 ||A|2 and 1077(||Al|2 + |0|||B||2), respectively, for standard and
generalized eigenproblems. These stopping criteria come from the backward stability theory
applied to eigenvalue problems and is useful to automatically set sensible tolerances considering
the conditioning of the problem (see [Higham and Higham, 1998, Th. 2.1]). The preconditioner
used was the standard incomplete LU factorization without fill-in, ILU(0), provided by the
Matlab function ilu. The search subspace is bounded to 100 vectors and the solvers were
configured to restart with 50 vectors. All the problems are solved five times with different
random initial vectors (but the same vectors for both methods).

We present the time and the iterations spent by an experimental code in Matlab with
harmonic Rayleigh-Ritz procedure to extract the eigenvalues close to the target, thick restart
and the possibility of selecting between the single expansion (GD) or the double expansion
(GD2) approach. The executions were carry out on a machine consisting of 256 JS20 blade
computing nodes, each of them with two 64-bit PowerPC 9704 processors running at 2.2 GHz.
The interpreter of the Matlab code was Octave 3.3.54.

Considering an iteration as adding one vector to the search subspace, the left plot in Figure
3.2 represents the gain in iterations of the new expansion over the single expansion against the
quality of the ILU(0) preconditioner. It is possible to observe two clusters of points roughly
separated by the gain 0.7 and the quality 10: in general the preconditioner quality of the points
with a gain lower than 0.7 is less than 10, and the preconditioner quality of the points with a
gain higher than 0.7 is more than 10. This tendency strengthens our hypothesis that the new
expansion is more suitable for low quality preconditioners.

Finally, we present some timing results. Our code uses the Matlab multivector matrix-
vector product and the multivector preconditioner application. We note that instead of a block
orthogonalization procedure (discussed in the previous section), the simpler repeated classical
Gram—Schmidt procedure is used. The right plot in Figure 3.2 represents the gain in time of
the new expansion over the single expansion. We can observe that the quality-gain pattern is
similar to the pattern shown by the left plot: the single expansion is faster in 115 out of 169
(68%) problems with preconditioner quality less than 10, while the double expansion is faster
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Figure 3.2: Gain of the new expansion (GD2) over the single expansion (GD) in number of
preconditioner applications (left plot) and time (right plot), versus the quality of the ILU(0)
decomposition as preconditioner.

in 85 out of 93 (91%) with preconditioner quality greater than 10.

3.4 Conclusions

We have proposed a new subspace expansion method, as an alternative to Olsen and Generalized
Davidson. Compared to Olsen, the new approach has a double expansion with the same number
of applications of the preconditioner. Compared to Generalized Davidson, the method doubles
the number of actions of the preconditioner per outer iteration, but not when compared to the
size of the subspace. Based on the analysis comparing the convergence of both Generalized
Davidson and the double expansion with Inexact Inverse Iteration, the new approach seems
to be most promising for relatively low-quality preconditioners. This conclusion is supported
by comparing the performance of the methods computing interior eigenvalues in the proposed
collection of eigenproblems.

The convergence analysis did not consider the extraction method neither the subspace ac-
celeration, although it is reasonable to think that they may play an important role in the
robustness of the method. Their influence, besides the influence of a block orthogonalization
like GS-SVQB, in the performance of the method are left for future work.

We remark that a prototype of the proposed method has already been implemented in
SLEPc.
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Chapter 4

Parallel Jacobi-Davidson in
GENE

We are concerned with the standard eigenvalue problem defined by a large, sparse matrix
A of order n, Ax = Az, where the scalar A is called the eigenvalue, and the m-vector x is
called the eigenvector. Many iterative methods are available for the partial solution of the
above problem, that is, for computing a subset of the eigenvalues. The most popular ones
are Krylov projection methods such as Lanczos, Arnoldi or Krylov-Schur, and Davidson-type
methods such as Generalized Davidson or Jacobi-Davidson. Details of these methods can be
found in [Bai et al., 2000]. Krylov methods achieve good performance when computing extreme
eigenvalues, but usually fail to compute interior eigenvalues. In that case, the convergence
can be improved by combining the method with a spectral transformation technique, i.e., to
solve (A — oI)"'x = 0z instead of Az = Az. The drawback of this approach is the added
high computational cost of solving large linear systems at each iteration of the eigensolver.
Moreover, for stability reasons these systems must be solved very accurately (normally with
direct methods). Davidson-type methods aim at reducing the cost by solving linear systems
approximately, without compromising the robustness, usually with iterative methods. This
topic is treated, e.g., in [Hochstenbach and Notay, 2009].

Davidson methods are becoming an excellent alternative due to the possibility of striking
a balance between numerical behaviour and computational performance. A powerful precon-
ditioner (close to the matrix inverse), if available, can usually reduce the number of iterations
significantly. However, in practice its use is normally too expensive computationally and may be
difficult to parallelize, thus dominating the cost of the eigensolver. Otherwise, depending on the
performance of the matrix-vector product, the preconditioner and the orthogonalization, there
exist Davidson-type variants that can be competitive with respect to Krylov-type eigensolvers.
This chapter illustrates an example of this.

In this chapter, we show results for the eigenvalue calculation that takes place in the plasma
physics application GENE, that solves a set of non-linear partial integro-differential equations
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Figure 4.1: Spectrum of the linearized operator of a GENE problem similar to the test case I
(Table 4.1). The largest magnitude (circle marks) and the rightmost (cross marks) eigenvalues
are desired.

in five-dimensional phase space by means of the method of lines. Because of the shape of
the spectrum (see Fig. 4.1), computing the largest magnitude eigenvalues of the linearized
operator is not particularly difficult, despite the unfavorable characteristics of the problem
(complex non-Hermitian with matrix in implicit form). However, the case of computing the
rightmost eigenvalues is much more difficult from the numerical point of view, since these
eigenvalues are much smaller in magnitude compared to the dominant ones. This makes the
computational problem challenging and suitable as a testbed for our new parallel eigensolver
running on distributed memory architectures.

The rest of the chapter is organized as follows. First we describe the Jacobi-Davidson method
with harmonic extraction for standard problems without considering the preconditioning. Then
the implementation details, including how the method is parallelized, are discussed. Next we
provide a brief description of the application. The performance of the parallel eigensolver in
this application is presented in the results section. Finally, we wrap up with some conclusions.

4.1 The Jacobi-Davidson method

Davidson-type methods belong to the class of subspace projection methods, where approximate
eigenvectors are taken from a search subspace V. Each iteration of these methods has two phases:
subspace extraction and expansion. In the extraction phase, the solver selects the best (in terms
of closeness to the desired region of the spectrum) from all available eigenpair approximations
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contained in V. In the subspace expansion, a correction for the selected eigenpair is added to
V.

The subspace expansion distinguishes a Davidson-type variant from others. Jacobi-Davidson
computes a correction d orthogonal to the selected approximate eigenvector x (considered
normalized, ||X|| = 1) as an approximate solution of the so-called Jacobi orthogonal component
correction (JOCC) [Jacobi, 1846] equation

AF+d) = \x+d), %Ld (4.1)

The correction d can be approximately obtained by the solution of the following system, often
referred to as the Jacobi-Davidson correction equation [Sleijpen and van der Vorst, 1996],

(I — %" (A - éI) (I —xx")d = —r, (4.2)

where r := A% — 0% is the residual associated to the selected approximate eigenpair (6, %).
However from (4.1) it is possible to formulate different linear systems. For our purpose, we
implement the correction equation

(I -z ) (A - 91) (I -xx")d = —r, (4.3)
7*7
where z € span{A%,x}. The equation comes from the one used in JDQZ [Fokkema et al.,
1999, simplified for standard problems. This variant shows excellent results computing interior
eigenvalues [Fokkema et al., 1999, Section 4.3].

If (4.3) is solved exactly, one step of the algorithm turns out to be one step of the Rayleigh
Quotient Iteration, which converges almost quadratically [Fokkema et al., 1999]. Otherwise,
if it is solved approximately, this high convergence rate may get lost. There is a trade-off
between speed of convergence and the amount of work one is willing to spend for solving the
equation, that is easily tuned if an iterative method is used. In practice, the performance of
the eigensolver depends dramatically on a suitable stopping criterion for the iterative method.

Note that the correction equation (4.3) involves an operator for which the domain and the
image space differ, due to the projectors when x # z. This can be problematic while forming
powers of the coefficient matrix, like in the iterative solution of the correction equation using
Krylov methods. Our implementation includes the solution proposed in [Sleijpen et al., 1998,
Section 3.2] and in [Fokkema et al., 1999, Section 2.6], that solves instead the equation

(I - >Z<Xz> (A - 51) <I - ixz) d=-r. (4.4)

In the subspace extraction phase, Davidson-type methods classically impose the Ritz-Galerkin
condition to the eigenpair (0, %) that will be selected,

r=Ax—6x L V. (4.5)

Since x € V, it is possible to express X = Vu, V being an orthogonal basis of V. This leads to
the low-dimensional projected eigenproblem V*AVu = fu.
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In practice this extraction technique, called Rayleigh-Ritz projection, obtains good conver-
gence rates when the eigenvalues of interest are those located at the periphery of the spec-
trum. However, it gives poor approximate eigenvectors for interior eigenvalues. The harmonic
Rayleigh-Ritz method was proposed in [Morgan, 1991; Paige et al., 1995] as an alternative
extraction technique for this case.

Assuming that interior eigenvalues close to a given target 7 are desired, harmonic Rayleigh-
Ritz imposes the Petrov-Galerkin condition

(A—ThHx—¢(x LW =(A—-1I)VY (4.6)

to the selected eigenpair (5, X) with X = Vu, where £ = 6 — 7. For numerical stability reasons,
both V and W (a basis of W) are constructed to be orthonormal. The relation between the
two bases is given by (A —7I)V = WH, where H is upper triangular. Similarly to the previous
case, this leads to the projected eigenproblem

Hu={W*Vu, (4.7

considering that W*(A — 7I)V = H. Then the smallest magnitude pairs (£, u) of (4.7) corre-
spond to the pairs (£ +7,Vu) in V closest to the target 7.

The eigenvectors of the projected eigenproblem, U, are not orthogonal in general, so updates
such as VUi, would require reorthogonalizing the resulting basis. For improved stability,
instead of directly computing the eigenpairs of the projected problem, the generalized Schur
decomposition of (4.7) is computed,

H = ZSU“'(7 W*V = ZTU*, such that U*U =77 = I, where 61 = Si,i/ti,i~

At the end, the method works with Schur vectors along the computation, and the solver has
obtained a partial Schur decomposition from which it is possible to compute the corresponding
approximate eigenpairs.

The harmonic pairs are employed in other parts of the method, e.g., the associated left vector
of the selected pairs are set as z in the correction equation (4.4), and in the restart, the bases
V and W are replaced by VUj.p, ., and W Z1.,, . respectively.

Algorithm 4.1 summarizes the scheme of a Jacobi-Davidson method with harmonic Rayleigh-
Ritz extraction. Note that the algorithm illustrates a block version, i.e., s eigenpair approxi-
mations are improved simultaneously in each iteration. As in all iterative algorithms based on
expanding subspaces, due to memory limitations and in order to improve efficiency, the maxi-
mum size of the search and test subspaces have to be bounded. Thus, it is necessary to restart
the computation whenever the available space for new basis vectors is exhausted. The thick
restart technique [Stathopoulos et al., 1998] resets the subspace with the best my,i, approximate
eigenvectors when its size reaches mmyax. A related issue is locking of already converged eigen-
vectors X, a deflation technique that amounts to extracting them from the active basis in order
to avoid unnecessary computation for further improvement. When an eigenpair converges, it is
removed from the subspace bases V' and W, and in subsequent iterations the new d vectors are
orthogonalized against all locked vectors.

For a more detailed description, the reader is referred to [Sleijpen and van der Vorst, 1996;
Fokkema et al., 1999; Sleijpen et al., 1996, 1998].
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Algorithm 4.1: Harmonic non-Hermitian Jacobi-Davidson

5L VU VI

© ® N o

10
11
12
13
14

15
16
17
18
19
20

Input: matrix A of size n, number of wanted eigenpairs p, block size s, initial dimension

of V' mg, maximum size of V' My, restart with my;, vectors

Output: resulting eigenvalues © and Schur vectors X

Choose a starting subspace basis V' of mg vectors, such that V*V = I,
Compute W such that (A —71)V = WH and W*W = I,

Set m < mg, [ < 0,0 < ) and X <

while [ < p do

Extraction: Compute the Schur pairs (é, X ), from the generalized Schur decomp.
H=Z5U* and W*V = ZTU*, where X = VU and él =s;i/tii+T

Sort the Schur pairs (6, X)

Obtain the number of converged pairs k

if £ > 0 then

Add eigenvalues 51, ceey gk to ©

Set X < [X Xy, V ¢ VUpitim and W < W Zg1.:m

Set m—m—kandl <+ [+ k

end

if m > myq. then

Set V < VUipmoins W = W Z1mis © < Ot 1oy X =V, U =Z = I
and m < Muyin

end

Expansion: Compute the correction D as in (4.4) for the first s pairs (é, )})
Set V « [V orthonormalize([X V], D)]

Set W < [W orthonormalize([X W], (A — 71)Vim+s))

Set m < m—+s

end

4.2 Implementation description

In this section, we describe the details of our particular implementation, with special attention
to the parallelization and important aspects such as the solution of the correction equation.

4.2.1 Overview of SLEPc

SLEPc, the Scalable Library for Eigenvalue Problem Computations [Hernandez et al., 2005],
is a software library for the parallel solution of large-scale, sparse eigenvalue problems. It was
designed to solve problems formulated in either standard or generalized form, both Hermitian
and non-Hermitian, with either real or complex arithmetic. It can also be used for singular
value and quadratic eigenvalue problems.




4.2. Implementation description Chapter 4. Parallel Jacobi-Davidson in GENE

SLEPc provides a collection of eigensolvers on top of PETSc (Portable, Extensible Toolkit
for Scientific Computation, [Balay et al., 2010]), including Krylov-Schur, Arnoldi, Lanczos,
Subspace Iteration and Power/RQI. Davidson-type solvers were missing, and this motivated
the development of our implementation, which was finally included in SLEPc 3.1 (released in
August 2010).

PETSc is a parallel framework for the numerical solution of partial differential equations,
whose approach is to encapsulate mathematical algorithms using object-oriented programming
techniques in order to be able to manage the complexity of efficient numerical message-passing
codes. PETSc is object-oriented in the sense that all the code is built around a set of data
structures and algorithmic objects. The application programmer works directly with these
objects rather than concentrating on the underlying data structures. The three basic abstract
data objects are index sets, vectors and matrices. Built on top of this foundation are various
classes of solver objects, including linear, nonlinear and time-stepping solvers. Many different
iterative linear solvers are provided, including GMRES, BiCGstab and BiCGstab(¢) [Sleijpen
and Fokkema, 1993], which can be combined with different preconditioners.

SLEPc eigensolvers rely on the parallel implementation of vector operations, the matrix-
vector product and linear equation solvers. Basic implementations of these operations are
supplied by PETSc objects. However, certain time-consuming, critical operations have custom
implementation in SLEPc in order to improve the overall performance, as explained below.

4.2.2 Parallelization details

The problem matrix A and the vectors of size n, e.g., those stored in V, W, X X and R, are
distributed by blocks of rows in the corresponding matrices. The rest of vectors and matrices
of size bounded by mpy.x < n, e.g., the matrices H, U and Z, are replicated in all nodes.

Operations involving distributed operands are parallelized. These include updating W,
computing the coefficient matrices of the projected eigensystem (H, W*V'), the selected Ritz
vectors X and their residuals R, solving the correction equation (4.4) and orthogonalizing V'
and W.

