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Abstract. For Sig, the category of many-sorted signatures, and Cat, the category of U-categories, for a
Grothendieck universe U, the structure consisting of: (1) the contravariant functor Alg from Sig to Cat,
which sends ¥ € Sig to Alg(X), the category of X-algebras, (2) the pseudo-functor Ter from Sig to Cat,
which sends ¥ € Sig to Ter(X), the category of generalized terms for ¥, (3) the family Tr = (TrE)EGSig,
where, for each X € Sig, Tr> is the functor from Alg(X) x Ter(X) to Set that formalizes the realization
of terms as term operations on algebras, and (4) the family 6 = (Qd)deMor(Sig), where, for each morphism

d from ¥ to A in Sig, 69 is a natural isomorphism between two suitable functors from Alg(A) x Ter(X)
to Set, which shows the invariant character of the procedure of realization of terms under signature change,
has led us to consider the following generalization of the concept of institution. Let C be a category, then
an institution on C is a quadruple (Sig, Mod, Sen, (o, 3)), where Sig is a category, Mod: Sig®® —= Cat
and Sen: Sig—— Cat are two pseudo-functors, and («, ) is a pseudo-extranatural transformation from
Mod(-) x Sen(-), the pseudo-functor obtained from Mod and Sen, to K¢, the functor which picks C. The
richer structure of institutions accommodate “term-institutions” such as the motivating example integrating
terms as “sentence” that are more basic and exhibit more structure than actual sentences built of terms. We
have also defined a notion of 2-institution, parameterized by a given category C, which is roughly obtained by
allowing the category Sig to be a 2-category, letting Mod and Ter be pseudo-functors, and («, 3) a pseudo-
extranatural transformation from Mod(-) x Sen(-) to K. Now, a 2-category structure on Sig is not easy to
motivate, namely it is not clear what the 2-cells should stand for. However, we have appropriately motivated
this new concept by using the example of polyderivors between many-sorted signatures. Polyderivors yield
on Sig a 2-category Sig,, and make, in a natural way, Alg and Ter pseudo-functors and (Tr,#) a pseudo-
extranatural transformation, providing an example of 2-institution. From Sig,, we obtain a 2-category Spf,,
of specifications and polyderivors, but additionally allowing the naturalness of the 2-cell to hold only up to
provable equality, which provides another example of 2-institution. Finally, taking into account the theorem
of Herbrand-Schmidt-Wang, we give a natural example of a forward morphism from the institution associated
to the heterogeneous first-order logic to the institution associated to the ordinary first-order logic.
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1. Introduction.

It seems appropriate to begin our work by recalling two direct ancestors of the concept of institution, as
defined by Goguen and Burstall in [GoB84]. On the one hand, that (relatively forgotten) of regular model-
theoretic language defined by Feferman in [Fef74], pp. 155-156, as a system L = (Typ;,Stry,Ster, =)
where Typ, is a non-empty set of similarity types, called the admitted types of L, and Strp, Stcy, Er are
functions with domain Typ; such that for each admitted types T, 7'

(i) Strp(7) is a sub-collection of Str(7), called the admitted structures for L(T),

(ii) Ster(7) is a collection called the sentences of L(7),

(iii) k=g, is a sub-relation of Stry(7) x Stcr(7), called the satisfaction (or truth) relation of L(7),

(iv) Expansion. 7 C 7' = Step (1) C Step(7/); M € Strp(r7') = M | 7 € Strp(7) and ¢ € Step(r) =
7 eD

(v) Renaming. Each 7 =, 7’ induces a 1 — 1 correspondence 7: Stc(7) —=Stc(7’) such that if 9t € Stry(7)
and MM € Str(7’') and M =, M, then M’ € Strp(7') and M = ¢ < M = (), and

(vi) Isomorphism. If MM € Stry(7) and MM’ € Str(7) and M = M, then M’ € Strp(7) and M = ¢ < M’ E ¢.

On the other hand, that of a logic £* defined by Barwise in [Bar74], pp. 234235, where he says that it
consists of a syntax and a semantics which fit together nicely. The syntax of £* is a functor * on some
category C of languages to the category of classes. The functor * satisfies the following axiom:

Occurrence Axiom. For every L£*-sentence ¢ there is a smallest (under C) language L, in C such that
peLy. Ifi: L, C K is an inclusion morphism, so is ¢*: Lg C K*.

The semantics of £* is a relation |= such that if 9 = ¢, then 9 is an L-structure for some L in C and
@ € L*. It satisfies the following axiom:

Isomorphism Axiom. If M = ¢ and M = N, then N | .
The syntax and semantics of £* fit together according to the final axiom.

Translation Axiom. For every £* sentence ¢, every K-structure 9t and every morphism a: L, —= K
M=o (p) iff M is an L,—structure and M~ = .

The theory of institutions of Goguen and Burstall, which arose within theoretical computer science, in
response to the proliferation of logics in use there, is a categorial formalization of the semantic aspect of the
intuitive notion of “logical system”, and it has as objectives, according to Goguen and Burstall in [GoB86]:
“(1) To support as much computer science as possible independently of the underlying logical system, (2) to
facilitate the transfer of results (and artifacts such as theorem provers) from one logical system to another,
and (3) to permit combining a number of different logical systems”.

We recall that Goguen and Burstall in [GoB84|, p. 229, define an institution as a category Sign, of
signatures, a functor Sen from Sign to Set, giving the set of sentences over a given signature, a functor
Mod from Sign to Cat°P, giving the category of models of a given signature, and, for each ¥ € Sign, a
satisfaction relation =5C |[Mod(X)| x Sen(X), where || is the endofunctor of Cat which sends a category
to the discrete category on its set of objects, such that, for each morphism ¢: ¥ ——=3'  the

Satisfaction Condition. M’ =5 p(e) iff o(M') Ex e,

holds for each M’ € |Mod(X')| and each e € Sen(X). Later on, in [GoB86], p. 316, they define an institution
as a category Sign, of signatures, a functor Sen from Sign to Cat (observe the large-scale change from
Set to Cat in this definition, we emphasize), giving sentences and proofs over a given signature, a functor

Mod from Sign to Cat°?, giving the category of models of a given signature, and a satisfaction relation
E»C [Mod(X)| x |Sen(X)|, for each ¥ € |Sign|, such that

Satisfaction Condition: M’ 5 Sen(p)s iff Mod(p)M' =5 s, for each ¢: ¥ ——=5%' in Sign, M’ €
[Mod(Y)| and s € |Sen(X)|, and

Soundness Condition: if M =5 s, then M =y, s, for each M € [Mod(X)| and s —= s’ € Sen(X).
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Besides, the same authors, in [GoB86], p. 327, define, for a category V, a generalized V-institution as a
pair of functors Mod, from Sign°® to Cat, and Sen, from Sign to Cat, with an extranatural transformation
E from |[Mod(-)| x Sen(:) to V. Observe that the second concept of institution falls under this last one
because, taking as V the category 2, with two objects and just one morphism not the identity, the existence
of an extranatural transformation from |[Mod(-)| x Sen(-) to 2 is equivalent to the above satisfaction and
soundness conditions.

But it happens that the compatibility of many-sorted terms and many-sorted algebras with respect
to transformations between many-sorted signatures is also valid when many-sorted terms and many-sorted
algebras (of different many-sorted signatures) are endowed with natural category structures, as we will prove
in this article. From this fact it follows that the restriction imposed by Goguen and Burstall in [GoB86],
p. 327, to the concept of institution, concretely, that the domain of the extranatural transformation = is
[Mod(-)| x Sen(-), is a real loss of generality that prevents to reflect faithfully the involved complexity. This
has led us to generalize the concept of institution towards two directions: (1) by parameterizing its “truth-
value structure” by an arbitrary category, and (2) by allowing a 2-category structure on signatures, reflected
in an appropriate way on the mappings Mod and Sen. The first direction of generalization integrates terms as
“sentences” that are more basic and exhibit more structure than actual sentences, and the second allows for a
very flexible notion of specification morphism and of equivalence between specifications. Specifically, we have
defined a 2-institution on a given category C as a quadruple (Sig, Mod, Sen, («a, 3)) consisting of a 2-category
Sig, a pseudo-functor Mod: Sig°® ——= Cat, a pseudo-functor Sen: Sig——= Cat, and a pseudo-extranatural
transformation (o, 3): Mod(-) x Sen(-) —= K¢ from the pseudo-functor Alg(-) x Ter(+), obtained from Alg
and Ter, to K¢g, the functor which picks C, both defined on Sig®® x Sig and taking values in Cat. And an
institution on C as a 2-institution for which Sig is an ordinary category.

On the other hand, as it is well-known, the theorem of Herbrand-Schmidt-Wang (see [Her30], [Sch3§],
and [Wan52]) about the reduction of heterogeneous first-order logic to homogeneous first-order logic, states
that, for a heterogeneous first-order signature § and a heterogeneous S-theory T, given a sentence of T and a
proof for it in T, there is an effective way of finding a proof in T/, the homogenization of T, for its translation
in T'; and conversely, given a sentence of T” which has a translation in T, and given a proof for it in T’,
there is an effective way of finding a proof in T for its translation in T. On the basis of this theorem we have
obtained, after accurately describing the institution Ht associated to heterogeneous first-order logic and the
institution Ht associated to homogeneous first-order logic, a forward morphism from Ht to Hm founded on
the domain unification.

Next we proceed to succinctly describe the contents of the following sections of this work.

The main goal of the second section is to construct the many-sorted term institution. To attain such
a goal we begin by defining MSet, the category of many-sorted sets and many-sorted mappings, Sig, the
category of standard many-sorted signatures, and Alg, the category of standard many-sorted algebras and
morphisms between many-sorted algebras of different many-sorted signatures, through the construction
of Ehresmann-Grothendieck applied, respectively, to suitable contravariant functors MSet, Sig, and Alg.
Then we remark that MSet and Sig are split bifibrations on Set and state that MSet, Sig, and Alg are
bicomplete, that Alg is concrete, univocally transportable through a “forgetful”functor G into the fibered
product MSet Xxget Sig, and that the functor G has a left adjoint T: MSet Xget Sig — Alg which
transforms objects of MSet X get Sig into labelled term algebras in Alg and morphisms of MSet X et Sig
into translators between the associated labelled term algebras in Alg. On the basis of the functor T we
define, for every many-sorted signature 3, the category Ter(X), of generalized terms for 3, as the dual of
the Kleisli category for Ts; (the standard monad derived from the adjunction between the category Alg(3X),
of X-algebras, and the category Set”, of S-sorted set), and we extend this procedure to a pseudo-functor
Ter from Sig to Cat which formalizes the procedure of translation for many-sorted terms. Then, to account
exactly for the invariant character of the procedure of realization of the many-sorted terms in the many-
sorted algebras, under change of many-sorted signature, we show that there exists a pseudo-extranatural
transformation from a pseudo-functor obtained from Alg and Ter to the functor Kget, both defined on
Sig®? x Sig and taking values in the 2-category Cat. Finally, after generalizing the concept of institution by
means, essentially, of the notion of pseudo-extranatural transformation from a pseudo-functor to a constant
functor, we get Tm, the many-sorted term institution on Set.

In the third section we begin by defining, for a many-sorted signature 3, the concept of X-equation,
but for the generalized terms in the category Ter(X), the relation of satisfaction between many-sorted
algebras and X-equations, the consequence operator Cny:, and by translating, for a morphism between many-
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sorted signatures, equations for the source many-sorted signature into equations for the target many-sorted
signature. Then we continue with the proof of the satisfaction condition and, after defining a convenient
pseudo-functor from Sig to Caty,, for an adequate Grothendieck universe V, we get £&q, the many-sorted
equational institution on 2. Following this, after defining the category Spf, of many-sorted specifications
and many-sorted specification morphisms, we prove the existence of a contravariant functor, Alg®, and of
a pseudo-functor, Ter®®  from Spf to Cat, that extend Alg and Ter, respectively. Then we state that from
Spf°® x Spf to the 2-category Cat there exists a pseudo-functor, obtained from Alg®® and Ter®, and a
pseudo-extranatural transformation from it to the functor Kget, and from this we get Gpf, the many-sorted
specification institution on Set, and an institution morphism from &pf to Tm (actually, Tm is a retract of
Spf).