The search subspace V is initialized with a basis of randomly generated vectors in parallel,
taking care that each processor generates different random sequences.

The orthogonalization is based on a variant of classical Gram-Schmidt with selective re-
orthogonalization, providing both numerical robustness and good parallel efficiency [Hernandez
et al., 2007]. The Schur decomposition of the projected problem and other minor computations
are replicated in all nodes.

PETSc only provides basic support for multivectors (a multivector can be seen as a thin tall
matrix, or a set of vectors that should be stored contiguously for memory efficiency). In order to
develop an optimized version of Jacobi-Davidson it is necessary to implement basic multivector
operations using BLAS to perform the local calculations. We provide an implementation in
which individual vectors in a multivector can be used in common PETSc functions.

The most time-consuming operations are the multivector inner product W*V and the update
VU. However, PETSc only implements the level 2 BLAS operations W*v; and Vu,;. For W*V |
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our implementation (i) performs the level 3 BLAS matrix-matrix product of the locally stored
parts of V and W on each process, and then (ii) sums up all of them with a single call to an
MPI reduction operation. For VU, it performs the BLAS matrix-matrix product of the locally
stored part of V' and the whole U.

4.2.3 Solution of the correction equation

The correction equation (4.4) is solved using PETSc’s Krylov linear solvers, which need to
compute matrix-vector products with the coefficient matrix. In this case, performing the shifting
and the projections implicitly is more efficient than explicitly building the coefficient matrix.
Also, applying only the left projector is sufficient to guarantee the condition d L X, provided
that a Krylov solver is used with a zero starting vector, as shown in [Sleijpen et al., 1998].

The trade-off between performance and global convergence is controlled in two ways. First,
the maximum number of iterations and the relative residual tolerance can be tuned for the linear
system solver. Generally, increasing the number of linear solver iterations (inner iterations)
causes a decrease of the global method iterations (outer iterations). In §4.4.1 we will compare
the performance of two stopping criteria.

Secondly, the convergence behaviour of different Krylov solvers depends on the properties of
the problem. We have tested two well-known solvers of this family: GMRES and BiCGstab(¢).
They have different parallel behaviour because GMRES generally requires less matrix-vector
products than BiCGstab(¢), but in contrast it has to explicitly maintain an orthonormalized
basis whereas BiCGstab does not.

Finally, it is noteworthy that in the first outer steps the pairs resulting from the (harmonic)
Rayleigh-Ritz procedure are usually poor approximations of the desired eigenpairs, and the
target 7 may be a relatively better approximation. Therefore, when the selected eigenpair’s
associated residual norm is greater than a threshold value fiz, the correction equation (4.4) is
solved with @ = 7 instead [Fokkema et al., 1999, Section 4.0.1].

In principle, the preconditioning of the correction equation is desirable. However, this issue
is not addressed in this chapter because, as we will see below, the application matrix is defined
in implicit form, thus preventing from computing conventional preconditioners. Instead it is
treated in Ch. 5.

4.3 GENE: A gyrokinetic plasma simulation code

One of the main goals of plasma simulation is to study the micro-instabilities that drive turbu-
lence which in turn produces anomalous transport. This analysis must be done to determine
the energy confinement time, a crucial parameter for the design of a fusion reactor.

GENE [Dannert and Jenko, 2005] is a massively parallel plasma simulation code written in
Fortran 90/95, which is based on the numerical solution of the gyrokinetic equations. These
equations stem from a simplification of the Maxwell-Boltzmann equations by eliminating the
fast gyration of ions and electrons in strongly magnetized, dilute plasmas. This periodic motion

— 61 —
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is not relevant for most investigations, usually focusing on observables related to much slower
time scales such as the net particle transport.
The linearized gyrokinetic equation can be written schematically as

dg

ot
where £ is a time independent, complex, non-Hermitian integro-differential operator. It de-
scribes the time evolution of the modified distribution function of the gyrocentres g, which is
a (scalar) function of the perpendicular spatial wave vector (k,, k), the coordinate z parallel
to the magnetic field, the velocity parallel to the magnetic field v, the magnetic moment p,
and the species label j. The GENE code follows an Eulerian approach. In particular, an ex-
plicit Runge-Kutta scheme is used for time integration, while the semi-discretization of phase
space variables is done with a fixed grid and a combination of spectral and finite difference
techniques. In GENE, the operator matrix is never computed explicitly, but implemented in a
highly parallelized and efficient matrix-free form. For reasonably accurate models, the size of
the problem ranges from several hundred thousand for linear simulations up to a few billion for
nonlinear problems.

In GENE, some selected eigenvalues of the linearized operator need to be computed. In
[Roman et al., 2010], the Krylov eigensolvers available in SLEPc are used for this. One scenario
is the computation of the largest magnitude eigenvalue (circled in the spectrum of Fig. 4.1) in
order to estimate the optimal timestep of the initial value solver. In this case, Krylov solvers
converge very fast. In a different context, SLEPc is also used for computing the subdominant
unstable modes, i.e., the rightmost eigenvalues (crosses in Fig. 4.1). Due to the shape of the
spectrum, these eigenvalues are much more difficult to compute. In [Roman et al., 2010],
it is shown that the Krylov-Schur method with harmonic extraction has a reasonably good
performance, compared to plain Krylov-Schur with spectral transformation. In the next section,
we will show that our Jacobi-Davidson implementation performs even better. Computing these
rightmost eigenpairs very fast is critical for some kind of analyses, e.g., when tracking the
subdominant modes for varying values of several parameters [Merz and Jenko, 2010], in which
case a sequence of eigenproblems has to be solved.

Llg], (4.8)

4.4 Computational results

This section summarizes the experiments carried out in order to evaluate the performance of
our implementation, particularly in terms of scalability to a large number of processes.

The experiments are executed on Tirant, a machine consisting of 256 JS20 blade computing
nodes, each of them with two 64-bit PowerPC 970+ processors running at 2.2 GHz, and inter-
connected with a low latency Myrinet network. Only 256 processors are used due to account
limitations.

The following software is employed: GENE 1.4, PETSc 3.1, SLEPc¢ 3.1 and LAPACK 3.2.1.
All of them are built with the IBM compilers XL for C and Fortran, and linked with the BLAS
routines in ESSL and MPICH 1.2.7.
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Table 4.1: Test case I: GENE configuration for a very unstable kinetic ballooning mode with
growth rate of 0.2055 and frequency of 0.2872 and another unstable mode (0.1227 — 0.44943).

Dir. Resol. Boxsize Geom. & other params. | Param. Ions  Electrons
s 2 geom. circular | R/L, 2.0 2.0
T 12 lz 125.628 § 0.8 R/Lr 3.125 3.375
Y 1 Ky, min 0.25 qo 1.4 mass 1.0 0.00027
z 24 trpeps 0.18 charge 1.0 -1.0
v 48 Ly 3.0 B 0.001 T 1.0 1.5
1 12 lu 9.0 (hyp=, hyps) (2, 0.5) dens 1.0 1.0

Table 4.2: Test case II: GENE configuration similar to test case I but with a more realistic
species configuration: deuterium, tritium, helium and electrons.

Dir. Resol. Boxsize Geom. & other params. | Param. 2H SH He e
s 4 geom. circular | R/L, 25 25 25 2.5
x 12 lz  auto § 0.8 R/Lr 35 35 35 4.0
Y 1 ky,min 0.25 Qo 14 mass 2.014 3.016 4.002 5.4e-4
z 24 trpeps 0.18 charge 1 1 2 -1
v 48 ly 3.0 B 0.001 T 1.0 10 1.0 1.5
I 8 lu 9.0 | (hyp-, hypy) (2, 0.5) dens 045 045 0.05 1.0

Three different GENE parameter settings are used, detailed in the Tables 4.1, 4.2 and 4.3.
These can be considered real use scenarios. In our previous work [Romero and Roman, 2010],
only a lower resolution version of the test case 4.1 was employed. The GENE parameters
shown in the tables determine the size and the spectrum of the associated eigenproblem (which
influence the convergence of the solvers), and change the performance of matrix-vector products
(which is an important part of the overall performance).

All experiments in this section are run using the default domain distribution (how many
groups of processes there are in each direction) computed by GENE. For instance, when running
test case II with 64 processes the default is to split the s, x, y, z, v, and p directions in 4, 2,
8, 1, 1, 1, respectively. The impact of different domain distributions on parallel performance is
studied in [Roman et al., 2010] and [Romero and Roman, 2010].

The Jacobi-Davidson solver will be compared with the fastest alternative found in [Roman
et al., 2010], that is the Krylov-Schur method with harmonic extraction, which is available in
SLEPc. Both solvers are configured for computing the two eigenvalues with largest real part
(that correspond to the two instabilities with largest growth rates), with a tolerance of 1075 for
the residual norm relative to the magnitude of the eigenvalue. The search subspace is limited to
64 vectors, and when it is full, Krylov-Schur restarts with 32 vectors whereas Jacobi-Davidson
keeps only 8. We have used block size 1, since larger values do not improve the performance in
this case.

The harmonic procedure in both eigensolvers needs a target (called 7 in Algorithm 4.1),
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Table 4.3: Test case III: GENE configuration corresponding to a stellarator device.

Dir. Resol. Boxsize Geom. & other params. Param. Ions Electrons
s 2 geom. tracer R/L, 0.0 0.0
x 3 le auto file hmi28.dat | R/Lr 4.0 0.0
y 1 kymin 0.3 $ -0.1088 mass 1.0 0.0025
z 128 qo 1.11 charge 1.0 -1.0
v 48 ly 3.0 B 0.001 T 1.0 1.0
I 12 lu 9.0 | (hyp:,hypy) (5, 0.5) dens 1.0 1.0

that is, a point in the complex plane whose nearest eigenvalues are the desired ones. In the
experiments the target is set to 1, which is a reasonable assumption for the upper bound for
the real part of the eigenvalues for the problem at hand.

4.4.1 Stopping criterion for the correction equation solver

As already remarked, the way in which the correction equation is solved has a significant
impact on the overall performance of the method. Our study in [Romero and Roman, 2010]
compares the performance of Jacobi-Davidson when solving the correction equation with 110
iterations of GMRES and BiCGstab(2), showing that the latter obtained better results (this
can be attributed to the high overhead of basis orthogonalization in GMRES). In this chapter,
we extend the analysis by testing more flexible criteria with BiCGstab(2).

Figure 4.2 shows the time spent by Jacobi-Davidson using four processes when solving test
case I with the BiCGstab(2) solver configured to perform 25, 50 and 80 (inner) iterations. We
also consider modified versions of these configurations using a variable tolerance, that is, the
iterative solution of the correction equation is stopped earlier if

Il < 2771 O,

where () is the residual of the correction equation at the linear solver iteration j, and i is the
current outer iteration. This criterion comes from Newton methods and its use in the context of
Jacobi-Davidson is suggested in [Fokkema et al., 1999], and is also used in [Genseberger, 2010].

From the figure, we observe that the best times are obtained limiting the number of iterations
to 80, and in general the more iterations, the better time. In all cases, the variable tolerance
criterion slightly reduces the time and, more importantly, significantly reduces the number
of parallel reductions. Parallel reductions require the synchronization of all processes and
constitute a great penalty for the scalability of the method. If we repeat the analysis for a
larger number of processes, we will see that using more iterations may be counterproductive
because overhead associated to collective communication becomes more important. Therefore,
in subsequent experiments we use the variable tolerance criterion with a maximum number of
inner iterations of 50.
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Figure 4.2: Time (in seconds, left axis) and number of reductions (right axis) spent by Jacobi-
Davidson solving the test case I with four processes. The correction equation is solved with
BiCGstab(2) and a maximum number of iterations of 25, 50 and 80. The cases labeled as “var”
use a variable tolerance for the stopping criterion. The total time is split into matrix-vector
products (MV) and vector operations without (Ops 0) and with (Ops 1) communication.

4.4.2 Jacobi-Davidson versus Krylov-Schur

Figure 4.3 compares the results of Jacobi-Davidson and Krylov-Schur for test cases I, IT and III.
With four processes (left plot) the advantage of Jacobi-Davidson is clear. However, the difference
between both methods is reduced significantly when the number of processes increases, as can
be appreciated in the results with 256 processes (right plot) and in the speedups in Figure 4.4
commented below.

One of the possible causes is that Jacobi-Davidson needs more than twice as many matrix-
vector products as Krylov-Schur (see Table 4.4), but the order in which they are performed
(quite consecutive compared to Krylov-Schur) allows the cache to reduce this penalty. When
the local problem size is small enough, Krylov-Schur performs the matrix-vector product as fast
as Jacobi-Davidson and the excess of matrix-vector products in Jacobi-Davidson is reflected in
the time (see matrix-vector product times in the bottom right plot of Figure 4.4).

Another explanation is the fact that Jacobi-Davidson performs approximately five times
more parallel reductions than Krylov-Schur (see Table 4.4). Some parallel reductions are per-
formed in the orthogonalization procedure and others in the iterations of the solution of the
correction equation. The latter is the main source of parallel reductions in Jacobi-Davidson,
and keeping their number small is necessary for a competitive implementation.
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Figure 4.3: Time (in seconds) using Krylov-Schur (KS) and Jacobi-Davidson (JD) with
BiCGstab(2) solving test cases I, II and III with 4 (left) and 256 (right) processes. The total
time is split into matrix-vector products (MV) and vector operations without (Ops 0) and with
(Ops 1) communication.
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4.4.3 Speedup and Scalability

Figure 4.4 illustrates the speedups, in the strong scaling sense, of Jacobi-Davidson and Krylov-
Schur solving the test cases I, IT and III. The time spent by Jacobi-Davidson in four processes
is selected as the reference time for the speedup in each test case. The bottom right plot shows
the speedup of the matrix-vector product taking as basis the performance in Jacobi-Davidson.

We can observe that there is a clear connection between the speedup of the matrix-vector
product and the total speedup. The reason is that this operation approximately accounts for
50% of the total time in Jacobi-Davidson and just 33% in Krylov-Schur, with 256 processes.
This can explain the poor speedup results for test case I. In each test case, the trend of the
global speedup inherits the trend of the matrix-vector product as the number of processes grows.

Finally, Figure 4.5 illustrates the weak scaling scenario, plotting the time spent by the
eigensolvers in the solution of the cases I (left plot) and IT (right plot) with the resolution of the
v direction increased. It is observed that both solvers are comparably good, with the exception
of the anomalous and punctual malfunction of Krylov-Schur with 16 and 32 processes due to
extremely slow convergence (this may not happen with a different set of parameters).
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Table 4.4: Total number of matrix-vector products (#MV), total time spent by them (T. MV)
in seconds, average time spent by one product (T./#MV), and number of reductions (#red.)
performed by both methods when solving the test cases with four processes.

Krylov-Schur Jacobi-Davidson
Case | #MV  T. MV(s) T./#MV(s) #red. | #MV T. MV(s) T./#MV(s) #red.
I |119776 5226.2 0.0436 177000 | 297147  7185.15 0.0241 865900
II | 67136  5299.4 0.0789 100700 | 169685 5754.05 0.0339 494000
IIT | 45216  2439.6 0.0539 66960 | 110499 2527.2 0.0228 321100

4.5 Conclusions

We have presented a parallel implementation of the Jacobi-Davidson eigensolver for complex
non-Hermitian matrices. The proposed solver incorporates all the ingredients necessary to be
competitive with other solvers, such as restart and locking with Schur vectors. It is also equipped
with harmonic extraction for finding interior eigenvalues, and several options for the efficient
solution of the correction equation (projectors, preconditioning, and the fix parameter). The
implementation has been carried out in the context of SLEPc, where the user is able to easily
adjust the different parameters for the best performance.

In order to analyze the performance of the new solver, we have addressed a relevant scien-
tific computing application, namely the computation of micro-instabilities in fusion plasmas as
implemented in the GENE code. This application requires computing the rightmost eigenval-
ues (unstable modes) of a discretized advection dominated partial integro-differential equation,
where the matrix has almost pure imaginary eigenvalues. This problem is a challenge for iter-
ative eigensolvers.

The comparison, in terms of time, with the harmonic Krylov-Schur method is very favorable,
being Jacobi-Davidson up to four times faster in some cases. However, this gain is diminished
when the local problem size is small, that is, both methods become nearly equivalent when
increasing the number of processes, although in absolute terms Jacobi-Davidson is still faster,
at least up to 256 processes with the problems tested. The reason for this behaviour is that the
Jacobi-Davidson eigensolver, in order to be competitive with respect to Krylov-Schur, needs to
perform many inner iterations. In this way, the cost is dominated by the matrix-vector product
operation. In the considered application, the parallel efficiency of the matrix-vector product is
rather variable, depending on the configuration of the GENE parameters.

In terms of practical use, we have shown that Jacobi-Davidson is a competitive method
for GENE, even without using a preconditioner. It remains as a topic for further research
the addressing of the correction equation preconditioning by, for instance, designing a specific
preconditioner for the GENE linearized operator (see Ch. 5). Furthermore, it may be inter-
esting to consider other iterative methods for solving the correction equation, such as deflated
restarting GMRES [Morgan, 2002], and advanced stopping criteria, such as those proposed in
[Hochstenbach and Notay, 2009).
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Figure 4.4: Speedups solving the test cases I (top left), IT (top right) and IIT (bottom left) with
Jacobi-Davidson and Krylov-Schur. Speedup of the matrix-vector product in these problems
(bottom right).
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Figure 4.5: Time (in seconds) solving versions of the test cases I (left) and II (right) with
increasing resolution in the v direction, with Jacobi-Davidson and Krylov-Schur.
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Chapter 5

Use of Preconditioners and
Initial Guesses in GENE

In magnetically confined high temperature plasmas as they occur in fusion experiments, tem-
perature and density profiles are determined by turbulent transport. Given that the relevant
time scales are usually clearly above the particles’ gyration times, this so-called microturbulence
can be described in the framework of gyrokinetic theory [Brizard and Hahm, 2007] which is a
reduced kinetic model, neglecting the fast gyrophase dependence. It describes the plasma as
a collection of quasiparticles (charged rings) in a five-dimensional phase space, coupled via a
modified form of Maxwell’s equations. Assuming that the system size clearly exceeds the radial
correlation length of the turbulence, it is common to make a (radially) local approximation,
reducing the simulation volume to a thin flux tube [Beer et al., 1995]. Moreover, if one is only
interested in the microinstabilities which drive the turbulence, the gyrokinetic equations may
be linearized. While greatly reducing the overall computational effort, this still allows to make
valuable predictions concerning the expected properties of the resulting turbulent transport.

In local gyrokinetics, the time evolution of the modified distribution function g of the gyro-
centers can schematically be written as [Kammerer et al., 2008]

0ig = Lg+ Nlg].

Here, the distribution function ¢ is a function of the two spatial coordinates (kg, k,) perpen-
dicular to the background magnetic field, the parallel coordinate z, the two velocity space
coordinates (parallel velocity and magnetic moment) (v, 1), the species index s, and time ¢. L
is the linear gyrokinetic operator and Nlg] is the quadratic E x B nonlinearity; both operators
are of integro-differential form.

The turbulence in the nonlinear system is driven by linear instabilities, i.e., eigenmodes of
L with positive real part of the eigenvalue. Investigations of the growth rate and frequency
(i.e., real and imaginary parts of the eigenvalue) of these instabilities, which occur owing to
temperature and density gradients of the background, already give some information about the
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behaviour of the system. Furthermore, the eigenvalues and -vectors can be used to construct
quasilinear models (see, e.g., [Merz and Jenko, 2010]).

The linear operator L is block diagonal in k, and only couples certain k, values. The
problem size of a linear computation is very much reduced compared to a nonlinear simulation,
where the nonlinearity couples all values in the k., k, plane. Linear investigations are therefore
computationally much less demanding than full nonlinear turbulence simulations. This can be
exploited to perform high dimensional parameter scans, which allows, e.g., for checks of the
robustness of a simulation result with respect to variations about a nominal set of parameters,
predictive simulations of fusion plasmas, and the optimization of experimental parameters.

For a general set of background gradients, several modes are unstable. While the most
unstable mode is usually the most interesting one for quasilinear models, parameter variations
lead to variations of the growth rates and therefore to transitions of the most unstable mode.
The most unstable mode can be computed both as initial and eigenvalue problem, but mode
transitions can only be monitored if an eigenvalue solver is used. Furthermore, the computation
time for the initial value approach diverges exactly at a mode transition. Since the results
of [Merz and Jenko, 2010] suggest that subdominant modes only contribute to the nonlinear
properties if they are similar in growth rate to the most unstable mode, only the dominant and
the first subdominant mode are considered.

This chapter is organized as follows. In the next section, we introduce the equations solved
in the gyrokinetic GENE code and present the test case which will be used throughout this
chapter. In Section 5.2, the interface between the GENE code, which implements the gyrokinetic
equations, and the SLEPc library, which is used for the eigenvalue computations, is described,
with focus on the recently implemented Jacobi-Davidson solver and the preconditioner, which
is necessary for good performance. In Section 5.3, we discuss strategies to efficiently process
large numbers of eigenvalue computations, including subspace recycling and parallelization.
The capability of the resulting setup is demonstrated for an example in Section 5.4. Finally,
Section 5.5 closes with a summary.

5.1 The GENE code

Since the nonlinear gyrokinetic equations generally do not allow for analytic solutions, they
have to be solved numerically. A state-of-the-art gyrokinetic solver is provided by the GENE
code [Jenko et al., 2000; Dannert and Jenko, 2005; Merz, 2008; Gorler et al., 2011]. GENE is
physically comprehensive and flexible, computationally efficient, and hyperscalable. GENE is
being further developed by an international team and is freely available. More details can be
found on the GENE website http://gene.rzg.mpg.de.

In the context of the present work, we will focus on the linearized gyrokinetic equations as
implemented in GENE. We start by noting that the linear gyrokinetic operator is a complex,
non-Hermitian integro-differential operator. It can be split in two parts

L=1L,+Ly,
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is a differential operator acting directly on g, and L, is a more complicated operator that
contains the various derivatives of the (gyro-averaged) electromagnetic fields. It can be written
as
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Xs = ¢s — UTSUHAHS
is a combination of the electromagnetic fields ¢ and A (the bars denote gyro-averaging). Its
dependency on the species index s is introduced by the gyro-averaging operator. The fields are
computed from g by the linear operators
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For the definitions of the prefactors, see [Merz, 2008]. The derivatives are discretized with
(centered) finite differences in GENE, leading to a banded structure of Ly. The field operators
contain integrals in the v, 4 and s coordinates and therefore leads to a large bandwidth of L,,
which is inherited by L

Since a computation based on an explicit representation of a matrix with this structure would
be very inefficient, the operator is implemented in a matrix-free form in GENE, exploiting the
knowledge about the integro-differential structure of the operator.

The default parameter set that will be used as a test case throughout this chapter is specified
in Table 5.1. It corresponds to the parameter set 4 of the SLEPc testsuite provided by GENE.
For this parameter set, a dominant ion temperature gradient (ITG) mode and a subdominant
collisionless trapped electron mode (TEM) can be observed. To simplify the notation, we
represent the v coordinate as v in Table 5.1 and in the rest of the chapter.

5.2 Fast eigenvalue computations

The GENE code was coupled to the SLEPc package several years ago and since then it has
been routinely used to compute the spectral radius of the linear operator. This allows the exact
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Table 5.1: Test case I: GENE configuration for an ITG mode with growth rate of 0.2055 and
frequency of 0.2872 and a subdominant TEM (0.1227 — 0.44943).

Dir. Resol. Boxsize Geom. & other params. | Param. TIons Electrons
s 2 geom. circular R/L, 2.5 2.5
x 5 $ 0.8 R/Lr 3.5 4.0
Y 1 ky,min 0.25 qo 1.4 mass 1.0 0.00027
z 16 trpeps 0.18 charge 1.0 -1.0
v 48 I 3.0 B 0.001 T 1.0 1.5
I 8 lu 9.0 | (hyp:,hyp,) (2, 0.5) dens 1.0 1.0

determination of the maximum allowed time step for the Runge-Kutta scheme used in initial
value computations. Apart from this rather technical application, the investigation of a selected
subset of eigenvalues and eigenvectors is of great physical interest and can be used, e.g., in the
context of quasilinear models (see, e.g., [Dannert and Jenko, 2005; Jenko et al., 2005; Merz and
Jenko, 2010]). Of obvious interest are the unstable eigenmodes (i.e., eigenmodes with positive
real part), because they drive the turbulent transport in fusion plasmas.

The approach presented here can be used to compute any part of the spectrum (critical
gradients, stable eigenmodes that are relevant for the saturation of the nonlinear system). It
is well known that eigensolvers have much more difficulties, in terms of convergence, when
computing interior eigenvalues, compared to eigenvalues in the periphery of the spectrum. In
the case of unstable modes, the eigenvalues of interest are the rightmost ones, which in our
case are as difficult to compute as interior eigenvalues because the spectrum is very elongated
along the imaginary axis, and the few modes with positive growth rate are relatively close to
the origin.

Because of the integro-differential structure discussed in the previous section, the linear
operator L has a banded pattern only in two (k, and z) of the five dimensions, with the
velocity space and species dimensions completely filled. For our test case, this corresponds to
a matrix with almost 4000 non-zero diagonals for a matrix dimension of around 60000 (here, a
non-zero diagonal is a diagonal k consisting of entries a;; with |i — j| = k where some or all of
the entries are different from zero).

The iterative solvers in SLEPc only require the matrix-vector product of a test vector with
the linear operator for the computation of the eigenvectors. This means that no explicit matrix
representation has to be computed. SLEPc can directly use the matrix-vector product with L
which is also used for initial value computations in GENE.

Previous efforts to improve the computation of these rightmost eigenvalues in SLEPc resulted
in the implementation of the harmonic projection method for the Krylov-Schur solver [Roman
et al., 2010], which allowed for the discovery of non-Hermitian degeneracies of gyrokinetic
eigenmodes [Kammerer et al., 2008].

Recently, a Jacobi-Davidson solver has been implemented in SLEPc (see Ch. 4). The per-
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formance of this solver depends, in contrast to the previously used solver, on effective precon-
ditioning methods for the correction equation. We next give details related to this approach.

5.2.1 Eigenvalue solver

Iterative eigensolvers are usually based on a projection onto a search subspace of increasing
dimension. The ezxpansion of the subspace is done by computing a new vector at each iteration,
until a maximum dimension is reached (then the method is restarted). At each iteration,
eigenvalue approximations can be obtained from the subspace, either with a Rayleigh-Ritz
procedure or other extraction methods such as the aforementioned harmonic projection.

In some cases, Krylov methods are limited by the fact that the built subspace has to maintain
the Krylov structure. As a consequence, convergence can be extremely slow in difficult problems
such as the ones discussed in this chapter.

An alternative to Krylov methods are Davidson-type methods, that do not impose any re-
striction on the subspace and can thus expand the subspace with the “best” vector according to
some criterion. In particular, these methods choose one of the eigenvalue-eigenvector approx-
imations (6, u) contained in the subspace (e.g., the eigenvalue closest to the target T specified
by the user), then form the residual vector associated to it, r = Au — u, and finally compute
the so-called correction vector ¢ that will be added to the subspace.

This new vector can be computed by simply preconditioning the residual,

t=K1'r (5.1)

as in the Generalized Davidson (GD) method [Morgan, 1992], where the preconditioner K can be
viewed as a rough approximation of A—01. However, in difficult problems this simple approach
is not effective enough. The more sophisticated Jacobi-Davidson (JD) method [Sleijpen and
van der Vorst, 2000] computes ¢ by (approximately) solving the so-called correction equation:
a system of linear equations involving the matrix A, the preconditioner K, and a projector P
related to K and the approximate eigenvector u. In particular, in this chapter we use

K lzu*

1 . _ _a _ A U
PE™N(A=0D)Pt=— P=1- =y

t 1 u, (5.2)
where z € span{Au,u} and # = PK~!'r. Furthermore, we employ algorithmic techniques
similar to the JDQZ variant [Fokkema et al., 1999], in order to enable the use of harmonic
extraction in a numerically stable way. Additional details about the algorithm and its use in
the context of the GENE code can be found in Ch. 4, except for the preconditioning which will
be treated in this chapter.

Another drawback of Krylov methods is that they start building the subspace from a single
vector. If one has an a priori knowledge of a rough approximation of the wanted eigenspace,
e.g., from a closely related eigenproblem, then this knowledge cannot be exploited. In contrast,
Davidson methods can indeed benefit from using a rough approximation of the solution as
initial guess. The explanation is that Davidson methods can be viewed from the perspective
of inexact Newton schemes [Wu et al., 1998]. Thus, a good starting solution can improve
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convergence considerably, with the corresponding reduction of the overall cost. We will exploit
this fact in parameter scans, see §5.3.

5.2.2 Overview of SLEPc and PETSc

SLEPc, the Scalable Library for Eigenvalue Problem Computations, is a software package for
the solution of large-scale eigenvalue problems on parallel computers. It can be used to solve
a variety of eigenvalue problems, including standard and generalized problems, both Hermitian
and non-Hermitian, as well as other types of problems such as the quadratic eigenvalue problem
or the singular value decomposition. SLEPc can work with either real or complex arithmetic,
in single or double precision.

SLEPc offers a number of iterative eigensolvers, as described in the previous subsection. In
particular, it provides a parallel implementation of the Krylov-Schur method, as well as GD
and JD solvers, with various possibilities for the computation of the correction vector. In the
Davidson-type methods (GD and JD), the user can easily select which preconditioner to use,
via PETSc as described below.

SLEPc is built on top of PETSc, a parallel framework for the numerical solution of partial
differential equations, which is based on defining basic abstract data objects such as vectors
and matrices, and building solver objects on top of them, including linear, nonlinear and time-
stepping solvers. SLEPc inherits all the good properties of PETSc, including portability to
a wide range of parallel platforms, scalability to a large number of processors, and run-time
flexibility giving full control over the solution process (one can for instance specify the solver at
run time, or change relevant parameters such as the tolerance or the size of the subspace basis).

For the solution of linear systems, PETSc provides a list of iterative solvers such as GMRES,
together with a variety of preconditioners including Jacobi (diagonal) preconditioning, and block
Jacobi/additive Schwarz (with a choice of incomplete factorizations for the blocks). See [Saad,
2003] for details about the algorithms. It is also possible to use preconditioners available in
third-party packages that are seamlessly integrated into PETSc.

Both in SLEPc and PETSc, iterative solvers can be employed in a matrix-free manner, that
is, accessing the matrix only via matrix-vector product operations. However, this limits part of
the functionality, most notably the construction of preconditioners.

5.2.3 Approximate explicit matrix representation for the precondi-
tioner

Most preconditioning techniques are based on explicitly building a preconditioner based on in-
formation about the individual entries of the matrix, e.g., computing an incomplete factorization
or a sparse approximate inverse. Those techniques are not viable to compute a preconditioner
for a matrix-free operator. Only methods that are based solely on the information collected
from matrix-vector products could be used, for instance using a Krylov iterative solver as a
preconditioner. However, our experience with these nested Krylov techniques indicates that
they are not competitive, at least for our application.
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Since an explicit representation of the full linear operator L cannot be used for the reasons
given above, we have opted for constructing the preconditioner from the explicit representation
of Ly, which can be viewed as a rough (sparse) approximation of L. The bandwidth of this
operator is much smaller (only 9 diagonals for our test case), but it still contains important
contributions like, e.g., the parallel electron dynamics, which usually is the dominant advection
term of the linear operator and therefore largely determines its spectral radius. The L, matrix
is stored in parallel sparse matrix format provided by PETSc, and the time for its computation
is negligible.