In the fourth section after defining the morphisms of Fujiwara between many-sorted signatures (that
generalize the standard morphisms and the derivors between many-sorted signatures, as well as the families
of basic mapping-formulas defined by Fujiwara in [Fuj59] for the single-sorted case), and the composition
of these morphisms, we get the category Sig,,, of many-sorted signatures and morphisms of Fujiwara, and
state that it can be obtained, up to isomorphism, as the Kleisli category for a monad in Sig. Then we define
a pseudo-functor (contravariant in the morphisms) Alg,,: Sig,, — Cat and, by applying the construction
of Ehresmann-Grothendieck, we get a new category Alg,,, of many-sorted algebras and morphisms between
many-sorted algebras which have, as a component, the morphisms of Fujiwara. Following this we define
another pseudo-functor (covariant in the morphisms) Tery, from Sig,, to Cat which formalizes the procedure
of translation for many-sorted terms, but now for the morphisms of Fujiwara. Then, to account exactly for
the invariant character of the procedure of realization of the many-sorted terms in the many-sorted algebras,
under change of many-sorted signature through the morphisms of Fujiwara, we show that there exists a
pseudo-extranatural transformation from a pseudo-functor obtained from Alg,, and Tery, to the functor
Kget, both defined on Siggg x Sig,, and taking values in the 2-category Cat, and from this we get Tmy,,
the many-sorted term institution of Fujiwara.

In the fifth section we endow the category Sigy, with a 2-category structure through the concept of
transformation between morphisms of Fujiwara, which generalizes that one of equivalence between families
of basic mapping-formulas, defined by Fujiwara in [Fuj60] for the single-sorted case. Then we prove that the
transformations between morphisms of Fujiwara determine natural transformations between the functors
associated to the morphisms of Fujiwara. From this we extend the pseudo-functors Alg,, and Tery, to the
2-category Sigpp, and we get, in particular, by applying the construction of Ehresmann-Grothendieck to
Alg,,, a corresponding 2-category Alg,,. Next, after proving that the transformations between morphisms
of Fujiwara are compatible with the realization of the many-sorted terms in the many-sorted algebras, we
show that there exists a pseudo-extranatural transformation from a pseudo-functor obtained from Alg,, and

Terpy to the functor Kget, both defined on the 2-category Sig‘;g x Sig,, and taking values in the 2-category
Cat, and from this we get Tmy;, the many-sorted term 2-institution of Fujiwara.

In the sizth section we define a 2-category of specifications, Spf,,, with objects the specifications, 1-cells
from a specification into a like one the polyderivors between the underlying signatures of the specifica-
tions that are compatible with the equations, and 2-cells from a 1-cell into a like one a convenient class
of transformations between the polyderivors. Following this we state that the contravariant pseudo-functor
Alg,, and the pseudo-functor Teryp, both defined on the 2-category Sig,,, can be lifted to the 2-category
Spf,, as Algpy and Ter}?, respectively. Then we state that from the 2-category Spfyy x Spf,, to the
2-category Cat there exists a pseudo-functor, obtained from Alg;% and Ter;%, and a pseudo-extranatural
transformation from it to the functor Kget, and from this we get &pf,,, the many-sorted specification
2-institution of Fujiwara.

In the seventh section, taking into account the theorem of Herbrand-Schmidt-Wang, we provide a natural
example of a forward morphism from the institution Ht to the institution Hm.

Every set we consider, unless otherwise stated, will be a U-small set or a U-large set, i.e., an element or
a subset, respectively, of a Grothendieck universe U (as defined, e.g., in [Mac98], p. 22), fixed once and for
all. Besides, we agree that Set denotes the category which has as set of objects U and as set of morphisms
the subset of U of all mappings between U-small sets, and, depending on the context, that Cat denotes
either, the category of the U-categories (i.e., categories C such that the set of objects of C is a subset of
the Grothendieck universe U, and the hom-sets of C elements of U), and functors between U-categories,
or the 2-category of the U-categories, functors between U-categories, and natural transformations between
functors.
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In all that follows we use standard concepts and constructions from category theory, see e.g., [BoJ01],
[Ehr65], [Gro7l], [Kle65], and [Mac98]; classical universal algebra, see e.g., [Coh81], [Gra79]; categorical
universal algebra, see e.g., [Bén68] and [Law63]; and many-sorted algebra, see e.g., [Bén68], [BiL48], [GoM85],
[Hig63], and [Mat76]. Nevertheless, we have generically adopted the following notational and terminological
conventions. For a set B, a family of sets (A;);cs, and a family of mappings (f;)ies in [[;c; Hom(B, A;), we
denote by (f;),c; the unique mapping from B to [],.; A; such that, for every i € I, f; = pr; o (fi),c;, where
pr; is the canonical projection from [],.; A; to A;. For a set S we agree upon denoting by T, (S) = (S*, A, )
the free monoid on S, where S*, the underlying set of T,(S), is U, ¢y S™, the set of all words on S, A the
concatenation of words on S, and A the empty word on S. For a word w on S, |w| is the length of w.
Moreover, T, = (T4, (), A) is the standard monad in Set for the monoid specification, where, T, is the
composition of the free monoid functor T, : Set —=Mon and the forgetful functor Gpyron: Mon — Set,
for every set S, (jg: S——=S* the inclusion of S into S*, and Ag: S** ——=S* the merging of strings of

words to words. To simplify the notation, we will write (s) instead of {g(s). Furthermore, if ¢: S——=T
*

and t: S——=T* are mappings, then ¢* is the unique homomorphism from T,(S) to T4(T) such that
¢*o §s=01 op, Y*: S* —=T* the underlying mapping of the canonical extension of ¢ to the free monoid
T,(S) on S and ¢* the unique monoid homomorphism from T, (S) to T,(T*) such that ¢¥*o §js=(r« o).

More specific notational conventions will be included and explained in the successive sections.

2. The many-sorted term institution.

Our main aim in this section is to show that the concept of “derived operation of an algebra”, also known as
“term operation of an algebra”, elemental as it is, but fundamental for universal algebra, can be naturally
subsumed under the notion of institution (see for this notion, e.g., [GoB86]), provided that an institution is
meant not to be an extranatural transformation (as in [GoB86]) but a pseudo-extranatural transformation
(as defined at the end of this section).

To attain the aim just mentioned we begin by a careful examination of the different types of things that
are involved around it, namely many-sorted sets, signatures, algebras, terms, and generalized institutions.
More specifically, in this section we define the category MSet of many-sorted sets, in which the many-
sorted sets will be labelled with the sets of sorts, by applying the Ehresmann-Grothendieck’s construction
(henceforth abbreviated to EG-construction) (see [Ehr65], pp. 89-91 and [Gro71], pp. (sub.) 175-177) to a
contravariant functor MSet from Set to Cat. Following this we define the categories Sig, of many-sorted
signatures, and Alg, of many-sorted algebras, by applying also the EG-construction to suitable contravariant
functors Sig from Set to Cat, and Alg from Sig to Cat, respectively.

Besides we prove the existence of a left adjoint T to a “forgetful”functor G from Alg to MSet x gt Sig,
and from this left adjoint T we define a pseudo-functor Ter from Sig to Cat which formalizes the procedure
of translation for many-sorted terms.

Finally, to account exactly for the invariant character of the realization of many-sorted terms in many-
sorted algebras under change of many-sorted signature, we prove the existence of a pseudo-extranatural
transformation from a pseudo-functor on Sig®® x Sig to Cat, induced by Alg and Ter, to the functor Kget,
between the same categories, which is constantly Set. Then, after providing a generalization of the ordinary
concept of institution, we prove that the pseudo-extranatural transformation is, in fact, part of an institution
on Set, the so-called many-sorted term institution.

Before stating the first proposition of this section, we agree upon calling, henceforth, for a set (of sorts)
S € U, the objects of the category Set® (i.e., the elements A = (A;)ses of Lls) S-sorted sets; and the
morphisms of the category Set® from an S-sorted set A into another B (i.e., the ordered triples (A, f, B),
abbreviated to f: A—— B, where f is an element of [[, g Hom(Ay, Bs)) S-sorted mappings from A to B.
Furthermore, we also agree that a pseudo-functor F' from a category C to a 2-category D consists of the
following data:

1. An object mapping F': Ob(C) — Ob(D).
2. For every z,y € C, an hom-mapping F': Homc(z, y) — Homp (F(x), F(y)).

3. For every morphisms f: z—sy and g: y—=2 in C, an isomorphic 2-cell v/9 from F(g) o F(f) to
F(go f).
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4. For every x € C, an isomorphic 2-cell #* from idp(y) to F(idy).
These data must satisfy the following coherence axioms:

1. For morphisms f: x——=vy, g: y—=2, and h: z——>t in C,
79T 0 (idpny * /) = 4710 0 (91 % idpp)).
2. For a morphism f: z——sy in C,
idF(f) = ’yid”’f [¢] (ldF(f) * I/x) and idF(f) = ’yf7idy o (I/y * idF(f)).

In the following proposition, that is basic for a great deal of what follows, for a mapping ¢ from S to
T, we prove the existence of an adjunction ]_Lo 4 A, from the category of S-sorted sets to the category

of T-sorted sets, as well as the existence of a contravariant functor MSet and of a pseudo-functor MSet™
(related, respectively, to the right and left components of the adjunction) from Set to Cat.

Proposition 2.1. Let ¢: S ——T be a mapping. Then there are functors A, from Set” to Set® and Hso
from Set® to Set” such that Hso 4A,. We write 0¥, 5%, and €%, respectively, for the natural isomorphism,
the unit, and the counit of the adjunction. Besides, there exists a contravariant functor MSet from Set to
Cat which sends a set S to the category MSet(S) = Set®, and a mapping ¢ from S to T to the functor

A, from Set” to Set”; and a pseudo-functor MSet™! from Set to the 2-category Cat given by the following
data

1. The object mapping of MSet™ is that which sends a set S to the category MSetH(S) = Set”.

2. The morphism mapping of MSet™ is that which sends a mapping ¢ from S to T to the functor MSet™ (p) =
[1, from Set® to Set”.

3. For every ¢: S——=T and ¢: T—=U, the natural isomorphism %% from [, oIl, to 1., is that
which is defined, for every S-sorted set A, as the U-sorted mapping that in the u-th coordinate is
((a,s),(s)) — (a,s), if there exists an s € S such that u = ¥ (¢(s)), and is the identity at &, otherwise.

4. For every set S, the natural isomorphism v from Idggss to ]_[ids is that which is defined, for every
S-sorted set A and s € S, as the canonical isomorphism from A, to Ay x {s}.

Proof. Let A, be the functor from Set” to Set” defined as follows: its object mapping sends each T-sorted
set A to the S-sorted set A, = (Ay(s))ses, i-e., the composite mapping A o ¢; its arrow mapping sends

each T-sorted mapping f: A——= B to the S-sorted mapping f, = (fy(s))ses: Ap —> By Let [], be the
functor from Set® to Set” defined as follows: its object mapping sends each S-sorted set A to the T-sorted
set ]_[90 A= (Hsegrl[t] Ag)ter; its arrow mapping sends each S-sorted mapping f: A—— B to the T-sorted
mapping [, f = (e, fo)ter: I, A—II, B. Then the functor [], is a left adjoint for A, since,
for every S-sorted set A, [, A is Lan, A, the left Kan extension of A along .

The proof that MSet™ is a pseudo-functor follows easily from its definition and can therefore be left to
the reader. [

Henceforth, when dealing with a pseudo-functor we will restrict ourselves to define explicitly only its
object and morphism mappings, if about the remaining data and conditions there is not any doubt.

By applying the EG-construction to MSet we get the category of many-sorted sets as stated in the
following definition.

Definition 2.2. The category MSet, of many-sorted sets and many-sorted mappings, is given by MSet =
fset MSet. Therefore MSet has as objects the pairs (S, A), where S is a set and A an S-sorted set, and as
morphisms from (S, A) to (T, B) the pairs (p, f), where ¢: S—T and f: A—B,,.

From the definition of the category MSet it follows, immediately, that the projection functor myiget for
MSet is a split fibration. Furthermore, for every set S, the fiber of myget at (S,idg) is, essentially, the

category Set®. On the other hand, if we apply the EG-construction to the pseudo-functor MSet, then
we get a category with the same objects as MSet, but with morphisms from (5, A) to (T, B) the pairs
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(¢, f), where ¢: S——=T and f: HWA%B. However, for every morphism ¢: S——=T, we have that

Hsa +A,, thus the categories [ 8¢t MSet and fset MSet!! are isomorphic (observe the use, in the symbol of

integration, also called the integral of Grothendieck, of the subscript to indicate the covariant situation, and
of the superscript to indicate the contravariant one). From this it follows that the functor myget is also a
split opfibration. Therefore we can assert that MSet is a split bifibration on Set.

Proposition 2.3. The category MSet is bicomplete.
Proof. This follows from Theorem 1, pp. 247-248, and Theorem 2, pp. 250-251, in [TBG91]. O

Our next goal is to define the category Sig. But before doing that we agree that, for a set of sorts S in
U, Sig(S) denotes the category of S-sorted signatures and S-sorted signature morphisms, i.e., the category
Set®” *S where S* is the underlying set of the free monoid on S. Therefore an S-sorted signature is a function
¥ from S* x S to U which sends a pair (w,s) € S* x S to the set ¥, 5 of the formal operations of arity
w, sort (or coarity) s, and biarity (w,s); and an S-sorted signature morphism from X to ¥’ is an ordered
triple (3, d, %), written as d: ¥ —=3¥', where d = (dw,s) (w,s)es+xs € H(w,s)es*xs Hom(Xy 5, X, ). Thus,
for every (w,s) € S* x S, dy s is a mapping from %, s to Z,Lh which sends a formal operation ¢ in ¥, s to
the formal operation d,, (o) (d(co) for short) in 33, .

w.s)
w,s

S

Proposition 2.4. There exists a contravariant functor Sig from Set to Cat. Its object mapping sends
each set of sorts S to Sig(S) = Sig(9); its arrow mapping sends each mapping ¢ from S to T to the
functor Sig(¢) = Aysx from Sig(T') to Sig(S) which relabels T-sorted signatures into S-sorted signatures,
i.e., Sig(p) assigns to a T-sorted signature A the S-sorted signature Sig(y)(A) = A «x, and assigns to a
morphism of T-sorted signatures d from A to A’ the morphism of S-sorted signatures Sig(¢)(d) = dyxx

/
from Ayexp to ALy,

By applying the EG-construction to Sig we get the category of many-sorted signatures as stated in the
following definition.

Definition 2.5. The category Sig, of many-sorted signatures and many-sorted signature morphisms, is
given by Sig = ISEt Sig. Therefore Sig has as objects the pairs (S,X), where S is a set of sorts and ¥ an
S-sorted signature and as many-sorted signature morphisms from (S,%) to (T, A) the pairs (p,d), where
¢: §—T is a morphism in Set while d: ¥ —= A+, is a morphism in Sig(S). The composition of
(p,d): (S,%) —(T,A) and (¢, e): (T,A) — (U, ), denoted by (1), e) o (p,d), is (1) 0, epx x, 0 d), where
Corxp’ Nprxo = (e xyp) or x o (Z Qapog)* x (og) ) - Henceforth, unless otherwise stated, we will write 3, A,
Q, and E instead of (S,X), (T,A), (U,Q), and (X, Z), respectively, and d, e, and h, instead of (¢, d), (¢, e),
and (v, h), respectively. Furthermore, to shorten terminology, we will say signature and signature morphism
instead of many-sorted signature and many-sorted signature morphism, respectively.

Remark 1. P.J. Higgins in [Hig63] allows the variation of S but holds ¥ fixed, while, J. Bénabou in [Bén68]
follows precisely the inverse criterium.

The category Sig, as was the case for MSet, is also a split bifibration on Set through the projection
functor mg;g for Sig.

Since the category Sig can be identified to a subcategory of the category Sig,,, defined in the fourth
section, we refer to that section for examples of signature morphisms.

Proposition 2.6. The category Sig is bicomplete.
Proof. This follows from Theorem 1, pp. 247-248, and Theorem 2, pp. 250-251, in [TBG91]. [

Since it will be used afterwards we introduce, for a signature X, an S-sorted set A, an S-sorted mapping
f from A to B, and a word w on S, i.e., an element w of S*, the following notation and terminology. We
write |w| for the length of the word w, A,, for Hie\w| Ay, , and f,, for the mapping Hielwl fuw, from A, to B,
which sends (a;);ejw| in Aw t0 (fuw,(@:))icjw| in Bw. Moreover, we let HOg(A) stand for the S* x S-sorted
set (Hom(Aw, As))(w,s)ess xs and we call it the S* x S-sorted set of the finitary operations on A.

We proceed next to define the category Alg of many-sorted algebras. But before doing that we agree that,
for an arbitrary but fixed signature X, Alg(X) denotes the category of X-algebras (and X-homomorphisms).
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By a X-algebra is meant a pair A = (A, F), where A is an S-sorted set and F a 3-algebra structure on
A, ie., a morphism F' = (Fy s)(w,s)cs*xs in Sig(S) from ¥ to HOg(A) (for a pair (w,s) € S* x S and a
o € ¥y s, to simplify notation we let F,, stand for F, s(0)). A 3-homomorphism from a X-algebra A to
another B = (B, G), is a triple (A, f,B), written as f: A——=B, where f is an S-sorted mapping from A
to B that preserves the structure in the sense that, for every (w,s) in S* x S, every o in X, ;, and every
(a)iejw| in Ay, it happens that fo(Fo((ai)icjw])) = Go(fuw((@i)icjw)))-

Proposition 2.7. There exists a contravariant functor Alg from Sig to Cat. Its object mapping sends each
signature 3 to Alg(X) = Alg(X), the category of 3-algebras; its arrow mapping sends each signature mor-
phism d: ¥ —— A to the functor Alg(d) = d*: Alg(A) ——= Alg(X) defined as follows: its object mapping
sends each A-algebra B = (B, G) to the X-algebra d*(B) = (B,, GY), where G9 is the composition of the
S* x S-sorted mappings d from X to Ay x, and Gy xy from Ags o, t0 HOp(B)yx x s (for o € By, 5, to shorten
notation, we let G4, stand for the value of GY at ¢); its arrow mapping sends each A-homomorphism f
from B to B’ to the ¥-homomorphism d*(f) = f,, from d*(B) to d*(B’).

Proof. For every A-algebra B = (B, G) it is the case that G is a morphism from A to HO7(B). Then, by
composing d and G« x,, and taking into account that HO7(B),x x, is identical to HOg(B,), we infer that
GY = Gexy 0 d is a Z-algebra structure on the S-sorted set B,. On the other hand, for every (w,s) in
S* x S and every o € X, ,, it happens that d(0) € Ay (w),p(s)- Thus, f being a A-homomorphism from

(B,G) to (B',G"), we infer that fu(s) © Gae) = Gljy) © fior (w)- Hence, since G = Gy and G = Gy,

we have that (f,)s 0 G4 = fod o (f4)w- Therefore f, is a X-homomorphism from (B, G9) to (B, a9.
Since identities and composites are, obviously, preserved by d*, it follows that d* is a functor from
Alg(A) to Alg(X). O

By applying the EG-construction to Alg we get the category of many-sorted algebras as stated in the
following definition.

Definition 2.8. The category Alg, of many-sorted algebras and many-sorted algebra homomorphisms, is

given by Alg = fSlg Alg. Therefore the category Alg has as objects the pairs (X, A), where X is a signature
and A a X-algebra, and as morphisms from (3, A) to (A, B), the pairs (d, f), with d a signature morphism
from X to A and f a 3-homomorphism from A to d*(B). Henceforth, to shorten terminology, we will say
algebra and algebra homomorphism, or, simply, homomorphism, instead of many-sorted algebra and many-
sorted algebra homomorphism, respectively.

From the definition of Alg it follows that the projection functor maj, from Alg to Sig is a fibration.
Moreover, for every set of sorts S, the fiber of 7mgig alg = 7sig © Talg at (S,idg) is, essentially, the category
Alg(S) with objects the pairs (X, A), where ¥ is an S-sorted signature and A = (A4, F) a X-algebra, and
morphisms from (X, A) to (A,B), where B = (B, G), the pairs (d, f), where d is an S-sorted signature
morphism from ¥ to A and f a ¥-homomorphism from A to B¢ = (B, G o d).

Since the category Alg can be identified to a subcategory of the category Alg,,, defined in the fourth
section, we refer to that section for examples of homomorphisms between algebras.

Proposition 2.9. The category Alg is a concrete and univocally transportable category.

Proof. Tt is enough to specify a functor from Alg to a convenient category of sorted sets labelled by signatures.
Let Guset be the forgetful functor from Alg to MSet (that is not a fibration), and (MSet X get Sig, (Po, P1))
the pullback of the projection functors myiget : MSet —= Set and g, : Sig — Set. Then we have that the
structural functors Py and P; are fibrations, and that the unique functor G from Alg to MSet X get Sig such
that Pg o G = Gmset and Py o G = ma)g makes the category Alg a concrete and univocally transportable
category on the category MSet xget Sig. [

Before we prove the existence of a left adjoint T to G: Alg —= MSet X gqt Sig, we agree on the following

notation and terminology. For a signature ¥ in Sig, the functor Ty from Set® to Alg(X) is the left adjoint

to the forgetful functor Gx from Alg(X) to Set®. For a signature ¥ and an S-sorted set of variables X,
Ts(X) is the free (also called the term or word) X-algebra on X, and nx is the insertion (of the generators)
X into Tx(X), the underlying S-sorted set of T's;(X). For a 3-algebra A and a valuation f of the S-sorted

set of variables X in A, i.e., an S-sorted mapping f from X to A, we will denote by f! the canonical
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extension of f to Tx(X), i.e., the unique X-homomorphism from Ts(X) to A such that f*onyx = f. For
an S-sorted mapping f from X to Y, we will denote by f® the unique ¥-homomorphism from Tx(X) to
Tx(Y) such that f® onx = ny o f, i.e., the value of the functor Tx at f. Therefore f© is also (ny o f)*.
Moreover, by transposing to the many-sorted case the terminology coined for the single-sorted case, we call,
for s € S, the elements of T (X)s, many-sorted terms for 3 of type (X, s), henceforth abbreviated to terms
for 3 of type (X, s), or, simply, to terms of type (X, s).

Proposition 2.10. There exists a functor T': MSet Xget Sig —— Alg left adjoint to the functor G from
Alg to MSet xge¢ Sig.

Proof. The functor T from MSet xget Sig to Alg given on objects (5,3, X) by T(5,%,X) = (2, T (X))
and on arrows (¢, d, f): (3,2, X) —=(T,A,Y) by T(p,d, f) = (d, f4): (X, Tx(X)) —= (A, To(Y)), where
4= ((ny)y o f)F is the canonical extension of the S-sorted mapping (ny), o f from X to Ta(Y), to the
free 3-algebra on X, is left adjoint to the functor G. [

For a morphism (p,d, f): (5,2, X)—(T,A,Y) in MSet xget Sig, the functor T acting on (¢, d, f)
allows us to get the X-homomorphism f9 from Tx(X) to To(Y),. Hence, for each s € S, fd translates
terms for X of type (X, s) into terms for A of type (Y, ¢(s)). In particular, the unit n¥ of the adjunction
Hsa A, provides, for each S-sorted set X, the S-sorted mapping n%: X —= (Hw X),andifd: ¥—Ais

a morphism of signatures, then (¢, d,n%): (S, X, X) — (T, A, HWX) is a morphism in MSet x gt Sig. Hence
the functor T acting on (¢, d,n%) determines the morphism (d,n$) from (X, Tx(X)) to (A, Ta(I], X)),
where & = ((771_[‘;, x)pon%)? is the Z-homomorphism from Ts:(X) to Ta(I, X), that extends the S-sorted
mapping (77H¢X)90 on% from X to Tx (LT, X),- Therefore, for every s € S, 7731(,3 translates terms for 3 of
type (X, s) into terms for A of type (][, X, ¢(s)). The E-homomorphisms 7%, as stated in the following
proposition, are in fact the components of a natural transformation, and this contributes to explain their
relevance as translators.

Proposition 2.11. Let d be a morphism of signatures from ¥ to A. Then the family n¢ = (n%)xewu,
which to an S-sorted set X assigns the ¥-homomorphism 7$ from Tx(X) to Ta(]] » X)g, is a natural
transformation from T to d*oTxo] [, and so, for the forgetful functor Gy from Alg(X) to Set®, the family

Gx *n9, i.e., the horizontal composition of the natural transformations n¢ and idgy, also denoted by nd, is
a natural transformation from Ty, = GgoTx to A,0Tx 0 HW taking into account that Gz od* = A,0Gxp
and TA = GA o TA.

The category Alg of algebras, as was the case for the categories MSet and Sig, is also bicomplete. These
results are already known, although, in particular, we are not aware of any suitably explicit and direct proof,
as that provided by us below, of the cocompleteness of Alg.

Proposition 2.12. The category Alg is complete.

Proof. Let d: 3 —— A be a signature morphism. Since the forgetful functors Gx and Ga create projective
limits and the functors Gx o d* and A, o Gp from Alg(A) to Set® are identical, the functor d* preserves
projective limits, i.e., is continuous. But the category Sig is complete, and, for every signature 3, Alg(X)
is complete. Therefore, by Theorem 1, pp. 247-248, the category Alg is complete. []

To prove that the category Alg is cocomplete we begin by proving that, for every signature morphism
d: ¥ ——= A, the functor d* from Alg(A) to Alg(X) has a left adjoint d.,.

Proposition 2.13. Let d: ¥ ——> A be a signature morphism. Then there exists a functor d, from Alg(X)
to Alg(A) that is left adjoint to the functor d*.