We next describe the two preconditioning techniques that we have tested, namely additive
Schwarz and parallel ARMS.

5.2.4 ASM-+ILU preconditioner

Having an explicit representation of the matrix L,, preconditioners can be built with the stan-
dard PETSc packages. The linear system has to be solved in parallel and thus it has to be
distributed to the different MPI processes. A first step would be to compute a preconditioner
from a block diagonal approximation by L, ~ >, R;L,R; with R; being a diagonal matrix hav-
ing ones only for the indexes belonging to the ith subdomain. For the additive Schwarz method
(ASM) [Cai and Sarkis, 1999] even points outside the domain are added if they have a neighbor
of dth order being inside the domain. Thus the differential operator L, can be approximated

by
Ly~ L) => RIL,R] (5.3)
i %

with R? being the restriction operator involving also the §th order neighbor.

The overlap § is thus representing the interaction between neighboring subdomains and
is thus a measure of the required communication between the subdomains. Since the linear
operator L, is just containing a few diagonals, the number of dth order neighbors is rather
small and requiring few computational resources for communication. The main idea of that
domain decomposition is to create a preconditioner K being a sum of preconditioners K;
which are themselves constructed from the Lgi. The overall system to solve is then

S OK(LY) Lyr =Y K;(L),)b (5.4)

which can be done in parallel since both the computation of the preconditioner and the evalua-
tion of the linear gyrokinetic operator are distributed on the respective processes via MPI and
PETSc.

The explicit representation of Lgi allows the construction of an incomplete LU (ILU) de-

composition [Saad, 2003] L;U; with its inverse being computable cheaply via forward /backward
substitution. This allows the construction of a preconditioner by

K=Y K=Y (iiﬁi)fl ~3 (L)~ L (5.5)

3
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in parallel. Doing only an incomplete LU decomposition has the advantage of preserving the
sparsity of Lgm since a full decomposition would lead to a large fill-in which is requiring a lot
of additional memory. PETSc allows one to set a maximum level of fill-in, which is limiting
the creation of entries from other filled in values to preserve the sparsity pattern. Also the ILU
decomposition creates less fill-in if the ordering of the matrix is optimized. Different reorderings
exist and the quotient minimum degree [George and Liu, 1980] reordering seemed to provide
the best results for our purposes. All mentioned algorithms are provided by PETSc and could
thus be easily connected with the eigenvalue computation in SLEPc.

5.2.5 pARMS preconditioner

The pARMS preconditioner [Li et al., 2003; Sosonkina et al., 2004] is a parallel, multi-level
preconditioner based on the Schur complement and algebraic recursive multilevel solver (ARMS)
techniques.

Given a system of linear equations Az = b that is written in block form

B F I _ b1
Eelln]-ln] o0
the idea is to compute an incomplete block LU decomposition of A as

[gg]%{EélgHgL;F] (5.7)

where LU is an incomplete factorization of B and the Schur complement matrix is S = C' —
(EUY(L7'F).

As in the case of Schwarz preconditioners, pARMS is also based on the domain decomposi-
tion idea. In this case, all the unknowns interior to the different subdomains are placed in the
x1 part in (5.6), whereas the xo part contains unknowns corresponding to the interface between
subdomains. Therefore, a permutation is required for reordering the unknowns. The ARMS
method consists in applying the permutation and incomplete factorization to the Schur comple-
ment S recursively for a given number of levels. In parallel, pARMS distributes the available
subdomains across processors. For further details, see [Li et al., 2003; Sosonkina et al., 2004].

There is an MPI implementation of the pARMS preconditioner!. As part of this work, we
have integrated it as an external package in PETSc 3.2.

5.2.6 Results for one parameter set

We now present results from some experiments to evaluate different eigensolver configurations.
The tests are executed on HPC-FF, a Linux cluster of 1080 nodes composed of two Intel Xeon
X5570 (Nehalem-EP) Quad-Core processors at 2.93 GHz and 24 GB of DDR3 memory at 1066
MHz, and interconnected by Infiniband QDR with non-blocking Fat Tree topology.

Lhttp://www-users.cs.umn.edu/ saad/software/pARMS/
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The results correspond to GENE 1.5 linked with versions 3.2 of PETSc and SLEPc. All
code is compiled with Intel C and Fortran Compilers 11.1.

The parameter set used is detailed in Table 5.1.

The SLEPc JD eigensolver is configured to compute the two eigenvalues closest to the target
7 = 1, with a relative tolerance of 107°. The search subspace is bounded to 64 vectors and
when it is complete, the method restarts with 5 vectors. The correction equation is solved in
a maximum of 300 iterations of BiCGstab(2) and with a tolerance of 1078, accelerated by a
preconditioner K ! &~ (L, — 0I)~! with o being a constant value (to avoid recomputing the
preconditioner at each iteration). Usually, the shift o is taken to be equal to the target 7, but
in our experiments we observe a small improvement by taking slightly larger values of ¢ than
T (see Figure 5.1 (right)), so we set ¢ = 3 as the default value.

Optimal settings of the ASM preconditioner

The L, matrix exhibits a block diagonal structure in the dimensions s and p. When these
dimensions prevail in the distribution, the resulting domains become quite unconnected and the
block Jacobi preconditioner is effective. For other decompositions that have more connected
domains, ASM can provide better preconditioners (in terms of convergence), but with more
time-consuming application, due to the requirement of taking into account the neighbors of the
order determined by the overlap 6.

Of course, the most efficient overlap value depends on the problem settings and the distri-
bution. However, we obtained good results with an overlap § = 2 if fine-grained local precondi-
tioners are used. Figure 5.1 (left) compares the performance of JD solving the test case I with
different overlap values, using ASM with ILU as the local preconditioner.

Whereas previous solvers could rely on GENE’s internal automatic optimization of the
domain decomposition for a fast evaluation of L, this choice might not be optimal for the ASM
(and Block-Jacobi) preconditioner. Tests have shown that any decomposition in the z and v
directions leads to a significant drop in performance due to increased communication, with the
decomposition in z behaving even worse than the one in v (see some examples in Table 5.2 and
the standard deviations of the time in Figure 5.1 (left)). Care has to be taken that the domain
decomposition is chosen in a way that the s and p directions are decomposed first, followed by
a decomposition in the v direction.

Besides the optimal configuration of the preconditioner, the maximum iteration of the
Jacobi-Davidson solver has to be changed to achieve optimal runtimes. If the ASM+ILU pre-
conditioner is applied, five iterations of the BiCGstab algorithm lead to a sufficient accuracy
in solving the correction equation to achieve convergence of the Jacobi-Davidson algorithm in
minimal time.

Optimal settings of the pARMS preconditioner

The performance of the pARMS preconditioner is specially sensitive to the problem settings,
the domain distribution and the number of processes, making it very difficult to find an optimal
configuration. For the test case I, we found the best performance when using ARMS as local
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Figure 5.1: Influence of the overlap ¢ (left) and the shift o of the preconditioner matrix (right)
on the total time. The plots show the mean and the standard deviation (left) and the minimum
time (right) spent by JD with different domain decompositions.

Table 5.2: Time (in seconds) spent by JD with ASM+ILU solving the test case I with different
distribution of processes across the directions s, z, v and pu.

s z v pu Time s z v pu Time s z v p Time
1 processor 4 processors 32 processors

1 1 1 1 73.29 2 1 1 2 2469 2 1 2 8 388
2 processors 1 1 1 4 24.52 2 2 1 8 561
2 1 1 1 3353 16 processors

1 1 1 2 3520 21 1 8 6.29

1 1 2 1 4948 1 2 1 8 1045

1 2 1 1 79.88 1 4 1 4 9250
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Figure 5.2: Time spent with 16 processes (left) and speedup (right) of JD solving the test case
I without preconditioner (None), with ASM preconditioner using 6 = 2 and the local precon-
ditioner ILU (ASM+ILU), and with pARMS using the local preconditioner ARMS (pARMS).
MYV stands for matrix-vector products.

preconditioner, up to 16 levels of recursion, with a drop tolerance of 10~7 and a maximum fill-in
of 90%. The solution obtained by the Schur complement recursive factorization of pARMS is
enriched with up to 5 iterations of FGMRES.

=

The resulting preconditioner is slightly more expensive than ASM+ILU, as Figure 5.2
(left) shows, but pARMS converges with less preconditioner applications (3313, against 5229
ASM+ILU applications). However, in this case JD with ASM+ILU is faster. Notice that the
use of preconditioners shifts the computational effort from GENE (the matrix-vector product,
MYV in Figure 5.2) to the preconditioner application operation.

On the other hand, the overhead of pARMS does not seem to penalize its parallel perfor-
mance, as the comparison of speedups shows in Figure 5.2 (right).
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Figure 5.3: Computation time for the eigenvalue problem with R/Lp; = 4.0 as a function of the
difference to the R/Lp; value of the eigenvectors used as initial condition, normalized to the
computation time with random initial vectors.

5.3 Parameter scans

5.3.1 Subspace recycling

In an m-dimensional parameter scan, all eigenvalue problems are identified by a vector p'in the
m-dimensional subspace of the physical parameters varied, while the remaining (physical and
numerical) parameters py are the same for all eigenvalue problems in the scan. The structure
of the linear operator and most of the parameter values stay the same throughout the scan,
and this should be reflected by a similarity of the eigenvectors. Since the initialization of
the test vectors has a big influence on the speed of convergence of iterative solvers, the reuse
of already computed eigenvectors as initial condition for a ‘nearby’ parameter set, so-called
subspace recycling, has therefore the potential to speed up parameter scans significantly. To
illustrate this, we have computed a one-dimensional parameter scan over the ion temperature
gradient R/Lp; from 2.5 to 5.5 around the nominal parameter set. Then the eigenvalue problem
corresponding to the central point of the scan (R/Lp; = 4.0) has been repeatedly solved, using
the eigenvectors from the first scan at the different R/Lp; positions as initial condition. The
computation time relative to the computation time with random initialization is show in Fig. 5.3
as a function of AR/Ly; = R/L¥. — 4.0. As expected, the computation time drops to almost
zero for AR/Lp; = 0, with only the time for initialization remaining. The computation time
increases quickly for |AR/Lp;| > 0, but the speedup compared to the computation time with
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random initial condition is significant throughout the parameter interval.

This illustrates two points. First of all, if eigenvectors e; , (a = 1,...,ne,) for the param-
eter sets p; (¢ = 1,...,n, where n is the total number of previously computed solutions) are
available, subspace recycling can reduce the computation time for a new parameter point pj,11
dramatically. And secondly, since the effect decays rapidly, an optimal selection of ¢ is crucial.

5.3.2 Distances in parameter space

To speed up the computation for p,,41, the p; ‘closest’ to p,,41 has to be found. For a one-
dimensional scan, the difference vector in parameter space, 51 = Pn+1 — Pi, has only one entry,
which can naturally be used as a measure for the distance (as in Fig. 5.3). For an m-dimensional
scan however, A, is m-~dimensional, so that a metric has to be defined in parameter space. Then,
the available e; can be ranked according to their |&1\ and the closest one can be selected.

For multi-dimensional scans, the scan ranges for the different parameter directions can differ
by orders of magnitude, as can the effects of the variation on the solution, so that a simple

Euclidean norm |&Z| =4/ &z . &i does not make sense. It is reasonable to assume that the
speedup of the computation of the ath eigenvector of ;41 due to initial vector € is related
to the correlation coefficient between e; , and eyy1 4,

‘ fd/\ e;aen‘i‘Lb'

\/f d\ ef’aem\/f d\ 62+1,b€n+1,b’

where [ dX denotes integration over the whole phase space, i.e., over all coordinates includ-
ing the species. In our test problem, two eigenvalues are computed for each parameter set
(a,b = 1,2), which results in four combinations for C(e; q,€n+1,). For A — 6, two of the
correlation coefficients approach unity, while the other two values approach the (smaller) corre-
lation coeflicient between the eigenvectors at p;, 1. For the speedup, only the two combinations
with the largest correlation coefficients are of interest, they are averaged to C(e;, e,41), giving
one real scalar quantity for each parameter combination.

To check the relevance of C(e;, e,41), a set of random sample points p; has been created,
with a Gaussian distribution in R/Lp; and R/Ly. (¢ = 0.6) around the nominal parameter
set. In a second stage, these e; have then been used as initial condition for the computation of
the problem with the nominal parameter set. Figure 5.4 (left) shows the number of iterations
as a function of D’ = 1.0 — C(e;, ep+1). The number of iterations is proportional to log(D’),
approaching the 217 iterations needed for D’ = 1.0 (random initial condition). Finding the
optimal e; is thus equivalent to finding the smallest D’. The true 1 — C(e;, e,41) can of course
only be determined after e, ;1 has been computed, but it can be modeled to a good precision by
D(pi,prnt1) = &;F -M-A; ~ D'. For simplicity, the metric tensor M is assumed to be constant
in parameter space. The entries of M can be determined by a fit (we use least squares fitting)
to data, once the number of data points exceeds m(m +1)/2, which is the number of unknowns
of M in m dimensions. For scan intervals that are not too big, we found that M converges
quickly with the number of data points (here, we use 3% = 9 equidistant points, corresponding

C(ei,aa en+1,b) =
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Figure 5.4: Number of iterations for the eigenvalue problem with the nominal parameters as
function of D' = 1.0 — C(e;, en41) (left) and D (right).

to the first refinement stage for the hierarchical scans described in the next section). The data
of Fig. 5.4 (left) plotted against D(p;, pn+1) is shown in Fig. 5.4 (right).

5.3.3 Parallelization

Going from a single eigenvalue computation to a parameter scan introduces new possibilities for
parallelization. Without subspace recycling, the computations for the different parameter sets
are completely independent and trivial to parallelize. This means that the individual eigenvalue
computations can be run at their most efficient parallelization (which is determined by a balance
of cache effects, communication overhead, and efficiency of the parallel preconditioner) and the
whole scan can still employ a high number of processors to complete in a reasonable time.

To exploit this, the GENE solver has been extended to be able to deal with (independent)
sets of input parameter files. In the initialization, the global MPI communicator is split into
n_parallel_sims new communicators. On each of these subcommunicators, one (parallel) eigen-
value computation is run at a time. When the computation has finished, a new parameter
set is selected from the (common) set of input files. The different instances keep track of the
status of computation for each of the input files via MPI communication, so that each problem
is only solved once; this is repeated until all parameter sets have been computed and GENE
exits. In the present implementation of the solver, the file containing the initial vectors has to
be specified in the input files, so they have to be known before the code is started.

As has become obvious in the previous subsections, subspace recycling is essential for the
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Table 5.3: Wall clock times to compute the test parameter scan on 64 processors.

Solver ‘ Parallelization ‘ Subspace Recycling ‘ Time [s]
Krylov-Schur 64/1 no 2375
Jacobi-Davidson 64/1 no 342
Jacobi-Davidson 8/8 no 264
Jacobi-Davidson 4/16 no 306
Jacobi-Davidson 8/8 yes 202

speed of parameter scans, the question is therefore how we can combine the benefits of subspace
recycling (which introduces dependencies of the parameter sets) and this additional parallelism.

A good solution are hierarchical parameter scans, where the eigenvectors from previous
refinement stages can easily be used as initial vectors, so that subspace recycling and par-
allelization over parameter sets can efficiently be combined. The necessity for a hierarchical
sequence of parameter scans occurs naturally for adaptive grid refinement techniques, but even
for dense grid scans without adaptivity, starting with a low resolution in the scan volume and
hierarchically refining by bisection has the benefit of providing an interpolation for the full scan
volume while the scan is still running.

The scans are managed by a superordinated Python script that is part of the GENE package
since release 1.5. Controlled by a master input file, the script manages the creation of the
parameter sets for a refinement stage. Taking into account all available eigenvectors from the
previous stages, it computes the optimal e; for each p,, 1 of this new stage. It then starts the
actual GENE code, which treats all parameter points of this refinement stage as independent
and can therefore efficiently parallelize over the parameter points. The script then collects the
results, and manages the storage of the eigenvectors and other output files, and continues with
the next refinement stage.

5.4 Application

We now want to demonstrate the gains due to the various improvements presented in the
previous sections. As a test case, we perform a three-dimensional scan around the nominal
parameter set presented in Table 5.1, varying the ion temperature gradient between 3.0 and
4.0, the electron temperature gradient between 3.5 and 4.5, and the magnetic safety factor gq
between 1.2 and 1.4. We compute 5% = 125 equidistant points in this parameter volume and
use 64 processors for all cases. The results are shown in Table 5.3.

The solvers that have been compared are SLEPc¢’s Krylov-Schur solver with harmonic projec-
tion, which needs no preconditioning and the Jacobi-Davidson solver with ASM+ILU precondi-
tioning as described in Section 5.2. The parallelization column shows the number of processors
per computation / number of parallel computations. As can be seen, the most important gain (a
speedup of a factor 7) is due to the new solver/preconditioner. Both the optimal parallelization
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(8 cores per eigenvalue computation in this case) and the subspace recycling lead to further
reductions of around 25% each. All in all, the computation time for eigenvalue scans with
GENE/SLEPc has been reduced by more than an order of magnitude compared to previous
versions.

5.5 Conclusions

In this chapter, we have presented and analyzed advanced numerical methods to perform large
parameter scans with the GENE/SLEPc linear gyrokinetic eigenvalue solver. Considerable
progress has been made concerning the robustness and speed of each single eigenvalue com-
putation using the Jacobi-Davidson eigenvalue solver available from SLEPc 3.1 onwards, in
combination with a preconditioner based on an approximate explicit representation of the lin-
ear gyrokinetic operator. In addition, two methods to speed up parameter scans have been
used, namely the recycling of previously computed eigenvectors as initial condition for the com-
putation at a nearby parameter set, and parallelization over the parameter sets, which removes
the need to go to high processor numbers for the single parameter computations and therefore
increases the efficiency. The performance gains for multi-dimensional parameter scans using
a three-dimensional test case compared to previous code versions were substantial, reaching a
speedup factor of up to 12.

The overall implication of these improvements is that detailed investigations of the stable
and unstable eigenmodes in the multi-dimensional gyrokinetic parameter space are now com-
putationally feasible. The application of the techniques described in this chapter will certainly
contribute to a better understanding of the important driving mechanisms of turbulent trans-
port in fusion plasmas.




Chapter 6

Parallel DFT with Grid
Refinement and Subspace
Recycling

In this chapter adaptive finite element analysis of density functional computations of light
atoms are explored based on two disparate themes: (i) h—adaptive grid refinement techniques
that are applied within self-consistent iterations with the aim of reducing the total number
of degrees of freedom in the real-space grid while improving on the approximate resolution of
the system at hand; and (ii) subspace recycling of the approximate solution in subsequent self-
consistent cycles with the aim of improving the performance of the generalized eigenproblem
solver. Both techniques are shown to give a significant speed-up in the computation process.
The computational toolkit consists of a set of freely available open source software libraries
chosen for their high performance. These are integrated into a small and portable application
code that solves the self-consistent algorithm for atomic systems.

6.1 Introduction

Density Functional Theory (DFT) [Hohenberg and Kohn, 1964; Kohn and Sham, 1965; Tsuchida
and Tsukada, 1998] is one of the most celebrated first-principles framework used in theoretical
and computation Physics for determination of the ground-state properties of multi-reference
systems, and has far-reaching applicability in nuclear, atomic, and solid-state physics. DFT-
based computer simulations are based on self-consistent iterations between a pair of coupled
equations: (i) The Schrodinger equation that describes the wave-like properties of quantum
objects; and (ii) The Poisson equation that describes the charge density as a functional of the
relative charges of quantum objects (essentially a classical equation). The numerical implemen-
tation of DFT is to seek a configuration for which the charge density, n’(r) ~ n‘~!(r), where
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n(r) is a function of real-space r € R evaluated between two consecutive iterations ¢ — 1 and
i. It is then said that a self-consistent field has been found. Initializing the self-consistent pro-
cedure is largely a choice at the whim of the investigator, the principal rule being only that a
“better” starting guess of the self-consistent field yields less self-consistent iterations and faster
convergence to the wanted solution; that is, where the “best” starting guess would be the fully
converged solution itself.

In the finite element basis the equation set to solve becomes an iterative process between
the generalized eigenspectrum problem (Schrodinger’s equation) and a system of scalar-valued
linear equations (Poisson’s equation); see for example the introductory text by Ram-Mohan
[2002] and the comparative review of Beck [2000]. The cost of solving a DFT-based problem
in the finite element basis is directly related to the choice of finite element basis functions,
i.e., polynomial type and order, the choice of real-space representation, i.e., grid type, and the
number of eigenspectrum problems that need to be solved in the iterative process. It is therefore
worth exemplifying the advantages of that scheme:

1. In the finite element basis, being a strictly local theory, matrices arise that are sparse and
for which numerical solvers optimized to take into account sparsity exist;

2. The choice of interpolation polynomials used in the finite element basis can guarantee
continuity C™ of the global solution vectors of interest (up to arbitrary order n) which can
be placed in accordance with the principles of quantum mechanics and classical mechanics;

3. Within the finite element scheme it is relatively straightforward (though not trivial) to
employ p-adaptivity, which is the usage of a hierarchy of polynomial interpolations, and /or
h-adaptivity, which is the usage of locally refined areas of the grid; and

4. In general, global basis functions fail to capture the subtleties of, and thus fail to describe,
complicated functions over all R-space. In that case a system based on local basis functions
(such as the finite element method) is preferred.

To date, much of the work in adaptive real-space finite element quantum mechanics relies
on improving the finite element approximation by examination of the underlying polynomial
interpolation between grid points on which the computation is performed. These include the
works of Pask and Sterne [2005] who investigate the role of the choice of well-known basis
states in the finite element interpolation scheme. There is also a study of the Hydrogen atom
by Guimaraes and Prudente [2005], and the discrete variable representation of Rayson [2007] and
Schneider et al. [2006]. The problem of using mixed basis functions was solved by Yamakawa
and Hyodo [2005] who addressed the problem of treating core electrons in molecular orbits.
The use of mixed basis functions as a local error estimate by Ackermann and Roitzsch [1993];
Ackermann et al. [1994] then leads to the so-called “multilevel method” and the “hierarchical
method” investigated by Sugawara [1998].

An alternative to improving on the polynomial interpolation of the finite element approxi-
mation is to focus on the grid on which computations are performed. An example of local re-
finement applied within density functional theory applied to Beryllium clusters was investigated
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by Fattebert et al. [2007]. The works of Tsuchida and Tsukada [1995, 1996] use non-regular
meshes based on geometric (logarithmic) considerations to locally control the resolution of cal-
culations of electronic structure. The underlying proposition is that the space grid is small near
to the locality of the nucleus, where the potential is varying rapidly. In this work we introduce
a method of grid adaptation that is based on geometric observations of the underlying atomic
potential that appears in the Schrodinger equation and is motivated by a need to create an
initial starting grid on which a solution of the Hartree problem can be found with reasonable
accuracy. That is then passed over to more traditional methods of grid adaptivity during the
iterative determination of the self-consistent field (cf. Kelly error estimate [Kelly et al., 1983]).

The solver that addresses the computation of some eigenpairs of the Schrédinger equation,
should converge fast, dealing with degeneracies and eigenvalue clustering. This makes the
problem challenging. Preconditioned conjugate gradient methods have been usually proposed
to handle this task, however Davidson methods have recently demonstrated being faster and
more robust in many cases, e.g., [Vomel et al., 2008].

In any case an efficient and sufficiently general solution of DFT is highly desirable. In this
chapter we discuss how h-adaptive techniques based on the Honenberg—Kohn (HK) theorems
as well as solver techniques (in particular subspace feeds) based on the fundamentals of non-
linear self-consistent procedure, can be exploited to achieve that goal. Rather than to modify
the mathematical foundations of DFT, we exploit those foundations (in particular the HK
theorems); a method of investigation similar to that of Napoli et al. [2011]. It is thus, that our
methods do not require the introduction of specializations and remain widely applicable to all
systems that pertain to treatment by DFT.

This chapter is thus divided into five further sections. In the next section a brief overview of
the DFT of finite electronic systems is given. In §6.3 some of the theoretical and computational
requirements for the management of adaptive grids are considered, and estimates of the local
error on the grid discussed. The resultant generalized eigenvalue problem and the solver methods
used are given in some depth in §6.4, in which the notion of subspace feeds for solver initialization
is explored. Following that, numerical experimentation of the methods of §6.3 and §6.4 is
undertaken in §6.5 for a series of light atoms. Finally a brief discussion and our conclusions
arising from this work are laid out in §6.6.

6.2 Theoretical background

In recent years a reasonable effort has been concentrated on the Finite Element Analysis (FEA)
of the DFT of electronic structure in atomic/molecular physics and in condensed matter physics.
As sketched above, there are some very sound reasons to put a concentrated effort toward this
a goal: Ease and speed of computations without compromising accuracy and the physical basis
on which computations are performed is highly desirable. In this section an overview of DFT
for a system of an isolated atom is given that is based on the two HK theorems and in the
finite element basis. For completeness the two HK theorems are stated here as prescribed in
Ref. [Parr and Yang, 1989] with only some changes in notation. The first concerns the form of
the potential:
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Hohenberg—Kohn theorem 1. The external potential V(x) is determined, within o trivial
additive constant, by the electron density p(x).

and the second which concerns the variational procedure:

Hohenberg—Kohn theorem 2. For a trial density p(x), such that p(x) > 0 and [ p(x)dr =
N,

EO S EV[p] )

where Ey[p] is the energy functional of (6.1).

6.2.1 Physical-theoretical framework

Schrodinger’s wave equation in quantum mechanics describes the quantum state of a particle in
a body by the wave function ¥ = {4;}2°, in an external potential V' as (A+ V)¢ = EV, where
E is the energy state of the system. The form of potential that governs the state vectors for
atoms is based on the Coulomb potential which is exact for the Hydrogen atom. In dimensionless
form, Schrédinger’s time-dependent equation is

_ %A\I/ + (V(n(r) + Vaxe(n(m) T = E¥ | inQ (6.1)

where A := V -V and where V(n(r)) is a density composed of single-particle states and
Vexc(n(r)) is the exchange term whose functional properties are normally taken from com-
putational Monte Carlo experiments. In the non-interacting case Vgxc = 0 Eqn. (6.1) can be
solved by substituting (as a first approximation) the second term for the Coulomb potential
(in dimensionless form) V' = Z/|r — r/| where Z is the atomic number (number of protons) and

r—1' = /> (% —2’%) gives the radial distance from the atomic nucleus at r = 0 to any

arbitrary point of the field /. That yields a finite set of N orbitals ¥ = {1;}X, that reproduce
the density n(r) of the original many-body system

n(r) = Y[l (62)

The main difficulty in solving Eqn. (6.1) is that the electron density p is dependent on the
solution vector W. This is usually obtained by solving Poisson’s equation and adding the
resultant density to the non-interacting potential, such that V' — V', ¢f. theorem 1. Following
that, the process repeats by solving Eqn. (6.1) again, yielding new wave functions ¥ and a new
density n(r), until convergence is achieved, cf. theorem 2. It is worth noting here that this
method of solution for the Kohn-Sham (KS) equation set for determining the Self-Consistent
Field (SCF) is not the most efficient. It is however an algorithm that preserves the Coulomb
potential as the initial guess from which the derived eigenstates of the system are determined.
More specifically, one could for example use an explicit start scheme for the Poisson equation by
first guessing the eigenstates. This by-and-large makes use of carefully chosen set of orthogonal
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basis states from which the initial density functional p is formed. That scheme, and many like
it, require prior knowledge of the particular system at hand and therefore cannot be generically
applied in a computation.

6.2.2 Finite element approach

The physical equations are posed on a finite Lipschitz domain Q UR? with dimensionality d = 3
where any point in the domain € is decomposed into three Cartesian components xq € x =
{x,y,2}. Auxiliary conditions are applied on the boundary of the finite domain T' UR4~1. In
steady state or stationary state, considered here, dependency over time vanishes and the partial
differential equation sets with boundary constraints together constitute a class of boundary value
problems. Casting the equations into a form suitable for subsequent finite element analysis can
be summarised in brief as follows: (i) Consider the “test” function ¢ which is supposed to solve
the system of equations exactly; (ii) Multiply the equation set on the left by the scalar—valued
test function ¢; (iii) Integrate over the (finite) domain €2, and integrate by parts using Green’s
first identity. Using these scalar test functions the discretized finite element solution can be
written up, = Y, ¢;U; where i denotes degrees of freedom in the finite element h. An analogous
function vy, is then defined for the test function.

Following that procedure to find the finite element solution of Schrédinger’s equation gives:

1 1
/(2v¢VQ+V(r)<p\1/) an —%i@V\ILﬁdF = /@E\I! , (6.3)
Q o Q

where 7 denotes the outward normal on the surface I'. After discretization this becomes:
1
DU (QV%V% + V(?“)%@j) = wip;E . (6.4)
ij ij

The surface integral in Eqn. (6.3) above is associated with boundary constraints on the finite
volume. In the parlance of quantum theory there exists a posit that

/\akwk|2dQ:1 , (6.5)
Q

corresponds to a probability density function V& with arbitrary normalization constants ay.
The boundary integral is replaced by stronger condition in the form of Dirchlet zero boundary
constraints: 1; = 0onT', which means that ¢; = Vi; = 0 for all states i. The boundary integral
term has therefore been eliminated in Eqn. (6.4). The usage of zero boundary means that the
solution vectors are unique and, moreover, scaling transformations can be used to determine
the probability density as the square of the wavefunction p; = [1;1);]?.

There is no known analytical solution to the KS equation set and an analysis of the system
energy can only be compared with experimental values or other theoretical means of evaluation.
Ideally one would prefer to have a solution to the equation set A(x)xz = B(x)A\z; however the

91 —



6.3. Management of computational grids Chapter 6. Parallel DFT with Grid Refinement and Subspace Recycling

solution to that is allusive. Thus the system of equations is solved self-consistently, i.e., by
repeated iterations against Poisson’s equation. When convergence is achieved, we say that we
have a Self-Consistent Field (SCF). The Poisson equation can be cast in the finite element basis
by following the analogous procedure applied to the Schrédinger equation above. We find

/chng)de fgqu%ﬁdF: /apn(r) , (6.6)
Q

o0 Q

where n(r) is the density of Eqn. (6.2), and after discretization:

S UViVeiVe; =Y gin(r) . (6.7)
] J

Since the electric potential at the boundary must match those of the Schrédinger equation, we
have again over—specified the boundary constraints by setting ¢ = 0 on €.

6.3 Management of computational grids

Let the ultimate practical goal of computer simulations in the physical sciences be to obtain
the solution to a set of partial differential equations with maximal accuracy (Tol) and minimal
computational effort (Work). Then the central idea of adaptive algorithms in a finite element
approach is to improve on previous calculations and from there to find more accurate solutions
in an automated way using some form of a local error estimate. One standard approach that
can be employed is to adapt the grid on which calculations are performed by refining finite
elements in local regions of the domain; so called h-adaptivity. The scheme is given by the
process:

Estimate — Flag — Refine

In this section we discuss the computational toolkits used for the finite element representation
of the equation set and put forward two methods of grid adaptivity that can be used to obtain
error estimates for the process of adaptivity.