Proof. We restrict ourselves to define the object and morphism mappings of d... Let A be a 3-algebra. Then
d.(A) is the A-algebra defined as T (]_LFA)/RA, where R? is the congruence on Ta([], A) generated by
the T-sorted relation R®, defined, for every t € T, as

s €@ t], we S, }

RE = { (P8 i€ ful).o).do) (o i ful)) | T2 125
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Let f be a ¥-homomorphism from A to A’. Then R* C Ker(prga: o (1, )®) because, for t € T and
(F,(a; | i € |w|),s),d(o)((ai,w;) | i € |w|)) € R, we have that
(L, ) (FA ai i € [w]), )] = [(fs(F(ai | i € w])), 5)]
= [d(0)(fw, (as, wi) | i € [w])]
(LT, /)® (d(o)((ai,wi) i € [w]))].
From this it follows that there exists a unique A-homomorphism d.(f) from d.(A) to d.(A’) such that

d.(f) o prga = prgas o (1, ).
We leave it to the reader to verify that the functor d, thus defined is left adjoint to d*. [

Proposition 2.14. The category Alg is cocomplete.

Proof. This follows from Theorem 2, pp. 250-251, in [TBG91]. [
From Propositions 2.12 and 2.14 we obtain immediately the following

Corollary 2.15. The category Alg is bicomplete.

The contravariant functor Alg from Sig to Cat is not only useful to construct the category Alg. Actually,
as we will show from here to the end of this section, Alg, together with a pseudo-functor Ter from Sig to Cat,
and a pseudo-extranatural transformation (Tr, ) (from a pseudo-functor on Sig®® x Sig to Cat, induced by
Alg and Ter, to the functor K¢, between the same categories, which picks Set), will enable us to construct a
new institution on Set, the many-sorted term institution, denoted by ¥m = (Sig, Alg, Ter, (T, #)), but for a
concept of institution that is strictly more general than that of generalized V-institution defined by Goguen
and Burstall in [GoB86].

For the institution Tm on Set, as we will prove, it happens that the existence of the pseudo-functor
Ter follows from the fact that, for every signature X, the terms for X, understood in a generalized sense
to be explained below, have a categorical interpretation as the morphisms of a suitable category Ter(3).
Furthermore, the component Tr of the pseudo-extranatural transformation (Tr, 8) depends for its existence on
the fact that the generalized terms have canonically associated generalized term operations on the algebras.
Therefore, to proceed properly, we should begin by defining, for a 3-algebra A and an S-sorted set X, the
concepts of many-sorted X-ary operation on A and of many-sorted X-ary term operation on A, and the
procedure of realization of terms P of type (X, s) as term operations P2 on A.

Definition 2.16. Let X be an S-sorted set, A a 3-algebra, s € S and P € Tx(X); a term for X of type
(X,s). Then the X-algebra of the many-sorted X-ary operations on A, Ox(A), is A4x i.e., the direct
Ax-power of A, where Ax is Hom(X, A), the (ordinary) set of the S-sorted mappings from X to A. For
abbreviation we let X-ary operations on A stand for many-sorted X-ary operations on A. The X-algebra
of the many-sorted X-ary term operations on A, Terx(A), is the subalgebra of Ox(A) generated by
PR = (P{)ses = ({pr‘;‘(’&z | # € X; })ses, the subfamily of Ox(A) = A4 where, for every s € S and
every x € X, pr;“(,sx is the mapping from Ax to Ag which sends a € Ax to as(x). For abbreviation we let

X-ary term operations on A stand for many-sorted X-ary term operations on A. We denote by T4 the
unique 3-homomorphism from Tx(X) to Ox(A) such that pri = Tr** o 5x, where pr{ is the S-sorted
mapping (prﬁ‘(’s)seg from X to Ox(A) whose s-th coordinate, for each s € S, is prﬁvs = (pr;“(,s’x)zexs. For

abbreviation, we let PA stand for the image of P under Trf A and we call the mapping P from Ax to A,,
the term operation on A determined by P, or the term realization of P on A. For simplicity of notation, we
continue to write Tr* for the co-restriction of the ¥-homomorphism Tr#: Tx(X) —> Ox(A) to the
subalgebra Terx (A) of Ox(A).

We note that since the above concepts are defined for arbitrary many-sorted sets, they are also applicable,
in particular, for a given set of sorts S and an arbitrary, but fixed, S-sorted set of variables V5 = (V.%)4es,
where, for every s € S, V.5 = {v3 | n € N} is a countably infinite set, to the finite S-sorted subsets |w of
V9 associated to the words w € S*, where, for every word w € S*, we let |w stand for the finite S-sorted
subset of V° defined, for every s € S, as (Jw)s = {v§ | i € w™1[s] }.

In all that follows, every proposition relative to the above concepts will only be stated for arbitrary
many-sorted sets, therefore the corresponding propositions for the finite S-sorted subsets |w of V' will not



Institutions are not enough 11

be actually stated and will remain tacit. However, we point out that in order to prove the just mentioned
implicit propositions, it is useful to know that, for a word w € S*, a mapping ¢: S——=T, and its extension
¢*: T, (S) — T, (T) to the corresponding free monoids on S and T', the S-sorted set |w can be embedded in
the S-sorted set (|¢*(w))y, associated to the T-sorted set |¢*(w) =[], (lw), through the S-sorted mapping
in”"? defined, for every s € S, as follows

e { (lw)s —= (t(f:)(w))“"(s)

S
v =Y

and that this embedding has as an immediate consequence that a signature morphism d from X to A,
determines a morphism (p,d,in""?): (5,3, lw) — (T, A, |¢*(w)) in MSet xget Sig, hence that the s-th
component of the 3-homomorphism (in*“*¥)4: Tx(lw)—=Ta(l¢*(w)), translates terms for X of type
(lw, s) into terms for A of type (lp*(w), ¢(s)).

For completeness we recall that for many-sorted terms, as for single-sorted terms, we also have that:
(1) the exchange law is valid, i.e., that given a valuation a: X —= A, where X is an S-sorted set and A
the underlying many-sorted set of a 3-algebra A, and a term P for ¥ of type (X, s), we always have the
equality af(P) = P“(a), and (2) that the X-homomorphisms commute with term operations, i.e., that
given a X-homomorphism u: A——=B and a term P for ¥ of type (X,s), we always have the equality
us o P& = PBouy.

Following this we state the fundamental facts about term operations of different arities on the same

algebra. These facts are, actually, the categorical counterpart and the generalization to the many-sorted case
of some of those stated by Schmidt in [Sch61], pp. 107-109.

Proposition 2.17. Let A be a 3-algebra and f: X —=Y an S-sorted mapping. Then there exists a unique
S-homomorphism Ter(A) from Tery (A) to Tery (A) such that Tr¥** o f@ = Ter;(A) o Tr’**. Besides, for
every S-sorted set X, we have that Teriq, (A) = idper, (a), and, if g: Y —— Z is another S-sorted mappings,
then Tergor(A) = Tery(A) o Ters(A).

The proposition just stated can be interpreted as meaning that, for a 3-algebra A, we have: (1) a functor
Ter(.y(A) from Set® to Alg(X) which sends an S-sorted set X to the Z-algebra Terx (A), and an S-sorted
mapping f from X to Y to the ¥-homomorphism Ter;(A) from Terx(A) to Tery(A), and (2) a natural
transformation Tr()*# from Ty to Ter(.y(A) which sends an S-sorted set X to the X-homomorphism oA
from Tx(X) to Terx(A).

What we want to prove now is the compatibility between the translation of terms and their realization as
term operations on the algebras. But for this it will be shown to be useful to take into account the following
auxiliary functors and natural transformation.

Definition 2.18. For a mapping ¢: S ——=T, an S-sorted set X, a T-sorted set Y, and an S-sorted mapping
f: X —Y,,, we have the following functors and natural transformation. H(Y, -) is the covariant hom-functor
from Set” to Set. H(X,-) o A, is the functor from Set” to Set which sends a T-sorted set A to the set
(Ay)x, and a T-sorted mapping v from A to B to the mapping H(X,-)(u,) from (A,)x to (By,)x which
assigns to an S-sorted mapping ¢ from X to A, the mapping u, o £ from X to B,. 9% is the natural
transformation from H(Y,-) to H(X,-) o A, which sends a T-sorted set A to the mapping ﬁﬁ’f from Ay to
(A,) x which assigns to a morphism ¢ in Ay the morphism t, o f in (A,)x. Therefore, for a T-sorted set A,
we have the S-sorted mapping Tj’f from Ox(4,) = AS(,,A“")X to Oy (A), = (A1), = A‘;‘Y which, for s € S,

sends a: (Ay)x —= Ay toao ﬁﬁ’f: Ay —= Ay

Proposition 2.19. Let (¢,d, f): (S,2,X)—(T,A,Y) be a morphism in the category MSet Xget Sig.
Then, for every A-algebra A and term P € T (X), for ¥ of type (X, s), the mappings P4 (&) o 0ﬁ’f and
fE(P)A from Ay to A,y are identical.

We gather in the following corollary some useful consequences of the last proposition.

Corollary 2.20. Let (¢,d, f): (S,%, X)—=(T,A,Y) be a morphism in the category MSet Xget Sig, A a
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A-algebra, and P € Tx(X); a term for X of type (X, s). Then we have that the following diagrams commute

TypXd™ (A) . pd*(A)
Ts(X) —2 " " Tery (d*(A)) (Ag)x —L > A
fd Tﬁ’f 93’},14
TA(Y), ——————— Tery(A) Al x Ags)
’ oA i ot T

Proof. The left-hand diagram commutes because, for a morphism (¢, d, f) from (5,3, X) to (T,A,Y) and

a A-algebra A, the S-sorted mapping Tf"f from Ox(A,) to Oy (A), is actually a 3-homomorphism from
Ox(d*(A)) to Oy (A), that restricts to Terx(d*(A)) and Tery (A),.
The right-hand diagram commutes because, for the T-sorted set ]_LOX and the S-sorted mapping n'%

from X to (I, X),, we have that ﬁﬁ’n§ =0% 4 O

As it is well-known, for a signature 3, the conglomerate of terms for 3 is the set |Jy 1y U cg Tn(X)s,
but such an amorphous set is not adequate, because of its lack of structure, for some tasks, as e.g., to explain
the invariant character of the realization of terms as term operations on algebras, under change of signature
(or to state a Completeness Theorem for finitary many-sorted equational logic).

However, by conveniently generalizing the concept of term for a signature 3 (as explained immediately
below), it is possible to endow, in a natural way, to the corresponding generalized terms for X, taken as
morphisms, with a category structure, that enables us to give a category-theoretic explanation of the existing
relation between terms and algebras. To this we add that the use of the generalized terms and related notions,
such as, e.g., that of generalized equation (to be defined in the following section), has allowed us, in [C1S05],
to provide a purely category-theoretical proof of the Completeness Theorem for monads in categories of
sorted sets.

Actually, we associate to every signature 3 the category K1(Ts)°P, of generalized terms for 3, that
we denote, to shorten notation, by Ter(X), i.e., the dual of the Kleisli category for Ts, = (Ts,n, 1), the
standard monad derived from the adjunction Ts; 4 Gx between the category Alg(X) and the category
Sets, with TE = GE o TE.

The construction of the category Ter(X) is a natural one. This is so, essentially, because it has been
obtained by applying a category-theoretic construction, concretely that of Kleisli (in [Kle65]). However, to
understand more plainly how the category Ter(X) is obtained, or, more precisely, from where the morphisms
of Ter(X) arise, the following observation could be helpful. For a signature X, an S-sorted set X, and
a sort s € S, an ordinary term P € Tx(X), for X of type (X, s) is, essentially, an S-sorted mapping
P: §* —Tx(X) where, for s € S, §° = (67 )ies, the delta of Kronecker in s, is the S-sorted set such that
0f = @ if s # t and ] = 1. But the just mentioned S-sorted mappings do not constitute the morphisms of a
category. Therefore, in order to get a category, it seems natural to replace the special S-sorted sets that are
the deltas of Kronecker, as domains of morphisms, by arbitrary S-sorted sets, thus obtaining the generalized
terms, that are the category-theoretic rendering of the ordinary terms, since they are now S-sorted mappings
from an S-sorted set to the free X-algebra on another S-sorted set, i.e., morphisms in a category Ter(3).
This category-theoretic perspective about terms, in its turn, will allow us to get a functor Tr™, of realization
of terms as term operations, from Alg(3) x Ter(X) to Set, and therefore to define (in the next section) the
validation of equations, understood as ordered pairs of coterminal terms in the corresponding generalized
sense, in an algebra.