6.3.1 Finite element toolkit

deal.II, an acronym for the Differential Equations Analysis Library [Bangerth et al., 2007]
is written in templated C++4, provides an abstract set of base tools for computations with
adaptive finite elements. deal.II has support for using external solvers in the form of wrapper
classes which enable standard computational toolkits to be used with relative ease. In partic-
ular, wrapper classes to PETSc and SLEPc (for explicit details on external libraries see §6.4).
Additionally grid managment over parallel worlds is handled through an interface to the p4est
library, which facilitates communications by dynamic management of a collection of “adaptive
octrees”; see Ref. [Burstedde et al., 2011; Bangerth et al.].
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Figure 6.1: Local refinement of cells: (a) Coarse grid on level zero; (b) Level one refinement of
one cell; and (c) Level one refinement of two cells and level two refinement of one cell.

At the time of writing, the deal.II tutorial suite contains one example code developed in
course by one of the authors for solving the Schrédinger generalized eigenspectrum problem
(the serial step-36 tutorial program) which can be readily extended to more complex systems,
grid adaptivity, and parallelization. Also developed specifically for this work is a (pre—alpha)
library package that contains a variety of tools for computations in quantum physics “namespace
ewalena” [Young, 2011a]. Also written in C++ the namespace ewalena library builds on deal.II
objects and provides a collection of tools that are useful for describing systems of interest in
mathematical and computational physics. There are, for example, basis states of arbitrary size,
a growing set of predefined trial wavefunctions for DFTs, a set of atomic/molecular potentials
(defined as a linear superposition of atomic potentials), and a zoo of physical constants based
on the NIST database.

This combined scheme, appropriately extended and adapted, has been successfully used for
problems pertaining to general quantum physics [Young and Armiento, 2010], atomic physics
[Young et al., 2009], and solid-state physics [Young, 2011b]. In this chapter it is used to compute
the energetic state of light atoms within a SCF theory. The algorithm of the governing user
code makes use of dimension-independent programming

6.3.2 Grid refinement

The basic idea of using error estimates is quite straightforward. First an error estimate is
obtained for each finite element cell based on a given criterion; and second refinement and/or
coarsing of the grid is given according to the rules applied to the collection of error estimates.

Actually constructing the error estimate is nontrivial and often dependent on the equation
set at hand. What one would like to do is to jump straight from Fig.6.1(a) to an optimally
refined grid of Fig.6.1(c) without any need of solution to equation sets and thus further min-
imizing the usage of computational resources. This task could easily be accomplished in a
whimsical manner, for which the production rules for a new grid depend on the investigator’s
“best guess”. A more rigorous option would be to examine the functional properties of the
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underlying equation set to be solved and from that extract error estimates.

We now discuss two methods of grid refinement used in this chapter in order to successively
improve on our solution. The first is the a priori error estimate of Kelly et al. [1983] and the
second is a “Projected Potential” based error estimate designed by the authors.

Kelly error estimate

A commonly used method for a priori error is the Kelly error estimate and is conveniently
provided in the deal.II::KellyErrorEstimator class. The Kelly error estimate is generally
considered to be a universal tool for estimating the errors in sets of linear equations (c¢f. Poisson’s
equation). It is based on estimating errors to the Laplace equation, VZ¢ = 0, of which Poisson’s
equation V2?¢ = f, which has a nonzero right-hand-side vector f, is a special case. That, and
other methods, have been extended to more complex systems [Ainsworth and Oden, 2000;
Babuska and Strouboulis, 2001]. The basic idea of the Kelly error estimate is to compute the
second derivative (Hessian) of the solution vector at each point on the grid and, by integration
of the discontinuity between each cell, assign an approximate error to that cell. The greater
the discontinuity, the higher the error estimate; and it is worth noting that error estimates in
that definition are in N* only. Defining the boundary of the cell K as the union of its faces
OK4U Kid*l, K;ﬂfll, this leads to an error estimate of the form:

h
77%( = ﬁ‘|8i¢h“%K ) (6-8)

where O;u; denotes the discontinuity of the normal derivative of the solution vector ¢ at the
interface between cells.

Projected potential error estimate

An alternative approach to relying on known solutions is to attempt to employ an a posteriori
error estimate; that is, one in which the expected error is known, or at least supposed by
exploiting knowledge of the equation set. The crucial considerations that make this scheme are
presented below, where a more detailed exposition is to appear elsewhere. Let us start with the
following ideas: First,

Proposition 1. (Physical) There is (or can be obtained) at least a posteriori knowledge of the
atomic potential function V.

and second,

Proposition 2. (Numerical) Between self consistent cycles I given a suitable initial “good
guess” for the functional n(r)! given n(r)!=1 the change in the external potential §V = VI —
VI=1 s vanishingly small.

Provided proposition 1 is fulfilled, in general, it can be supposed that proposition 2 will
be automatically fulfilled. Taking into account large spin-orbit splitting, or the introduction
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of large external perturbations in the potential (for example, an applied magnetic field), this
may not always be the case. Nevertheless, there is little more to be said about proposition
2 other than that if the initial guess of the potential function is not well suited to the actual
solution, then the initial guess should be improved by examining the initial equation set. If this
improvement is ever found to be the needed, then proposition 2. As it turns out, proposition
1 is far more interesting since it relates the solutions of the eigenspectrum problem to that
of the external potential in a way that is mathematically amenable and in the spirit of the
first HK theorem 1. Recall that the density p uniquely defines the electron wavefunctions ¥
(and vice—versa). Then, if proposition 2 holds (let d¢ — 0), the potential will uniquely define
the electron wavefunctions. It is then taken as a corollary that a good representation of the
underlying potential will yield a good representation of the wavefunctions.
Consider the equation for a bulk criterion C defined in terms of the bulk error £

C=max[€] x f(V(zq)) >0 , onzef , (6.9)

where f(-) is an as—of—yet unspecified function of the real-space potential V' and the resulting
criterion for the cell K is Cx C C. The error is then calculated per finite element and the set
of elements in the volume Q C € for which max [EK ] ke > 0 are flagged for refinement. The
size of the set  is a free parameter, though is normally chosen to double the number of cells
in the grid.

Before proceeding it is worth considering the following suggestive comments: (i) The wave-
function v; drops off exponentially as it extends from a potential barrier (core). It is therefore
reasonable to expand the potential at each point in space as an exponential function. (ii) The
absolute value of the potential does not affect the wavefunctions, which are eigenfunctions. It is
therefore always possible to scale the potential with a number (normalization) without affecting
the result.

It seems natural to continue by expanding the function as a left (negative) exponential of
the absolute value f(V) — exp[—|V|]; thus avoiding the divergent properties of expla] for all
a > 0. The exponential function of the potential, which converges to zero at the boundaries, has
the following useful properties: (i) The left-hand-side of the exponential function is convergent
as exp [—1/0] ~ exp [-0oo] = 0 =: 1;|4q; and (ii) The left-hand-side of the exponential function
is always finite as exp [0] ~ exp[l/ — co] — 1. In other words, the expansion of the potential
has the same numerical properties as the solution vectors toward the boundaries of the domain,
and non-singular properties at infinities of the potential function — as do the solution vectors —
where exp [—oo] = 0 =: 1 — [|¢]|¢_ (o). By choice, the potential function is normalized by the
energy of the vacuum Fy,., which in the case considered here is zero; and finally remove the
proportionality relation with the introduction of a constant. This leads to an expression as a
function of the Coulomb potential from which the error estimate can be evaluated as

C=1—exp {n — Foac } . (6.10)

]

This procedure turns out to be self-normalizing because of the second property of the exponen-
tial function: exp[—oo] = 0 together with the addition of the vacuum term f(V) o< (V — Eyac)
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which, as sketched above, gives a value of one to the projected potential at singular points. In
order to extract an error estimate for each active cell in the grid, the expression above is first
discretized and then its gradient is integrated over each cell face in 3D (line in 2D, vertex in
1D). That procedure is similar to the Kelly error estimate described above (Equn. (6.8)).

The resultant projected potential function and its associated error estimate are given in
Fig.6.2. First we note that the initial grid (upper panel) gives a poor approximation for the
potential and a maximal error estimate max [5 (0)} ~ 0.25. After applying the error estimate
twice by two cycles of refining a fractional N = 1/d? and then recalculating the projected
potential, the representation of the projected potential on an adapted grid is a better numerical
approximation of the analytical form of Eqn. (6.10) (lower panel of Fig. 6.2). Furthermore, after
these cycles of refinement, the error estimate has fallen — max [5 (2)] ~ 0.06 and max [5 (4)} ~
0.006 — a 76% and 98% reduction in the maximal error estimate respectively from the coarse
starting grid.

6.3.3 Summary

The resultant grids obtained using the two error estimates in two space dimensions are given
for comparison in Fig. 6.3 for the Kelly error estimate and in Fig. 6.4 for the projected potential
scheme. Starting from a single affine cell globally refined three times, three results of three
cycles of adaptivity are compared. Two examples of refinement are given for each, one (upper-
panel) where the number of cells flagged for refinement N = 1/d? = 0.25 and the second where
N =1/d = 0.5 are refined (leading to a more aggressive refinement scheme).

The Kelly error estimate is found by solving the Hartree problem and then basing the error
estimate on the sum over the lowest eigenvector states, or in other words, on the electron
density function. The main refinement is found to expand out from the center of the grid where
the singularity in the potential is present, or conversely, where the cusp in the wavefunction is
known to be. The adaptivity based on the projected potential scheme, c¢f. Fig.6.4, appears to
give very similar results, that is, that the refinement levels increase as the singularity in the
potential is approached. There is however one marked difference: namely, that at the location of
the singularity itself, the level of refinement is lower than the surrounding cells. These leads to
a “hole” in the refinement pattern, which is particularly noticeable in the less aggressive version
of refinement (upper-panel). That this appears is no surprise, since the function of Eqn. (6.10)
has a cusp as the potential becomes divergent — as does the electron density function. The
projected potential evidently has a shallower gradient than the electron density at this point,
and hence the gradient of the function between adjacent cells is minimal.

The Kelly error estimate has the advantage in that it works directly on the electron density
to estimate errors in the solution but requires that a minimum of one eigenspectrum problem
and one set of linear equations be solved on each and every adaptive cycle. The method of
projecting the potential onto a continuous space for estimating the errors does not require
either of these computations on equation sets but simply a representation of the underlying
potential. The difference in computational cost for the latter is therefore significantly lower
than the Kelly error estimate, though otherwise, both yield similar grids.

It was noted above that the method of projecting potentials misses information about the
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Figure 6.2: Projected potential plotted as an interpolated function and the resultant error
estimate for the starting grid (upper panel) and after two levels of refinement (middle panel)
and four levels of refinement (lower panel). The error estimate is plotted for each finite element
cell, where the “height” of the finite element cell depicts the estimated error. Note the change
of scale in the error estimate.
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Figure 6.3: Two sets of successfully refined grids based on the Kelly applied to the density
functional as an error indicator and using different levels of refinement. In (a) for fractional
refinement N = 1/d? of the total number of active cells; and (b) The more aggressive condition
N =1/d.

core arising from the reciprocal of the radius-squared term that is the Coulomb potential. This
is beneficial in that places where the computation may blow-up are avoided, however the loss
of information is not highly desirable. Nevertheless, in §6.5, numerical experiments are applied
to the Hartree problem using the method of projecting the potential and it is shown that
convergence toward the exact (i.e., analytical) result can easily be found within this scheme.

6.4 Large-scale eigenvalue problems

To compute the eigenstates within the self-consistent loop, we need an efficient solver for the
associated algebraic eigenproblem. Here, efficiency is understood in various ways: (i) The ability
to exploit the sparsity of matrices; (ii) Expedient convergence to a small number of wanted
eigenvalues; and (iii) Parallel capabilities to address large-scale problems. In this section, we
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Figure 6.4: The same as in Fig.6.3 but for two sets of successfully refined grids based on the
projected potential as an error indicator. The results vary slightly.

discuss methods and software for this purpose.
In this chapter, we are primarily concerned with eigenpair solutions to the real generalized
symmetric-definite eigenvalue problem,

Az = A\Bz (6.11)

where A,B € R™*" X\ € R (eigenvalue) and = € R" (eigenvector). A is symmetric and B
is symmetric positive-definite. In the methodology described in previous sections, B would
naturally represent the overlap matrix, but this is not positive-definite. We will discuss later
how to make the problem fit the above formulation so that symmetry can be exploited.

We will focus on projection methods for the above eigenproblem, which are appropriate
when the matrices A and B are very large but their action on a vector is relatively cheap
(e.g., they are sparse) and only part of the spectrum is required. Projection methods rely on
two main stages: building a subspace basis and extracting approximations from that subspace.
These computations are carried out iteratively, where the extracted approximations are used
to improve the subspace and extract better approximations. The process is repeated until
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the computed approximations are sufficiently accurate. For background material on projection
methods, the reader is referred to [Parlett, 1980; Bai et al., 2000]. For completeness, we discuss
several alternative approaches for subspace extraction and expansion below.

6.4.1 Subspace extraction

For the moment, we restrict the description to the standard eigenvalue problem Mx = Az,
where M can be non-symmetric in general (in which case A and z may be complex). We want
to compute k eigenpairs, (A\;,z;), i = 1,...,k, usually with & < n. The basic principle of
projection methods is to find the best approximations to the eigenvectors in a given subspace
of small dimension. Let V' be an n x m matrix, with k& < m < n, whose columns v; constitute
an orthonormal basis of a given subspace V, i.e., VIV = I,,, where I is the identity matrix
and span{vy,va,...,v,} = V. Then the eigenvalues of the so-called Rayleigh quotient matrix
H=VT'MV approximate eigenvalues of M. More precisely, if Hy; = 6;y; then the eigenpair
approximations are A\; = #; and x; = Vy;. These approximate eigenvectors belong to subspace
VY and are the best possible approximations in that subspace.

The method outlined above is referred to as the Rayleigh-Ritz procedure, and provides m
Ritz approximations (\;, ;). This routine can be viewed as an orthogonal projection satisfying
the Galerkin condition that the residuals are orthogonal to the subspace,

ri= Mz — N LV . (6.12)

6.4.2 Subspace expansion

The quality of the eigenpair approximations (5\2, Z;) depends on how the subspace V is built. A
popular choice is to use Krylov subspaces of increasing dimension, since they contain increas-
ingly good approximations of eigenvectors of extreme eigenvalues. Computing an orthogonal
basis of the Krylov subspace associated with matrix M and a given unit-length initial vector vy,
K (M, v1) = span{vy, Mvy, M?vy, ..., M™ v}, can be done with the Lanczos or Arnoldi al-
gorithms, which basically consist in orthogonalizing the vector Mwv;, with respect to the previous
basis vectors. In a practical implementation, it is not possible to expand the subspace up to a
very large dimension, that is, to increase m too much, otherwise the storage and computational
cost explodes. Thus it is necessary to restart the algorithm, that is, stop after m iterations
and rerun the method by keeping as much relevant information as possible from the computed
quantities. For a description of efficiently restarted Krylov methods, see [Ramos et al., 2010]
and the references therein.

An alternative to Krylov methods are Davidson-type methods such as Generalized Davidson
(GD) or Jacobi-Davidson (JD). The main characteristic of this class of methods is that they
expand the subspace with a so-called correction vector ¢, which is computed from the residual
vector r associated to the most wanted eigenpair with the aim of improving it further. This
new vector can be computed by simply preconditioning the residual,

t=K'r | (6.13)
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as in the GD method [Davidson, 1975; Morgan and Scott, 1986], or by (approximately) solving
the correction equation,

(I — 7% (M—XI) (I - 33 )t=—r , (6.14)

as in the JD method [Sleijpen and van der Vorst, 2000]. As in (6.13), a preconditioner K can
also be introduced in (6.14). K can be viewed as a rough approximation of M, the simplest
version being diag(M) as originally proposed by Davidson [1975].