Since it will be fundamental in all that follows, we provide, for a signature X, the full definition of the
category Ter(X) and also the explicit definition of the procedure of realization of the terms for ¥ as term
operations on a given X-algebra. Observe that we depart, in the definition of the category Ter(X), but only
for this type of category, from the (non-Ehresmannian) tradition, in calling a category by the name of its
morphisms.

Definition 2.21. Let X be a signature and A a X-algebra. Then Ter(X), the category of generalized terms

for X, is the dual of K1(Tx): the objects are the elements of L{S; the morphisms from an S-sorted set X
to another Y, which we call generalized terms for X of type (X,Y), or, simply, terms of type (X,Y), are
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the S-sorted mappings P from Y to Tx(X); the composition, denoted in Ter(X) and K1(Ts) by o, is the
operation which sends P: X —Y and Q: Y ——=Z in Ter(X) to Qo P: X — Z in Ter(X), where Qo P

is px o P® o Q, with pux the value at X of the multiplication p of the monad Ts; and P® the value of the
functor T at the S-sorted mapping P: Y —— T (X); and the identities are the values of 7, the unit of the

monad Ty, at the S-sorted sets. If P: X —=Y is a term for ¥ of type (X,Y), then P2, the term operation
on A determined by P, or the term realization of P on A, is the mapping from Ax to Ay which assigns to
a valuation f of the variables X in A the valuation ff o P of the variables Y in A.

After associating to every signature X the corresponding category Ter (%) of terms, we proceed to assign
to every signature morphism d: ¥ —— A a corresponding functor d,, from Ter(X) to Ter(A).

Proposition 2.22. Let d: ¥ ——= A be a signature morphism. Then there exists a functor d,, from Ter (%)
to Ter(A). Its object mapping assigns to each S-sorted set X' the T-sorted set do(X) =[], X; its morphism
mapping assigns to each morphism P from X to Y in Ter(X) the morphism do(P) = (%)~ 1(nL o P) from
[, X to [],Y in Ter(A), where n$ is the B-homomorphism from Tx(X) to Ta (I, X), that extends the
S-sorted mapping (771_[@ x)p onk from X to Ta(I], X).

We state now for the generalized terms the homologous of the right-hand diagram in the first part
of Corollary 2.20, i.e., the invariant character under signature change of the realization of terms as term
operations in arbitrary, but fixed, algebras. We remark that from this fact we will get, in the third section,
the invariance of the relation of satisfaction under signature change.

Proposition 2.23. Let d: ¥ —— A be a signature morphism. Then, for each A-algebra A and term P for
> of type (X,Y), the mappings P9 (&) o 0}'}7A and G;A o d,(P)* from ALLOX to (A,)y are identical.

Proof. Because the S-sorted set Y is isomorphic to [],. Syev, 0% and the functor [] , breserves colim-
its, since it has A, as a right adjoint, HwY is isomorphic to ]_[8657 Jey, 6°(5) . But Hom(]_[w Y, A) and
[Lics yev. Hom(6%(*), A) are isomorphic, therefore it is enough to prove the proposition for the S-sorted sets
of the type ¢°, i.e., the deltas of Kronecker, and this follows directly from Corollary 2.20. [

Once defined the mappings that associate, respectively, to a signature the corresponding category of
terms, and to a signature morphism the functor between the associated categories of terms, we state in the
following proposition that both mappings are actually the components of a pseudo-functor from Sig to the
2-category Cat.

Proposition 2.24. There exists a pseudo-functor Ter from Sig to the 2-category Cat given by the following

data

1. The object mapping of Ter is that which sends a signature ¥ to the category Ter(X) = Ter(X).

2. The morphism mapping of Ter is that which sends a signature morphism d from X to A to the functor
Ter(d) = d, from Ter(X) to Ter(A).

3. For every d: ¥ —=A and e: A —=Q, the natural isomorphism v9® from e, o d, to (e o d), is that

. . . . d7e . .

which is defined, for every S-sorted set X, as the isomorphism vy®: [, [T, X — [0, X in Ter(£2)
that corresponds to the U-sorted mapping

(7§7w)_1 H H X nHU}H¢X
P Llp

H'zpogo X Tﬂ(Hw H¢ X)7

where 'y}’}’d’ is the component at X of the natural isomorphism v#% for the pseudo-functor MSet!.

4. For every signature X, the natural isomorphism v* from Idper(ssy to (ids). is that which is defined,
for every S-sorted set X, as the isomorphism v¥: X — [, ;X in Ter(X) that corresponds to the
S-sorted mapping

vy nx
[Ty, X —= X Ta(X),
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where V}S( is the component at X of the natural isomorphism v° for the pseudo-functor MSet™.
Our next goals are to prove that

1. For a signature X, there is a functor Tr> from Alg(X) x Ter(X) to Set, that formalizes simultaneously
the procedure of realization of terms (as term operations on algebras), and its naturalness (by taking
into account the variation of the algebras through the homomorphisms between them), and that

2. For a signature morphism d from ¥ to A, there is a natural isomorphism 69 from Tt o (Idaig(a) x do)

to Tr¥o (d* x Idper(s)), that shows the invariant character of the procedure of realization of terms under
signature change.

To accomplish the first stated goal we begin by proving the following

Lemma 2.25. Let A be a X-algebra, P a term of type (X,Y), and @Q a term of type (Y, Z). Then we have
that (Q o P)A = Q® o PA. Besides, for nx, the identity morphism at X in Ter(X), n% = ida,.

Proof. We restrict ourselves to prove the first part of the lemma because the proof of the second one is
straightforward. Since (QoP)? is the mapping from Ax to Az which sends an S-sorted mapping u: X —= A
to the S-sorted mapping ufo(QoP) = ufouxoP®0Q: Z —= A, (where, we recall, ux is the value at X of the
multiplication p of the monad Ts, = (Tx,n, 1) and P® the value at the S-sorted mapping P: Y — T (X)
of the functor T's;), and Q* o PA the mapping from Ax to Az which sends an S-sorted mapping u: X —= A
to the S-sorted mapping (u® o P)¥ 0 Q: Z—— A, to verify that (Q ¢ P)* = Q o P2 it is enough to prove
that the 3-homomorphisms u# oy o P® and (ufo P)* from Tx(Y) to A are identical. But this follows from
the equation uf o ux o P® oy = (uﬁ o P)ti o ny, that is a consequence of the laws for the monad Ty and of
the equation P® ony = N5 (x) © P, where ny is the canonical embedding of Y into Ts(Y') and 7y (x) the
canonical embedding of Tx(X) into Ts(Tx(X)). O

This lemma has as an immediate consequence the following

Corollary 2.26. Let X be a signature and A a X-algebra. Then there exists a functor Tr=* from Ter(X)
to Set which sends an S-sorted set X to the set Tr=4 (X) = Ax and a term P: X —=Y to the mapping
T4 (P) = PA: Ax —= Ay, i.e., the term operation on A determined by P.

Therefore, from the definition of the object and morphism mappings of the functors of the type Tr=4,
we see that they encapsulate the procedure of realization of terms. And, from the fact that they preserve
identities and compositions in Ter(X), we conclude that they formally represent the two basic intuitions
about the behaviour of the just named procedure, i.e., that the realization of an identity term is an identity
term operation, and that the realization of a composite of two terms is the composite of their respective
realizations (in the same order).

Remark 2. By identifying the ¥-algebras with the Tx-algebras, the just stated corollary can be interpreted
as meaning that every ¥-algebra is a functor from Ter(X) = K1(Tx)°P to Set.

Before stating the following lemma we recall that, for an S-sorted mapping f from an S-sorted set A
into another B and an S-sorted set X, fx is the value at X of the natural transformation H(-, f) from the

contravariant functor H(-, A) to the contravariant functor H(-, B), both from (Set”)°P to Set.

Lemma 2.27. Let f be a ¥-homomorphism from A to B and P a term of type (X,Y) in Ter(X). Then
the mappings PB o fx and fy o PA from Ax to By are identical, and we agree to denote it by fp.

Proof. Given an S-sorted mapping u: X —= A, we have that (f o u)? = f o u®, by the universal property
of the free X-algebra on X and taking into account that f is a 3-homomorphism from A to B. Therefore,
since PB o fx(u) = (fou)t o P, and fy o PA(u) = f o (uf o P), we have that PB o fx(u) = fy o PA(u).
Thus PBo fx = fy o PA. O

This lemma has as an immediate consequence the following

Corollary 2.28. Let 3 be a signature and f a 3-homomorphism from A to B. Then there exists a natural
transformation Tr="7 from the functor Tr=* to the functor Tr™® which sends an S-sorted set X to the
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mapping ’Hi’f = fx from Ax to Bx. Besides, for ida, the identity 3-homomorphism at A, we have that
Tr>94 — jdp =4, and, if g: B— C is another ¥-homomorphism, then Tr29°F = Tv&9 o v/,

Therefore, the naturalness of the procedure of realization of terms as term operations on the different
algebras is embodied in the natural transformations of the type il

Remark 3. By identifying the 3¥-homomorphisms with the Ts-homomorphisms, the just stated corollary
can be interpreted as meaning that every ¥-homomorphism f from A to B is a natural transformation from
the functor Tr=* to the functor Tr*®, both from Ter(X) = K1(Tx)°P to Set. In fact, each homomorphism
(d, f) from an algebra (X, A) to another (A, B) can be identified to a morphism (in the category (Cat) //set,
see [Gro71], p. (sub) 186) from the object (Ter(X), Tr>*) over Set to the object (Ter(A), Tr*B) over Set.
Concretely, each homomorphism (d, f): (2, A) — (A, B) can be identified to the morphism given by the
pair (do, (075) " o H(-, f)), where H(-, f) is the natural transformation from the contravariant hom-functor
H(-, A) to the contravariant hom-functor H(-, B,), and (0??3)’1 the natural isomorphism from H(-, B,) to
H([],(-), B). Let us notice that the naturalness of (075)~" o H(-, f) means that, for every term P for 3
of type (X,Y), the mappings (67 5)~' o H(Y, f) o PA and do(P)B o (0% 5)~' o H(X, f), both from Ax to
BH¢ y, are identical.

From the identification of the homomorphisms between algebras in the category Alg to some convenient
morphisms between the associated objects over Set, we can conclude, e.g., that the concept of homomorphism
as defined by Bénabou in [Bén68| (that does not allow the variation of the signature and therefore it works
between algebras of the same signature (see [Bén68], p. (sub) 16, last paragraph)), corresponds, for a signature
3 and a ¥-homomorphism f: A ——= B, to the (very special) case in which (d., (9_“‘;3)*1 oH(:, f)) is precisely
(do, (075) " oH(, f)) = (Idger(s), H(, f)), i.e., definitely, it corresponds to the natural transformation =
from the functor Tr=*4 to the functor Tr=B,

For an arbitrary, but fixed, signature X the family of functors (TrE’A) AcAlg(x) together with the family
of natural transformations (Trz’f ) feMor(Alg(s)) are the object and morphism mappings, respectively, of a
functor Tr>() from the category Alg(X) to the exponential category Set™"®) and the functor Tr™()

will allow us to prove, in the following proposition, that there exists a functor Tr> from Alg(X) x Ter(X)
to Set that formalizes the realization of terms as term operations on algebras, but taking into account the
variation of the algebras through the homomorphisms between them.

Proposition 2.29. Let X be a signature. Then there exists a functor Tr> from Alg(X) x Ter(X) to Set.
Its object mapping assigns to each pair (A, X), formed by a ¥-algebra A and an S-sorted set X, the set

> (A, X) = TrZ’A(X) = Ax of the S-sorted mappings from X to the underlying S-sorted set A of A; its
morphism mapping assigns to each arrow (f, P) from (A, X) to (B,Y) in Alg(X) x Ter(X), the mapping
Tr=(f, P) = fp from Ax to By, which is precisely Tr=B(P) o Try’ = Tryf o Tr=A(P).

Proof. 1t follows, essentially, after Lemma 2.25. [

To accomplish the earlier stated second goal, i.e., to show the invariant character of the procedure of
realization of terms under signature change, we prove, for a morphism d: 3 ——= A, the existence of a natural

isomorphism between two functors from Alg(A) x Ter(X) to Set, constructed from the functors Tr™, Tr>,
d, and d*.

Proposition 2.30. Let d: ¥ ——= A be a signature morphism. Then the family (ei,x)(A,X)eAlg(A)><Ter():)7
written 9 for brevity, where, for each (A, X) € Alg(A) x Ter(X), 91‘17)( is 9}'}714, i.e., the natural isomorphism
of [], 1A, is a natural isomorphism from the functor Tr* o (Id xd,) to the functor Tr® o (d* x Id), both
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from the category Alg(A) x Ter(X) to the category Set, as shown in the following diagram
d* x Id

Alg(A) x Ter(X) Alg(X) x Ter(X)
g4
Id xd, = Tr™
Alg(A) x Ter(A) X Set
Tr

Proof. Let (f,P): (A, X)—=(B,Y) be a morphism in Alg(A) x Ter(X). Then we have the following
situation

ax) L0 By
AL LD w1 vy @) 2 @)y
\ /
(A))x
i 0%.4 // i AN
A, x (fo)x  pa'@a)
/ AN 4 L
ng,X dO(P)A (By)x P (Ap)y
S 0%.5 0y, a /
By, x A,y Tpar®  (f)y
AN . ; v/ A
d.(P) I,y B
N //agﬁ’B/’( o
BHWY

But the bottom diagram in the above figure commutes, because of Proposition 2.23, the naturalness of 6%,
and the fact that f is a A-homomorphism. Therefore the mappings 9; gofa.(p) and (f,) POGQ)’}’ 4 from AHq, x

to (By,)y are identical. From this it follows that the family 9 is a natural isomorphism from Tr® o (Id xd,)
to Tr¥ o (d* x Id). [

Our next goal is to construct the many-sorted term institution by combining adequately the above
components, i.e., the contravariant functor Alg from Sig to Cat, the pseudo-functor Ter from Sig to Cat,
the family of functors Tr = (Trz)geSig, and the family of natural isomorphisms 6 = (Qd)deMor(Sig).

To attain the just stated goal we need to recall beforehand some auxiliary concepts. In particular, we
proceed to define next, among others, the concept of pseudo-extranatural transformation in 2-categories
and for pseudo-functors. This generality is necessary because, later on (e.g., in the fifth section), we will
get a 2-category, Siggg X Sigy,, on which we will define a pseudo-functor related by a pseudo-extranatural
transformation to a definite functor (also defined on the same 2-category), from which we will get the so-called
term 2-institution of Fujiwara.

Definition 2.31. Let C and D be two 2-categories, F, G: C°? x C——=D two 2-functors, and («, ) a pair
such that

1. For every O-cell ¢ in C, a.: F(c,c) —=G(c,c) is a 1-cell in D.
2. For every 1-cell f: c—=¢ in C, By is a 2-cell in D from G(1, f) o a. 0 F(f,1) to G(f,1) o a o F(1, f).

Then we say that («,3) is a
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1. Laz-dinatural transformation from F to G if, for every 2-cell ¢: f = g in C, we have that

By 0 (G(1,8) x ac * F(§,1)) = (G(§, 1) * aer  F(1,£)) 0 By
2. Pseudo-dinatural transformation from F to G if it is a lax-dinatural transformation and, for every
f:c—¢ in C, By is an isomorphism.
3. 2-dinatural transformation from F to G if it is a lax-dinatural transformation and, for every f: c——=¢

in C, B is an identity.

The dinatural transformations when F' and G are pseudo-functors will also be relevant for us. In this
case it is necessary to impose additional conditions of compatibility with the natural isomorphisms of the
pseudo-functors. The definition is as follows.

Definition 2.32. Let C and D be two 2-categories, (F,7", ") and (G,7%, %) two pseudo-functors from
C°P x C to D, and (a, 3) a pair such that

1. For every 0-cell ¢ in C, a.: F(c,c)—=G(c,c) is a 1-cell in D.
2. For every 1-cell f: c—=¢ in C, By is a 2-cell in D from G(1, f) o a. 0 F(f,1) to G(f,1) o a0 F(1, f).

Then we say that («,3) is a laz-dinatural transformation from (F,v¥ vF) to (G, v%) if it satisfies the
following compatibility conditions:

1. For every 2-cell £: f = g in C, we have that
fBg o (G(L,8) * acx F(§,1)) = (G(§,1) x ae * F(1,£)) o By.

2. For every pair of 1-cells f: c——=¢/, g: ¢ —=¢” in C, we have that

M1 (1,9) © (GU D) # By« F(1, £)) 0 (G(1,9) By % F(g,1)) = Bgor © (YL, (1,9 * @ * Vg,1).(71))
3. For every object ¢ in C, we have that
Qe * Z/(I;c) = V(C;C) * Q.

If the pseudo-functor G is independent of both variables, then we say that the above transformations are
laz-extranatural, pseudo-extranatural or extranatural, respectively. Then the compatibility with the 2-cells of
C is equivalent to

By o (e * F(&,1)) = (o * F(1,8)) 0 By,

and the compatibility of the composition of 1-cells in C with the natural isomorphisms of F' is equivalent to
W’g,f),u,g) o (Bg x F(1,f)) o (Bf* F(g,1)) = Byof o (ac * 7(};,1),(f,1))-

In the following proposition we construct a pseudo-functor from the product category Sig°® x Sig to Cat,
and prove that there exists a pseudo-extranatural transformation from it to the functor from Sig°® x Sig to
Cat that is constantly Set.

But before stating and proving it we point out that subsequently it will be reformulated in a more
compact form (by taking into account the directing principles of the institutional frame of Goguen and
Burstall in [GoB86] and after generalizing such a frame appropriately) as asserting the existence of a certain
institution on the category Set. By doing so the conceptual and structural richness involved in the proposition
will be fully and elegantly reflected in the institution structure.

Proposition 2.33. There exists a pseudo-functor Alg(-) x Ter(-) from Sig®® x Sig to Cat, obtained from
the contravariant functor Alg and the pseudo-functor Ter, which sends a pair of signatures (X, A) to the
category Alg(X) x Ter(A), and a pair of signature morphisms (d, e) from (X, A) to (X', A’) in Sig°® x Sig
to the functor d* x e, from Alg(X) x Ter(A) to Alg(X’) x Ter(A’). Furthermore, the family of functors
Tr = (Trz)gegg, together with the family 6 = (Qd)dEMor(Sig), where 69 is the natural isomorphism of
Proposition 2.30, is a pseudo-extranatural transformation from the pseudo-functor Alg(:) x Ter(-) to the
functor Kset, which picks Set, both from Sig°® x Sig to Cat.
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Proof. Because the 2-category structure of Sig is, in this case, trivial, we need only prove the compatibility
with the natural isomorphisms of the pseudo-functor Alg(-) x Ter(+).

We restrict our attention to prove the compatibility of the composition of 1-cells in Sig with the natural
isomorphisms of Alg(-) x Ter(:). But for this, it is enough to verify that, for every f: A——=B in Alg(Q)

and P: X —=Y in Ter(X), the following diagram commutes

A 9% A
” _ ( «p)HwX X’Awgwwi’) ( w¢)x
/HwX,zili _Ux.a
AHw M, X — (/) +— Auwow X
d,(P)e" ™) pd-(e’(A))
e, 0 d,(P)A eo(ds(P))A
A 0% A
o _ ( w)HW Y Y,Awoww — ( ww)y
/H*"Y"?i _Yv,A
AHw o,y (o)A +— AHwowY
(f<P)H¢Y (f%)Y
fu,u,y M.y
(By)ir, v % 5, (By,, )y
o¥ - gy =7
~11, VB, Y,B
BHw o,y — (7Y7e>B Bﬂwo«: Y

And this is so in consequence of the definitions of the involved entities. []

The preceding proposition can be reformulated in a more compact form, taking into account the directing
principles of the institutional frame of Goguen and Burstall in [GoB86], as asserting the existence of a certain
institution on the category Set. By doing so the conceptual and structural richness involved in the proposition
is fully and elegantly reflected in the institution structure.

To actually realize the announced reformulation of the proposition just stated we should begin by defining
a concept of institution that generalizes, even more, that one defined by Goguen and Burstall in [GoB86].
This generalization is founded, ultimately, on the fact that the compatibility of generalized many-sorted
terms and many-sorted algebras with respect to transformations between many-sorted signatures is also
valid when generalized many-sorted terms and many-sorted algebras (of different many-sorted signatures)
are endowed with natural category structures.

Definition 2.34. Let C be a category. Then a 2-institution on C is a quadruple (Sig, Mod, Sen, (o, 3)),
where

1. Sig is a 2-category.

2. Mod: Sig®® ——= Cat a pseudo-functor.

3. Sen: Sig —— Cat a pseudo-functor.

4. (a,B): Mod(-) x Sen(-) —= K¢ a pseudo-extranatural transformation.
If Sig is an ordinary category, instead of a 2-category, then we will speak of an institution on C.

Remark 4. The concept of 2-institution is defined relative to a category, i.e., it has meaning for a 0-cell
C of the 2-category Cat = 1—Cat, of categories, functors, and natural transformations between functors.
Therefore, if it were necessary for some application, the concept of 3-institution ought to be defined relative
to a 0-cell C of the 3-category 2—Cat, of 2-categories, 2-functors, 2-natural transformations and modifications
between transformations, and so forth.
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Actually, 2-institutions and institutions on a category, if they are understood as pseudo-extranatural
transformations, go beyond both the classical conception of semantical truth defined (mathematically for
the first time, through a recursive definition of satisfaction of a formula in an arbitrary relational system by
a valuation of the variables in the system) by Tarski and Vaught in [TaV57], p. 85, and the latest conception
of institution in Goguen and Burstall [GoB86], p. 327.

From the above it follows, immediately, the following

Corollary 2.35. The quadruple ¥m = (Sig, Alg, Ter, (Tr,0)) is an institution on the category Set, the
so-called many-sorted term institution, or, to abbreviate, the term institution.

We close this section by pointing out that the institution Tm can be qualified of basic, or fundamental,
among others, by the following reasons: (1) It embodies, in a coherent way, algebras, terms, and the natural
procedure of realization of terms as term operations in algebras, and (2) the many-sorted equational insti-
tution and the many-sorted specification institution (both to be defined in the third section), i.e., the core
of universal algebra, are built on it.

3. Many-sorted specifications and morphisms.

In this section we begin by defining, for a signature 3, the concept of X-equation, but for the gener-
alized terms defined in the preceding section, the binary relation of satisfaction between 3-algebras and
Y-equations, and the semantical consequence operators Cny. Then, after extending the translation of gen-
eralized terms to generalized equations, we prove the corresponding satisfaction condition, and define a
pseudo-functor LEq which assigns (among others) to a signature X, the discrete category associated to the
set of all labelled ¥-equations, that enables us to get the many-sorted equational institution £&q.

After this we define, for the generalized terms, the concepts of many-sorted specification and of many-
sorted specification morphism, from which we get the corresponding category, denoted by Spf. Then by
extending some of the notions and constructions previously developed for the category Sig to the category
Spf, we get Gpf, the many-sorted specification institution on Set. Besides, we prove that there exists a
morphism from Spf to Tm, the many-sorted term institution on Set, which, together with the canonical
embedding of Tm into Gpf, makes of Tm a retract of Spf.

We now define the equations over a given signature through the morphisms of the category of terms for
the signature, what it means for an equation to be valid in an algebra, and the consequence operator on the
many-sorted set of the equations.

Definition 3.1. Let ¥ be a signature, X, Y two S-sorted sets and A a X-algebra. Then a 3-equation of
type (X,Y) is a pair (P,Q): X —=Y of parallel morphisms in Ter(X) (hence (P, Q) € Hom(Y, Ts(X))?),
and a X-equation is a X-equation of type (X,Y") for some S-sorted sets X, Y. We will denote by Eq(X) the
(U®)2-sorted set of all Z-equations. A E-equation (P,Q): X —=Y is valid in A, denoted by A |:§Y (P,Q),
if and only if, for every s € S and y € Y5, A ):}‘;9 (Ps(y), Qs(v)), i-e., (Ps(y)™ = (Qs(y))™. We extend this
satisfaction relation between X-algebras A and X-equations (P, @Q): X —=Y to X-algebras A and families
£ C Eq(X) by agreeing that A = £ if and only if, for every X,Y € U and (P,Q) € Ex,y, we have that
A ¥y (P,Q). We will denote by Cnyx the endomapping of Sub(Eq(X)), the set of all sub-(U°)2-sorted
sets of Eq(X), which sends £ C Eq(X) to Cnx(E), where, for every X,Y € U® and (P,Q) € Eq(®)x,y,
(P,Q) € Cnx(€)x.y if and only if, for every E-algebra A, if A =¥ &, then A ):?Y (P, Q). We call Cnx(€)
the (U)2-sorted set of the semantical consequences of &.

If we keep in mind that for a term P: X —=Y for ¥ of type (X,Y), PA, the term operation on A
determined by P, is the mapping from Ax to Ay which assigns to an S-sorted mapping f: X ——= A precisely
ffoP: Y —= A, then we get the following convenient characterization of the relation A |:§Y (P,Q):

A Xy (PQ)iff PA=QA.

Besides, by the Completeness Theorem in [CIS05], for £ C Eq(X), we have that Cnx(€) is precisely
Cg%ar(z)(é' ), i.e., the smallest TI-compatible congruence on Ter(X) that contains £, where the superscript I1
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in the operator ng‘er(x) abbreviates “product”. Therefore the operator Cns; on the (U®)2-sorted set Eq(X)
is a closure operator.