In many contexts, especially when computing interior eigenvalues in difficult non-symmetric
problems, JD can be the most competitive method, and even more so if a good, cheap precondi-
tioner is available. However, for symmetric problems where only extreme eigenvalues are to be
sought, the high cost of the correction equation does not usually compensate. In this chapter,
we focus on the simpler GD scheme.

6.4.3 Exploiting symmetry in definite matrix pairs

We now discuss how the above methods can be extended to the generalized symmetric-definite
eigenproblem (6.11). In the case of Krylov methods, it is not possible to directly cope with
generalized eigenproblems, so the trick is to set M = B~ A, or if B is singular, use M = A~'B
for the equivalent eigenproblem

1
Bz = XAZ‘ . (6.15)

In any case, the inverted matrix implies that linear solves must be performed in each iteration of
the eigensolver, thus increasing the cost considerably. This approach was used in our preliminary
work [Young and Armiento, 2010].

In contrast, Davidson methods can be extended naturally to generalized eigenproblems [Slei-
jpen et al., 1996]. When the projection is applied to the matrix pair (A, B) an m-dimensional
matrix pair (H,T) is obtained, with H = VT AV and T = VT BV. If the original matrix pair
is symmetric-definite, so it is the projected one. In this context, symmetry can be exploited in
two ways:

1. Modify the algorithm so that the computed basis V' is not orthonormal but B-orthonormal,
that is V7BV = I. In that case, T becomes the identity and therefore the projected
problem is standard. Note that this alternative requires B to be positive-definite, so if it
is not but the matrix pair is definite, then one has to solve the reverse problem (6.15). The
drawback of this alternative is that B-orthogonalization is generally more expensive than
orthogonalization, since the standard inner product must be replaced by (z,y)p = 27 By.

2. Use regular orthogonalization and exploit symmetry only when computing the solution of
the symmetric-definite projected eigenproblem (H,T). In this case, there is little gain in
terms of computation, but the robustness may be improved significantly.

In §6.5 the latter option is used. In particular, the implementation is based on an unsymmetric
version of GD (see Algorithm 2.3), where the symmetric entries of the matrices of the projected
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problem are computed only once. Further details about the implementation can be found in
Ch. 2.

6.4.4 Subspace recycling

A drawback of Krylov methods is that they start building the subspace from a single vector v;.
If one has an a priori knowledge of a rough approximation of the solution, e.g., from a previous
iteration of the self-consistent loop, then this knowledge cannot be exploited. In contrast,
Davidson methods can indeed benefit from using a rough approximation of the solution as
initial guess. The justification is that Davidson methods can be viewed from the perspective
of inexact Newton schemes [Wu et al., 1998]. Thus, a good starting solution can improve
convergence considerably, with the corresponding reduction of the overall cost.

In our code, the eigenvalue computation at a given self-consistent iteration is started with
an initial guess VY coming from the solution computed in the previous iteration. In order to
further improve the convergence, this initial subspace can be enriched with a Krylov subspace
generated by the operator K~!(A — 7B) acting upon the initial guess (see §2.1.6).

6.4.5 The SLEPc library

SLEPc, the Scalable Library for Eigenvalue Problem Computations [Hernandez et al., 2005], is
a software package for the solution of large-scale eigenvalue problems on parallel computers. It
can be used to solve standard and generalized eigenvalue problems, as well as other types of
related problems such as the quadratic eigenvalue problem or the singular value decomposition.
SLEPc can work with either real or complex arithmetic, in single or double precision, and it
is not restricted to symmetric (Hermitian) problems. It can be used from code written in C,
C++, FORTRAN, and Python.

SLEPc provides a collection of eigensolvers, most of which are based on the subspace pro-
jection paradigm described in the previous paragraphs. In particular, it includes a parallel
implementation of a robust and efficient restarted Krylov method, namely the Krylov-Schur
method [Stewart, 2001a]. Several Davidson-type solvers are included as well, in particular GD
and JD, with various possibilities for the computation of the correction vector. In these solvers,
the user can easily select which preconditioner to use.

SLEPc is built on top of PETSc, a parallel framework for the numerical solution of partial
differential equations, whose approach is to encapsulate mathematical algorithms using object-
oriented programming techniques in order to be able to manage the complexity of efficient
numerical message-passing codes. All the PETSc software is freely available and used around
the world in many application areas. PETSc is object-oriented in the sense that all the code
is built around a set of data structures and algorithmic objects. The application programmer
works directly with these objects rather than concentrating on the underlying data structures.
The three basic abstract data objects are index sets, vectors and matrices. Built on top of this
foundation are various classes of solver objects, including linear, non-linear and time-stepping
solvers. SLEPc inherits all the good properties of PETSc, including portability to a wide range
of parallel platforms, scalability to a large number of processors, and run-time flexibility giving
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full control over the solution process (one can for instance specify the solver at run time, or
change relevant parameters such as the tolerance or the size of the subspace basis).

6.5 Numerical experiments

If the target is to employ the methods of §6.3 (and summary therein) within a modern multi-
electron theory, i.e., density functional theory, one must take into account the troublesome
Coulomb divergences that are characteristic of atomic potentials (for example, the review in
[Tsuchida and Tsukada, 1998]). It is common in the application of those methods to handle the
unscreened divergences through pseudopotentials, giving a resulting eigenproblem that avoids
that issue. As noted in §6.3, the method of projecting the potential handles divergencies in the
Coulomb potential and thus this problem does not arise in error estimation.

The most direct approach to solving the KS equation set is to discard the electron interaction
terms, or in other words, to set the electron density functional to zero. The physical model
then becomes the Hartree model and is one in which the SC cycle disappears. Since the Hartree
approximation was found not to have a major impact on computational resources, the numerical
experiments are performed on a serial architecture. That, incidentally, provides an excellent
ground on which to test methods of grid adaptivity, as outlined in §6.3. The computations of the
Hartree model were performed on Tramwaj, a single machine with two 64-bit AMD processors
running at 2.4 GHz. The results correspond to deal.II 7.1 linked with versions 3.2 of PETSc
and SLEPc.

While the results of Fig. 6.2 demonstrate how the error estimate can provide a better rep-
resentation of the potential in which the form of the resultant grid was discussed, a second
consideration is the number of degrees-of-freedom for that grid which is directly proportional
to the size of the matrix that has to be presented to the solver. Tables 6.1 and 6.2 present
statistical information about the resultant grids for the method that starts from projecting the
potential (the shorthand O/M means Out of Memory).

Consider first the results of Table 6.1 in which the fraction of refinement is N = 1/d* = 0.111.
In this case the most reasonably coarse grid is used (global refinement g = 2 which, in three
dimensions, leads to sixty-four active cells in the grid). Successive refinement based on the
projected potential as an error estimate clearly leads to convergence with respect to the previous
level of refinement and, more fortuitously, the eigenenergy converges toward the correct (i.e.,
analytical) result. In this example the energy appears to converge to an energy that is slightly
lower than the analytical solution. This, we assume, may be a artifact of lacking refinement
around the core; as discussed in §6.3. The same refinement strategy is applied to grids that start
from a higher level of refinement and the refinement level has been set to N = 1/d = 0.333.
The results are gathered in Table 6.2.

The first clear result comes from a comparison of the starting grid g = 2 in both Table 6.1
and 6.2. A more aggressive refinement criterion (N = 0.333) leads to more degrees of freedom
in the grid and a better energy convergence for a lower number of refinement cycles. This
behaviour is typical of error estimates. A closer examination shows that starting from a coarser
grid in fact yields a better converged eigenenergy for a lower number of degrees of freedom;
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Table 6.1: Evolution of the number of active cells (Act. cells), the total number of degrees of
freedom (dofs), the total eigenenergy of the mean-field (eV) and the difference in the Hartree
energy (AErelative = |E"~1 — E™|), computing the electronic configuration of the Hydrogen
atom. At each cycle of intermediate refinement defined by Eqn. (6.9), the number of cells
flagged for refinement is N = 1/d? starting from a coarse grid globally refined g = 2 times.

Phase ‘ Act. cells Dofs eV AF.dative
Global 2 64 125 | -11.1149

Intermediate-0 120 223 | -12.2267 0.0409
Intermediate-1 400 649 | -12.7780 0.0203
Intermediate-2 736 1157 | -13.1234 0.0127
Intermediate-3 1688 2475 | -13.2962 0.0064
Intermediate-4 3060 4179 | -13.4066 0.0040
Intermediate-5 5454 7273 | -13.4524 0.0017
Intermediate-6 9710 12263 | -13.4968 0.0016
Intermediate-7 17606 21465 | -13.5230 0.0010
Intermediate-8 31536 27483 | -13.5389 0.0006
Intermediate-9 57296 65925 | -13.5506 0.0004
Intermediate-10 102544 115043 | -13.5597 0.0003
Intermediate-11 183184 201191 | -13.5643 0.0002
Intermediate-12 326432 254273 | -13.5677 0.0001

Analytical 00 oo | -13.6057 0

which is the second result. Starting from a well refined grid, ¢f. g = {4,6}, a relative error in
the energy is found to be AE,_4 ~ 0.0001 and AE,_s ~ 0.0003, respectively, before running
out of memory (O/M). The corresponding number of degrees of freedom in those cases are
dof= 1.6 x 10° and dof= 3.0 x 105. The same comparison between of ¢ = 2 and g = 4 show
them to be quantitatively similar. Comparing this with the results of Table 6.1 we find the
analogous result: AE,_» ~ 0.0001 and dof= 0.25 x 106.

The numerical experiments testing the energy convergence and computational cost of com-
puting the error estimated based on the projected potential are summarized in Fig.6.5. Since
using the error estimate based on the projected potential is of very low computational cost,
it is satisfying that starting from the coarsest possible grid and a modest level of refinement
between cycles yields a very good result. This, remembering the convergence behaviour of the
eigenenergy, indicates that refinement based on the projected potential is very suitable for pro-
ducing a starting grid on which computations can be performed after which a solution-based
error estimate (such as the Kelly error estimate) should be employed.
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Table 6.2: Same as in table 6.1, where at each cycle the number of cells refined is N = 1/d.
Three computations are given starting from a coarse grid globally refined g € {2,4,6}.

Phase | Act. cells Dofs eV AFE.dative

Global 2 64 125 | -11.1149
Intermediate-0 288 469 | -12.4016 0.0473
Intermediate-1 1072 1523 | -13.0560 0.0240
Intermediate-2 3592 4721 | -13.3736 0.0117
Intermediate-3 12370 15059 | -13.5003 0.0047
Intermediate-4 41742 48367 | -13.5433 0.0016

Intermediate-5 140050 155333 | -13.5624 0.0007
Intermediate-6 468700 503735 | -13.5662 0.0001
Intermediate-7 1565376 1641721 | -13.5692 0.0001

Global 4 4096 4913 | -13.0918
Intermediate-0 13840 16217 | -13.4077 0.0116
Intermediate-1 46656 52699 | -13.5211 0.0042

Intermediate-2 156416 171327 | -13.5555 0.0013
Intermediate-3 523160 557655 | -13.5655 0.0004
Intermediate-4 1746424 1828109 | -13.5695 0.0001
Intermediate-5 | 5829832 6016979 O/M O/M

Global 6 262144 274625 | -13.5237
Intermediate-0 873832 911987 | -13.5581 0.0013
Intermediate-1 | 2919568 3015425 | -13.5674 0.0003
Intermediate-2 | 9742384 9977315 Oo/M Oo/M
Intermediate-3 Oo/M O/M O/M O/M

6.5.1 Performance of the combined scheme

The following discussion summarizes the experiments carried out in order to evaluate the per-
formance of our implementation, and particularly in terms of scalability to a large number of
processes. The experiments are executed on Tirant, a machine consisting of 256 JS20 blade
computing nodes, each of them with two 64-bit PowerPC 970+ processors running at 2.2 GHz,
and interconnected with a low latency Myrinet network. Only 256 processors are used due to
user account limitations.

The results correspond to deal.II 7.0.0 linked with versions 3.2 of PETSc and SLEPc.
The application employs the PETSc implementation of vectors, matrices and linear system
solvers, and the SLEPc GD. The Poisson’s Problem is solved iteratively with GMRES(30)
accelerated with a Block Jacobi preconditioner. Although this iterative method does not exploit
the problem symmetry and the preconditioner could be more powerful, the time spent by this
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Figure 6.5: Evolution of the relative energy difference and total number of degrees of freedom
as a function of refinement cycle using the projected potential as an error estimate. The key
(0) refers to a refinement level of N = 1/d? cells, whereas (1) refers to a refinement level of
N =1/d cells.

part is considerably small; Fig. 6.6 shows this to be the case. On the contrary, the GD solver
dominates the time, and therefore we focus on its settings for the rest of this section.

The GD solver is configured to compute as many eigenpairs as electrons there are in the atom,
with a tolerance of 107%, using a symmetric variant of Algorithm 2.3. The search subspace is
initialized with 10 vectors, and bounded to 18 vectors. When the subspace is full, the method
restarts with 8 vectors. The preconditioner employed is the Block Jacobi approximation of
A — 7B, using incomplete Cholesky factorization on the blocks (level of fill equal to 5). The
initial target value is 7 = —1, and the subsequent ones are obtained from the previous converged
eigenvalue.

Tables 6.3 and 6.4 show a trace of the size (degree of freedom) and the number of iterations
spent by the linear solver and the eigensolver. Notice that the Hartree energy in a Kelly phase
converges with few self-consistent iterations.

Figure 6.6 compares the time spent by the different parts and highlights the effectiveness
of the feeding to reduce the time spent by GD (more than four times faster) computing the
electronic configuration of Hydrogen. However recycling the eigenvalue as a target has a negative
effect in the convergence of GD, in-so-much that the application does not converge if the non-
symmetric variant of GD is used instead. The proposed scheme has been tested successfully to
compute the electronic configuration of atoms up to 4 protons (see Fig. 6.6, right). For heavier
atoms, difficulties arise in terms of convergence, so other preconditioning strategies should be
employed (e.g., multigrid).
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Table 6.3: Evolution of the number of active cells (Act. cells), the total number of degrees of
freedom (dofs), the iterations spent by the linear system solver (Poi.) and the eigensystem
solver (Schr.), the total eigenenergy of the mean-field (eV) and the difference in the Hartree
energy (AFelative = |EM™™Y — EM)|), computing the electronic configuration of the Hydrogen
atom performing two intermediate steps.

Phase ‘ Act. cells Dofs | Poi. Schr. eV AFE.qative
Global 32768 35937 27 | -13.4088

Intermediate-0 58192 69749 22 | -13.5190 4.04 10~3

Intermediate-1 116012 148749 56 36 | -13.5378 6.91 104

Kelly-0 SC-0 207152 241837 53 54 8.27 1074

SC-1 53 1 1.34 10710

SC-2 53 1 1.00 10~ 12

SC-3 53 1| -13.5603 < 10713

Kelly-1 SC-0 370175 415072 43 69 1.57 1074

SC-1 43 1 3.20 10~

SC-2 43 1 6.00 1012

SC-3 43 1| -13.5646 1.00 10~13

Kelly-2 SC-0 660052 713196 76 85 7.45 1074

SC-1 76 1 5.10 10~

SC-2 76 1 1.10 10711

SC-3 76 1| -13.5666 3.00 10~'2

Kelly-3 SC-0 1175609 1246510 76 104 5.26 10~°

SC-1 76 1 5.80 10~ 11

SC-2 76 1 9.00 1012

SC-3 76 1| -13.5681 3.00 10~'2

Kelly-4 SC-0 2091727 2194572 40 129 3.29 10~°

SC-1 40 1 1.16 10710

SC-2 40 1 1.40 10— 11

SC-3 40 1| -13.5689 2.00 10~'2

Kelly-5 SC-0 3744049 3926380 1 159 1.59 10

SC-1 1 1 2.34 10710

SC-2 1 1 3.30 10~ 11

SC-3 1 1| -13.5694 9.00 10~'2
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Table 6.4: Same as in table 6.3, but performing four intermediate steps.