Remark 5. It is true that, for a signature X, in order to equationally characterize the varieties (resp., the
finitary varieties) of 3-algebras it is enough to consider the S-finite (resp., the finite) subsets of an arbitrary,
but fixed, S-sorted set V* with a countable infinity of variables in each coordinate. However, the generalized
terms and equations proposed in this paper, besides containing as particular cases the ordinary terms and
equations, respectively, have proved their worth, e.g., in the proof of the Completeness Theorem for monads
in categories of sorted sets in [C1S05], and can also be used to attain a truly category-theoretic understanding
of the subject matter (through the theory of monads).

Remark 6. The concept of equational deduction can be explained, from the standpoint of category theory,
as a pseudo-functor. Actually, it is enough to define: (1) the category MCISp, of many-sorted closure spaces,
(2), for a Grothendieck universe V such that U € V, the 2-category Mndy, iz of monads (i.e., pairs (C,T)
such that C, the underlying category of the monad, is in ¥V and T is a monad in C), algebraic morphisms be-
tween monads (which are adjoint squares satisfying a compatibility condition), and transformations between
algebraic morphisms (which are a special type of adjoint square satisfying an additional condition), into
which the category MCISp is naturally embedded, and (3) to prove the existence of a pseudo-functor Cn
from Sig to Mndy ,i; that has as components, essentially, the consequence operators Cny for the different
signatures 3.

By recalling that every signature morphism d from 3 to A determines a functor d, from Ter(X) to
Ter(A), and taking into account the above definition of the equations for a signature, we next formalize the
procedure of translation, by means of a signature morphism, of equations for a signature into equations for
another signature in the following definition.

Definition 3.2. Let d be a signature morphism from ¥ to A. Then d induces a many-sorted mapping
((I1,)% d3): (U2, Eq(Z)) — (UT)2,Eq(A)), the so-called translation of equations for X into equations
for A relative to d, where (]_Lp)2 is the mapping from (U%)? to (UT)? which sends a pair of S-sorted sets
(X,Y) to the pair ([, X,][,Y) of T-sorted sets, and d? the (U”)?-sorted mapping which to a Z-equation
(P, Q) of type (X,Y) assigns the A-equation (d,(P),d+(Q)) of type ([, X,[[,Y).

Once defined the translation of equations, we prove in the following lemma the invariance of the relation
of satisfaction under signature change, also known, for those following the terminology coined by Goguen
and Burstall in [GoB84], p. 229, as the satisfaction condition.

Lemma 3.3. Let d: ¥ ——= A be a signature morphism, (P,Q) a X-equation of type (X,Y) and A a
A-algebra. Then we have that d*(A) =3 (P, Q) iff A |:ﬁ XY (do(P),ds(Q)).
) el

Proof. The condition d*(A) |:§Y (P,Q) is equivalent to P4 (&) = Q9" (A4) Moreover, by Proposition 2.23,
P (A) = Q3 (A) s equivalent to d,(P)* = do(Q)™. Therefore d*(A) |:§Y (P, Q) is equivalent to the
condition A ):ﬁ xy (do(P),do(Q)). [

e e

Related to the quasi-triviality of the (short and conceptual) proof of Lemma 3.3 (as a consequence,
essentially, of the fact that it is, ultimately, rooted in Proposition 2.23), perhaps it would be convenient to
recall that Goguen and Burstall, in [GoB84], p. 228, have omitted the corresponding proof because they
qualify it as being not entirely trivial.

To construct the many-sorted equational institution we now define a pseudo-functor LEq on the category
of signatures. In order to do so we need to assume, besides the Grothendieck universe U, the existence of
another one V such that U € V. The new Grothendieck universe VY will be used to construct the appropriate
target 2-categories. Therefore, to exclude any misunderstanding, we agree to denote those categories C
properly depending on V by Cy,. However, since the additional assumption of a universe V such that
U € VY, will be used, almost, exclusively in this section, we do not label those categories depending on U
with the subscript U, such as has been done until now.

Definition 3.4. We denote by LEq the pseudo-functor from Sig to Caty, given by the following data
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1. The object mapping of LEq is that which sends a signature X to the discrete category LEq(X) canonically
associated to the set [y y ¢ (Hom(Y, Ts(X))? x {(X,Y)}) of labelled X-equations, i.c., the set of all
pairs ((P, @), (X,Y)) with (P, Q) a X-equation of type (X,Y), for some X,Y € U.

2. The morphism mapping of LEq is that which sends a signature morphism d from ¥ to A to the functor
LEq(d) from LEq(X) to LEq(A) which assigns to the labelled equation ((P,Q), (X,Y)) in LEq(X) the
labelled equation LEq(d)((P,Q), (X,Y)) = ((do(P),do(@Q)), (LI, X, [1,Y)) in LEq(A).

Corollary 3.5. The quadruple £&q = (Sig, Alg, LEq, (=, 0)) is an institution on 2, the so-called many-
sorted equational institution, or, to abbreviate, the equational institution.

Following this we proceed to define the concept of many-sorted specification and that of many-sorted
specification morphism.

Definition 3.6. A many-sorted specification is a pair (X,&), where X is a signature while £ C Eq(X). A
many-sorted specification morphism from (X,£) to (A, H) is a signature morphism d: ¥ ——= A such that
d2[£] C Cna(H). Henceforth, to shorten terminology, we will say specification and specification morphism
instead of many-sorted specification and many-sorted specification morphism, respectively. Besides, if in a
specification (X,&) the set £ of equations is closed, i.e., Cnx(€) = &, then we call (X,£) a theory. To
abbreviate, we write, sometimes, £ instead of Cnx(&).

Proposition 3.7. The specifications and the specification morphisms determine a category denoted as Spf.

Proof. We restrict ourselves to prove that the composition of specification morphisms is a specification
morphism. But before proving this let us notice that if d: ¥ —— A and e: A ——= 2 are signature morphisms,
(P,Q) a Z-equation of type (X,Y), and C a Q-algebra, then e,(d,(P))€ = e,(d.(Q))€ if and only if
(e 0d)(P)€ = (eod)s(Q)C. Thus, for each family of Z-equations &, we have that Cng(e2[d2[€]]) =
Cng((eod)?[£]). Now, if d: (X,E) —= (A, H) and e: (A, H) — (€2, F) are specification morphisms, then
e2[d2[€]] C e2[Cna(H)] € Cnn(e2[H]) € Cnq(F), from which the proposition follows. []

Remark 7. The category Thy with objects the theories and morphisms from one theory to another the,
so-called by Bénabou in [Bén68], p. (sub) 27, banal morphisms (also known as aziom-preserving morphisms),

is Thy, = [ Sig FixoCn, where Fix is the contravariant functor from Mndy, ,j, to Caty, which sends a monad
(C,T) for V, to the preordered set Fix(T) = (Fix(T), <), of the fixed points of T, being Fix(T) the set of
all T-algebras (A, §) such that the structural morphism § from T(A) to A is an isomorphism, and < the
preorder on Fix(T) defined by imposing that (4, ) < (A’,d") iff there exists a T-homomorphism from (A, )
to (A’,4"). Therefore, informally speaking, we can say that the world of theories, Thy, is the totalization
over Sig of the fixed points of the consequences.

We state next some, obvious, relations between the categories Sig and Spf. Every signature ¥ deter-
mines the specification (3, @), the so-called indiscrete specification, from which we get an inclusion functor
sp;: Sig — Spf that is a left adjoint to the forgetful functor sig: Spf —— Sig which sends an specification
(X, &) to the underlying signature X. Besides, Sig is a retract of Spf, i.e., sig o sp; = Idsjg. The functor sig
also has a right adjoint sp,: Sig —=Spf which sends a signature 3 to (X,Eq(X)), the so-called discrete
specification.

What we want now is to lift the contravariant functor Alg from Sig to Cat to the category Spf.

Proposition 3.8. There exists a contravariant functor Alg®® from Spf to Cat. Its object mapping assigns
to each specification (X,€&) the category Alg™(X,€) = Alg(X, ) of its models, i.e., the full subcategory
of Alg(X) determined by those 3-algebras which satisfy all the equations in &; its morphism mapping
assigns to each specification morphism d from (X, €) to (A, H) the functor Alg®(d) = d* from Alg(A,H)
to Alg(X, ), obtained from the functor d* from Alg(A) to Alg(X) by bi-restriction.

Proof. Let B be a A-algebra such that B =4 H. Then B =4 Cna (H), therefore B =4 d2[€] hence, by
Lemma 3.3, d*(B) X €. O

By applying the EG-construction to Alg™ we get the category [ Spf Alg®®, denoted by Alg®P. The category
Alg® has as objects the pairs ((X,£), A), where (X, £) is a specification and A a X-algebra which is a model
of £, and as morphisms from ((X,£),A) to ((A,H),B), the pairs (d, f), with d a specification morphism
from (X,€) to (A,H) and f a X-homomorphism from A to d*(B).
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Remark 8. The category Alg is embedded into Alg® as a retract (essentially, because Sig is a retract of
Spf).

On the other hand, taking care of the Completeness Theorem in [CIS05], every family of equations
& C Eq(X) determines a congruence on the category Ter(X), hence a quotient category Ter(X)/E. Besides,

this procedure can be completed, as stated in the following proposition, to a pseudo-functor Ter®® from Spf
to Cat, and the restriction of Ter®® to Sig is precisely the pseudo-functor Ter.

Proposition 3.9. There exists a pseudo-functor Ter®® from Spf to Cat defined as follows

1. Ter®® sends a specification (X,£) to the category Ter®?(X,€) = Ter(X,E), where Ter(X, &) is the
quotient category Ter(X)/E.

2. Ter®® sends a specification morphism d from (X, &) to (A, H) to the functor Ter®”(d), also occasionally
denoted by d,, from Ter(X,€) = Ter(X)/E to Ter(A, H) = Ter(A)/H, which assigns to a morphism
[Plg: X —Y in Ter(X,£) the morphism Ter*”(d)([Plg) = [do(P)]5: [[,X —][,Y in Ter(A,H).

Proof. Everything follows, essentially, from the fact that the action of Ter*”(d) on [P]g is well defined since
& C Ker(Prg o d,), where Prz; is the projection from Ter(A) to Ter(A)/H. [

After this we prove that the family of functors Tr = (TI“E)EESig, defined in Proposition 2.29, can be
lifted to the family of functors Tr°F = (TrSp’(z’g))(z’g)eSpf.

Proposition 3.10. Let (X, &) be a specification. Then from the product category Alg(%, &) x Ter(X%, E)
to the category Set there exists a functor Tr® (¥€)_ Its object mapping assigns to each pair (A, X), formed

by a X-algebra A which satisfies £ and an S-sorted set X, the set TrSp7(2’€)(A,X) = Ax of the S-sorted
mappings from X to the underlying S-sorted set A of A; its morphism mapping assigns to each arrow

(f,[Plg) from (A, X) to (B,Y) the mapping TrSp’(z’g)(f, [Plg) = fp from Ax to By.

Proof. Everything follows from the fact that the action of Trs*3&) on (f, [Plg) is well defined because from
[Plz = [Qlg it follows that, for every Z-algebra C which satisfies £, P€ = Q€. [

Next we state that the family of natural isomorphisms 6 = (Gd)deMor(Sig), defined in Proposition 2.30,
can be lifted to the family of natural isomorphisms 8P = (8°"%)gcniorn(spe)-

Proposition 3.11. Let d be a specification morphism from (X,&) to (A, H). Then there exists a natural

isomorphism 6574 = (92):;)(A’X)€A1g(A’H)XTer(z’g) as shown in the following diagram

Alg(A,H) x Ter(, €) d” x1d Alg(S, €) x Ter (X, &)
0sp7d
Id xd, = TSP (2.€)
Alg(A Ter(A
g(A, H) x Ter(A,H) -~ Set

where, for every (A, X) € Alg(A, H) x Ter(X,€), H;f’)’f; is 0% 4, i.e., the value at (X, A) of the natural
isomorphism of the adjunction [ o H4A,.

From these two last propositions it follows immediately the following

Corollary 3.12. The quadruple Gpf = (Spf, Alg®, Ter®?, (Tr°P, °P)) is an institution on the category Set,
the so-called many-sorted specification institution, or, to abbreviate, the specification institution.

On the other hand, from the contravariant functor Alg®, from Spf to Cat, to the contravariant functor
Alg osig®®, between the same categories, there exists a natural transformation, In, which sends a specification
(%,€) to the full embedding In(x; ¢y of Alg(X, &) into Alg(X). Besides, from the pseudo-functor Ter o sig,
from Spf to Cat, to the pseudo-functor Ter®", between the same categories, there exists a (strict) pseudo-
natural transformation, Pr, given by the following data
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1. For each specification (X, £), the projection functor Prg from Ter(X) to the quotient category Ter(X) /€.