Phase ‘ Act. cells Dofs | Poi. Schr. eV AFE.dative
Global 32768 35937 27 | -13.4088

Ttermediate-0 58192 69749 22 | -13.5190 4.04 10~3
Itermediate-1 116012 148749 36 | -13.5378 6.91 10~
Itermediate-2 232576 309753 45 | -13.5457 2.90 10~
Itermediate-3 234816 311931 51 35 | -13.5451 2.91 107°
Kelly-0 SC-0 424901 505787 56 69 6.68 10~4
SC-1 56 1 7.00 1012

SC-2 56 1 1.00 1012

SC-3 56 1| -13.5633 < 10713

Kelly-1 SC-0 764254 850338 7 86 1.31 1074
SC-1 77 1 4.70 10~

SC-2 77 1 7.00 1012

SC-3 77 1 -13.5669 2.00 10~'2

Kelly-2 SC-0 1366681 1460988 71 108 5.35 107°
SC-1 71 1 9.30 10~ 11

SC-2 71 1 1.10 1071

SC-3 71 1| -13.5683 3.00 10~'2

Kelly-3 SC-0 2432578 2561494 26 130 3.97 10~°
SC-1 26 1 1.55 1010

SC-2 26 1 1.70 10~

SC-3 26 1| -13.5692 3.00 10~'2

Table 6.5: Collective timings for the Schrodinger—Poisson set up and solution on 16 processors.

Ref. means refinement.

Poisson Schrodinger
Phase Time  Ref. | Assem. Setup Solve ‘ Assem. Setup  Solve
Table 2 621.7 84.49 57.29 28.86 64.77 53.29 22.91 288.71
Table 3 395.9 58.61 34.87 18.33 60.08 33.54 14.51 160.98

Finally, Fig. 6.7 shows the scalability of the different components in the application. The
refinement process is the least scalable part, but takes a relatively small portion of the time
for the whole computation. The other parts present a good speedup, leading the application
as a whole to good parallel performance. It is worth emphasising here, that the error estimate
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Figure 6.6: Wallclock times with 16 processes computing the electronic configuration of H
without and with feeding (left), and the various atoms with feeding (right). The time is split
between the refinement processes and the solution of the Poisson and the Schrédinger problems.

based on a projection of the potential does not require any computations involving the solution
vectors; at each intermediate refinement stage the solution has been calculated here only to
demonstrate the convergent properties of the scheme.

6.6 Discussion and conclusions

In summary, the generic adaptive finite element scheme for electronic structure computations
introduced above focuses on exploiting (i) h—adaptive grid methods; and (ii) Subspace recycling,
offering experimental results regarding the proposed grid refinement techniques and performance
of iterative solvers for the Poisson and Schrédinger problems. For numerical experimentation
of grid adaptivity and the eigenspectrum solvers employed here it is the convergence of the
eigenenergies with respect to adaptive and SC cycles that are of central interest. We were
also occupied in the relative convergence (between cycles, cf. the variational principle) and
the scalability of convergence with respect to subspace recycling; and not in obtaining the best
possible global convergence, i.e., reproducing highly accurate results numerically. The latter is
to be the concern of a more specific applications than the scheme proposed in this contribution.
In the majority of other works “specialized” techniques are used that, while sophisticated and

— 109 —



6.6. Discussion and conclusions Chapter 6. Parallel DFT with Grid Refinement and Subspace Recycling

300 T T T T T
250 E
200 E
o
=]
T 150 | |
9]
2
wn
100 E
Global ——+—
50 Refinement —x—
Poisson ——
Schrodinger —=—
0 ! ! ! ! !
0 50 100 150 200 250 300
processes

Figure 6.7: Speedup computing the electronic configuration of H.

accurate, are not generally applicable (see discussion in §6.1). Our methods on the other
hand, are integrable into other computational schemes and models with ease: that is, as long
as a potential exists and adaptive methods are used, and/or a high-performance generalized
eigenspectrum solver is required.

Over a simple algorithm for solving the KS equation set, we detailed critical aspects from the
point of view of the overall computational effort in time and memory in the case of employing
h—adaptive grid techniques and subspace recycling. We evaluate some approaches for those
critical decisions, such as the heuristic for selecting the cell to be refined and the configuration
for the linear system and eigenproblem iterative solvers. Specifically, we provide experimental
evidence that the use of the projected potential heuristic combined with Kelly’s refinement
method yields efficient grids, reducing the memory requirements and computational cost. Also,
the overhead of the eigensolver can be significantly alleviated by Generalized Davidson with an
appropriate starting subspace management that exploits the previous step solution as initial
guess.

The following algorithm is therefore proposed that is expected to make the most of esti-
mating errors based on the potential and alleviating computational cost: (i) An initial grid is
constructed, deeming it possible to start from an appropriately refined grid while having not
computed any solution vectors (with the projected potential heuristic); that is, maximum ac-
curacy in the solution, minimal number of degrees of freedom. (ii) The self-consistent iterative
technique of solving the equations of DFT can then proceed using, at each self-consistent cycle,
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the previous eigenvectors as an approximate starting space to feed the eigensolver — in the
case investigated here, that was the GD solver. (iii) Iterations over each fully converged self-
consistent cycle can be successively improved on by using the Kelly error estimate to improve
on the initial grid.

A rigorous numerical test of the techniques developed in this work using more sophisticated
versions of the equations of DFT is desirable. Time dependency is a good test ground on which
our scheme may have a significant impact by reducing the overall cost of computation. For now,
these and other possibilities remain as the outlook for the future. A relatively straightforward
extension to the current scheme would be to introduce nonlocal terms into the Schrodinger
equation; which was supposed not to have a significant impact on the robustness of the methods
used in this work.

In any case, if the ultimate goal of real-space approaches to electronic structure theory
on the atomic scale is to perform fast and highly accurate time-dependent computations of
atomic/molecular structure; then our scheme is a promising candidate for that purpose.
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Chapter 7

Conclusions and Future Work

The solution of eigenvalue problems is considered one of the most important tasks in many
scientific and engineering applications. Very frequently they requiere the computation of a small
quantity of solutions of problems with certain structure, such as symmetric-definite, although
the non-structured cases are also worth considering; and whose matrices have a scalable matrix-
vector product, in the sense that its cost is far from O(n?) for a matrix with dimension n, being
a remarkable example the case of sparse matrices. In this contexti, iterative methods present
important advantages from the point of view of the computational resources utilized.

The thesis is concerned with the implementation of Davidson-type methods, a subclass
of the subspace iterative methods, for the solution of Hermitian and non-Hermitian large-
scale partial eigenvalue problems, both standard and generalized. The implementations are
integrated in the SLEPc library and incorporate (i) state-of-the-art expansion methods, such
as Generalized Davidson and Jacobi-Davidson (with the Newton stopping criteria), besides
the new expansion GD2; (ii) state-of-the-art extraction techniques, such as the Rayleigh-Ritz
method and harmonic variants; and (iii) restart techniques, such as GD+k. The solvers are
robust and efficient, exploiting the structural properties of the problem and performing the
operations in real arithmetic as much as possible.

The main contribution of this thesis is that some features provided by the SLEPc Davidson
solvers are not available in other free parallel libraries, such as the support of non-Hermitian
or generalized problems and the harmonic extraction techniques. The software profits from the
PETSc framework, inheriting the access to a wide variety of iterative linear system methods
and preconditioners, and the computational capabilities of high performance hardware, specially
supporting distributed memory.

The presented solvers were validated by their testing in a collection of problems whose
matrices come from real applications, and the comparison of the results for Hermitian cases,
considering the convergence and the computational performance against similar libraries. In
short, the Jacobi-Davidson solver presents slightly worse performance than the one available in
PRIMME (because of the lack in the SLEPc¢ implementation of sensible stopping criteria for the
correction equation), and the Generalized Davidson is as competitive as the versions available
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in PRIMME and Anasazi. In addition, the new method to expand the subspace, GD2, provides
better results compared with Generalized Davidson when the preconditioner is very far from
the ideal.

As a consequence of the integration on the described frameworks of SLEPc and PETSc, the
presented solvers, as the rest of SLEPc components, can interoperate in other applications and
be configured not only in terms of problem properties, but also in the solution requirements
through the convergence criterion (to indicate the solution quality) and the sort criterion (to
specify the region in which to find solutions, e.g., largest magnitude, rightmost/leftmost values,
closest to a target).

This has been illustrated addressing two relevant scientific computing applications, in which
obtaining the corresponding eigenpairs is challenging for iterative solvers. One of them is
in the context of computation of plasma unstable modes with the code GENE, in which we
provided examples of Jacobi-Davidson improving the performance of calculating eigenvalues,
some of them initialized with previous solutions of similar problems. In the other, Generalized
Davidson obtains the leftmost eigenvalues from problems that come from the discretization of
the Schrédinger equation in an application for computing the electronic configurations of atoms.

SLEPc is currently an active project and there are plans for the continuation of the devel-
opment of the Davidson implementation in order to address more problems and improve its
efficiency and robustness. Concretely, a list of near future work includes

o the implementation of two-sided and alternating Jacobi-Davidson [Hochstenbach and Slei-
jpen, 2003], which have asymptotically cubic convergence finding both left and right eigen-
vectors at the same time;

e the implementation of robust Davidson methods specific for SVD [Hochstenbach, 2001]
and polynomial eigenproblems [Sleijpen et al., 1996; Voss, 2007; Hochstenbach and Slei-
jpen, 2008] (these problems can be currently solved by the SVD and QEP SLEPc solvers
that linearize the problem to a linear eigenvalue problem);

e the implementation of sensible stopping criteria, such as the one described for CG in
[Notay, 2002] and QMR in [Stathopoulos, 2007] (implemented by PRIMME), and the
more general criteria described in [Hochstenbach and Notay, 2009], which support non-
Hermitian problems and can be efficiently employed in many iterative solvers for linear
systems;

e the implementation of dense eigensolvers for the projected problem in the case of general-
ized symmetric-indefinite problems [Brebner and Grad, 1982] and polynomial eigenprob-
lems [Betcke and Kressner, 2011], that can make the solvers more robust; and

e the improvement of the support of the SLEPc Davidson solvers for novel architecture
hardware such as multi-cores and GPUs, that currently is limited to accelerate the matrix-
vector product and some vector-vector operations.

About the mentioned applications, some parts of the interface to PETSc/SLEPc can be
improved, e.g., the creation of the problem matrices in PETSc formats or the interchange of
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vectors between the application and PETSc. In addition, extending the SLEPc¢ sorting criteria
interface to consider the vectors also can be interesting for the code GENE. Finally the DFT code
can be extended with more sophisticated versions, for instance considering time dependency.

7.1 Publications

The following list of publication in conferences and journals has been produced in the context
of this thesis:

e E. Romero and Jose E. Roman. A parallel implementation of the trace minimization
eigensolver. In J. M. Palma, P. R. Amestoy, M. Daydé, M. Mattoso, and J. C. Lopes, ed-
itors, High Performance Computing for Computational Science - VECPAR 2008, volume
5336 of Lect. Notes Comp. Sci., pages 255-268, 2008.

e T. D. Young, E. Romero and J. E. Roman. Finite Element Solution of the Stationary
Schrodinger Equation Using Standard Computational Tools. Proceedings of the Interna-
tional Conference on Computational and Mathematical Methods in Science and Engineer-
ing, CMMSE 2009, 1140-1150, 2009.

e M. B. Cruz, E. Romero, J. E. Roman and P. B. Vasconcelos. Uma implementagao paralela
do método de Jacobi-Davidson para problemas de valores préprios nao simétricos de
grande dimensao. Congreso de Métodos Numéricos en Ingenieria 2009, METNUM 2009.

e E. Romero and J. E. Roman. A Parallel Implementation of the Davidson Method for
Generalized Eigenproblems. In B. Chapman, F. Desprez, G. R. Joubert, A. Lichnewsky,
F. Peters and T. Priol, editors, Parallel Computing: From Multicores and GPU’s to
Petascale, volume 19 of Advances in Parallel Computing, pages 133-140. I0S Press,
2010.

e E. Romero, M. B. Cruz, J. E. Roman and P. B.Vasconcelos. A Parallel Implementation
of the Jacobi-Davidson Eigensolver for Unsymmetric Matrices. In J. M. L. M. Palma,
M. Daydé, O. Marques, and J. C. Lopes, editors, High Performance Computing for Com-
putational Science — VECPAR 2010, volume 6449 of Lect. Notes Comp. Sci., pages
380-393. Springer, 2011.

e E. Romero and Jose E. Roman. Computing Subdominant Unstable Modes of Turbulent
Plasma with a Parallel Jacobi-Davidson Eigensolver, Concur. Comput.: Pract. Exp, 23
(17):2179-2191, 2011.

e F. Merz, C. Kowitz, E. Romero, J. E. Roman and F. Jenko. Multi-dimensional gyrokinetic
parameter studies based on eigenvalue computations, Comput. Phys. Commun., 2012.
DOLI: 10.1016/j.cpc.2011.

e T. D. Young, E. Romero and J. E. Roman. Parallel Finite Element Density Functional
Computations Exploiting Grid Refinement and Subspace Recycling. Submitted to Com-
put. Phys. Commun.
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7.2 Projects

The work developed in this thesis was partially supported by the Spanish Ministry of Science
and Innovation (MICINN) under the projects

o Advanced methods and novel computational techniques for the numerical solution of large-
scale eigenvalue problems, grant number TIN2009-07519, whose objective is to extend
SLEPc, besides the inclusion of the Davidson solvers and the harmonic extraction, in
order to support quadratic eigenproblems and improve the performance in multi-core and
GPUs computing environments; and

o Numerical Methods for Spectral Computations: Development and Implementation in Par-
allel Computers, in the context of the Spanish-Portuguese Integrated Action, that funded
the collaboration with M. B. Cruz and P. B. Vasconcelos in the initial development of the
Jacobi-Davidson for standard non-Hermitian problems, among other works.

7.3 Software based on SLEPc

The SLEPc source code, in which the Davidson solvers described in this thesis are included,
is freely distributed in Internet under the GPL license since 2003, encouraging its use in other
software projects as a specialized component for solving eigenvalue problems. Some software
using SLEPc is listed next, for a more complete reference see [Roman, 2011]:

FEniCS a toolkit for the Automation of Computational Mathematical Modeling (ACMM);
libMesh a C++ framework for the numerical simulation of partial differential equations;
deal.IT a finite element Differential Equations Analysis Library;

Elefant Efficient Learning, Large-scale Inference, and Optimisation Toolkit;

TiberCAD Multiscale Device Simulator;

GENE Gyrokinetic Electromagnetic Numerical Experiment;

GYRO The General Atomics TGYRO Code Suite;

OpenCMISS Open Continuum Mechanics, Imaging, Signal processing and System identifica-
tion;

Milonga a free nuclear reactor core analysis code;

Dome tools for power system analysis.

The Davidson solvers in SLEPc are available from SLEPc version 3.1, and some libraries are
starting to using them, like for instance in GENE, which employs the Jacobi-Davidson solver as
default (configured similarly as described in the experiments of chapters 4 and 5); and deal .IT,
which added the corresponding wrappers so that they can be used by the rest of the library.
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