2. For each specification morphism d from (X,&) to (A, H), the identity natural transformation, denoted
in this case by Prq, from the functor Pry;o (Terosig)(d) to the functor Ter®”(d) o Prg, both from Ter(X)

to Ter(A)/H.
Therefore we have obtained the following

Corollary 3.13. The pair (sig, (In, Pr)) is a morphism of institutions from the many-sorted specification
institution Gpf to the many-sorted term institution Tm.

Remark 9. Since, obviously, Tm is embedded in Gpf, taking into account the just stated corollary, we can
assert that Tm is, in fact, a retract of Gpf.

4. Morphisms of Fujiwara and the term institution of Fujiwara.

In Mathematics it is standard to compare pairs of objects by means of homomorphisms, i.e., mappings
from one of them to the other which relate, in a predetermined way, the primitive operations on the source
object to the corresponding primitive operations on the target object. But there are natural examples of
comparisons between objects, e.g., the derivations in ring theory (see [Jac68], pp. 169-172), which can only
be stated by relating the primitive operations on the source object to corresponding (families of) derived
operations on the target object, thus showing the necessity of conveniently generalizing the ordinary concept
of homomorphism.

In this section, following the work by Fujiwara in [Fuj59], we generalize the morphisms in Sig in such
a way that a signature morphism from a signature into another, to be called henceforth a morphism of
Fujiwara, or more briefly, a polyderivor, will consist of two suitably related mappings: On the one hand,
a mapping which relates the sets of sorts of the signatures and assigns to each sort in the first, a derived
sort in the second, i.e., a word on the set of sorts of the second, and, on the other hand, a mapping which
assigns to each formal operation in the first, a family of terms in the second, all in such a way that both
transformations are compatible. This type of signature morphism, from which we will get a category Sig,,,
with the same objects that Sig, will allow us to generalize, concordantly, the morphisms between algebras.

We will also state that the category Sig,, of signatures and polyderivors is isomorphic to the Kleisli
category for a monad in Sig, and that fact will confirm, to some extend, the naturalness of the concept
of polyderivor. Furthermore, the contravariant functor Alg: Sig—— Cat will be lifted to a contravariant
pseudo-functor Alg,,: Sig,, — Cat and, by applying, once more, the EG-construction, we will get the
category Alg,, of algebras and algebra morphisms that will have the polyderivors as a component. In the
same way, the pseudo-functor Ter: Sig —— Cat will be lifted to a pseudo-functor Tery, : Sig,, — Cat.

On the other hand, to account exactly for the invariant character of the realization of terms in algebras
under the polyderivors, we prove the existence of a pseudo-extranatural transformation (Tr, #) from a pseudo-
functor Alg,, (-) x Teryy (+), on Siggg x Sig,,, to Cat, to the functor Kset, between the same categories, which
picks Set.

Since it will be used afterwards, we define next the Hall and Bénabou algebras. However, before defining
the aforementioned algebras (as the models of suitable specifications), we agree that for a set of sorts U, a
word x € U* and a standard U-sorted set of variables VU = ({v% | n € N}),ep, |z is the U-sorted subset
of VY defined, for every u € U as (|z), = {v" | i € 27 '[u] }, this will apply, in particular, when U = S* x S
or U =85 x S*.

Definition 4.1. Let S be a set of sorts and Vs the S* x S-sorted set of variables (Viw,s) (w,s)es+ x5 Where,
for every (w, s) € S* xS, Vs = {v* | n € N}. A Hall algebra for S is a Hg = (S* x S, xHs gHs ) algebra,
where ¥Hs is the S* x S-sorted signature, i.e., the (S* x S)* x (8* x S)-sorted set, defined as follows:

w

HS;. For every w € S* and i € |w|, 7}
word in (S* x S)*.
HS5. For every u, w € S* and s € S, the formal operation of generalized composition:

: A—— (w, w;), where |w| is the length of the word w and A the empty

Cuw,s: ((w,s), (u,wo), ..., (U, Wyy|—1)) — (u, 8);
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while £%5 is the many-sorted subset of Eq(Xs) defined as follows:

Hy. Projection. For every u, w € S* and i € |w|, the equation:
gu,w,wi (7.(-;_11, U(I)L’wov cee vﬁjl“vlul)\—l) = ’U;’u’wi
of type (((U, w0)7 B (ua w\w|—1))a (7_1,, wl))
Hy. Identity. For every u € S* and j € |u|, the equation:

U UGy u _ W)
£u7u7uj(vj 77'('0,...,’/T"u|_1) —Uj

of type (((u; u;)), (u; u;)).
Hs. Associativity. For every u, v, w € S* and s € S, the equation:

w,s ~ U,wWo VyWiw|—1 u,v0 U, V|y|—1y __
u,s(Eo,w,s (Vg " 07 2 Ul )s U|u’,\+17 < V| )=
w,s v, W0 u,vo U, V|y|—1
Euw,5(V0 " Euyo,wo (V17 Vo410 Yoo )y
V2 Wiw|—1 u,Vo UV y|—1
gWva|w|—1(U|w\ Vw410 VS| 4wl )

of type (((w,s), (v,wo), .-, (V,Wjw|—1), (U, V0), -+ -, (U, V)y)=1)); (U, 8)).

We denote by Alg(Hg) the category of Hall algebras for S and homomorphisms between Hall algebras.
Since Alg(Hyg) is a variety, the forgetful functor Gy, from Alg(Hg) to Set® ** has a left adjoint Ty, which
assigns to an S* x S-sorted set ¥ the corresponding free Hall algebra Ty (¥).

For every S-sorted signature ¥, HTs(X) = (T (lw)s)(w,s)es+x s is endowed with a Hall algebra struc-
ture that formalizes the concept of substitution. Let HT g(X) denote the corresponding ¥ Hs-algebra, then
HTjs(X) is isomorphic to T, (). We remark that the existence of this isomorphism is interesting because
it enables us, on the one hand, to get a more tractable description of the terms in Ty (X), and, on the
other hand, to give an alternative, but equivalent, definition of the concept of derivor (defined by Goguen,
Thatcher and Wagner in [GTWT76], p. 86) between signatures.

Definition 4.2. Let S be a set of sorts and VEs the (S*)2-sorted set of variables (Vi) (u,w)e(s+)2 Where, for
every (u,w) € (8%)2, Vi = {0%% | n € N}. A Bénabou algebra for S is a Bg = ((5*)?, £Bs, £Bs)-algebra,
where ¥55 is the (S*)2-sorted signature defined as follows:
BS;. For every w € S* and i € |w|, the formal operation of projection: ©}": A\— (w, (w;)), where X is the
empty word in S™*.
BS,. For every u, w € §*, the formal operation of finite tupling:
Quw s ((w; (wo)), -+ (w, (Wye|-1))) — (u, w).
BS3. For every u, x, w € S*, the formal operation of substitution:

Ou,z,w ((u,z), (,w)) > (u, w);

while £85 is the many-sorted subset of Eq(XBs) defined as follows:

B;. For every u, w € S* and i € |w|, the equation:

w wu,(wo) Uy (W —1) oy (wi)
T3 O, (wi) (Vo s Vg1 Yuw = U; ,

of type (((u, (wo)), - - -, (t; (wyw|-1))), (u, (wi))).
Bs. For every u, w € S*, the equation:

u,w u u L uw
Yo Owuuw <7T07'~77T\u|71>u,u—vo ’

of type (((u, w)), (u, w)).
Bs. For every u, w € S*, the equation:

w w,w

w u, w u,w —
(0" Ouw,wo Vo e Mgy —1 Cu,w,wi -1 Vo Juw = Vg’

of type (((u’ ’LU)), (uv ’LU))
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B4. For every w € S*, the equation:
<7rg)v>w,(wo) = 7.(_(1)11,

of type (((w, (wo))), (w, (wo)))-
Bs. For every u, x, w, y € S*, the equation:

w,Y o ( Tw u,x) _ ( w,Y ;c,w) o u,T
Yo w,w,y (V1 w,z,w V2o ) = Vg z,w,y V1 w,x,y V2. s

of type (((w,y), (z, w), (u, x)), (u, y)),

where v¥" is the n-th variable of type (u,w), @ 0y 4.4 P stands for o, , ,(P, @), and, for abbreviation, we

let (Po, ..., Plw|—1)uw stand for ( )y w(FPo, ..., Plwj—1)-

Since Alg(Bg) is a variety, the forgetful functor Gg, from Alg(Bg) to Set® *5" has a left adjoint Tg,
which assigns to an S* x S*-sorted set the corresponding free Bénabou algebra.

For every S-sorted signature X, BTs(X) = (Ts(lw)u)@w,u)es xs+, that is naturally isomorphic to
(Hom(lu, Ts(lw))(w,u)es* x5+, is endowed with a Bénabou algebra structure. Let BT 5(X) denote the corre-
sponding %:Bs-algebra, then BT g(X) is isomorphic to the free Bénabou algebra Tp (I xgs =) on [Ty, 2

We remark that the existence of this isomorphism enables us, on the one hand, to get a more tractable
description of the terms in TBs(HleS ¥), and, on the other hand, to give an alternative, but equivalent,

definition of the concept of polyderivor between signatures.
Next we define the concept of polyderivor, and we warn the reader about the convenience of looking the
notational conventions stated in the introduction that have to do with the notion of monoid.

Definition 4.3. Let ¥ and A be signatures. A polyderivor from X to A is a pair d = (p,d), where
p: S——=T* while d: ¥ ——=BTr(A) Therefore, if d: ¥ ——= A is a polyderivor, then, for every (w, s) €
S* x S, we have that

du,s* Lws —>=BT1(A) st () () (= Ta (16 (W) (s )

and, since Agiy, = Ajxps © Ayixy: and the functor Hlx(}s is left adjoint to the functor A;.p,, d is,
essentially, an S* x S*-sorted mapping

070 (d): [T, B —=BTr(4)

Phxep:

P Xt
Henceforth, for every polyderivor d, we identify d and §**0s (d).

For every signature A, BT (A) is the underlying many-sorted set of BTr(A), the Bénabou algebra for
(T,A), and BT7(A) is isomorphic to Tgy (1, A)- Hence the polyderivors can also be defined as pairs

or,

d = (¢,d), where p: S——T* while d is an S* x S-sorted mapping from ¥ to T, ([];g, A)ptxe:

equivalently, an S* x S*-sorted mapping from J[;, ;. ¥ to Ty (L1 g, Aot x et

Example 1. Let X be a signature and p € N. Then taking

1. As ¢: S—— S* the mapping which sends s € S to the word A,c,(s) and,

2. For (w,s) € 8*x S, as d,, s the mapping from 3,, ; to T (|¢*(w))? (since, in this case, Tg(l@n(w))w(s) =
Tx(l¢f(w))?), which sends 0 € %, to (a(vg® vy, ,vﬁi‘;‘i‘:ll)p), s (V)0 v ,vmw:i)), in

Tx(l¢*(w))?,

we have that d = (¢, d) is a polyderivor from ¥ into itself.
We notice that there are , clear and natural, polyderivors between the (many-sorted) signatures of Hall
and Bénabou.

Example 2. Let ¥ = (3,)neny and A = (A,)nen be two single-sorted signatures and let (®, P) be, with
®={y,|necp}, afamily of basic mapping-formulas from ¥ to A as defined by Fujiwara in [Fuj59], p. 155.
Then by associating

1. To the single-sorted signatures ¥ and A, the signatures (1, (X5,0)n,0)e1+x1) and (1, (An0)m.0)e1*x1),
respectively, where, for every n € 1* 2N, ¥, g = ¥,, and A, o = A,,, and
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2. To the morphism (®, P) the pair (k,,d), where x, is the mapping from 1 to 1* which sends 0 € 1
to p € 1* and d the 1* x 1-sorted mapping from (X,0)m,0)e1xx1 tO (TA(ing(n))ﬁp(o))(nyo)el*Xl =
(TA(® x |vp)P)nen which, for n € 1%, sends o € ¥, to dy, o(0) = (P} pr

0,07 L pp1,0))
we have that the families of basic mapping-formulas defined by Fujiwara for the single-sorted case fall,

obviously, under the concept of polyderivor. Consequently, all the examples provided by Fujiwara in [Fuj59],
pp- 155-156, once reformulated as just said, are also examples of polyderivors.

Example 3. Let (p,d) be a standard signature morphism from a signature (S, ) into another (7, A). Then
from ¢: S—=T we get (7 op: S—=T*, and from d: ¥ — A+, because there exists a canonical
embedding from A« into (HleT A) (570p)t x (§10p)» We get the composite mapping

d
8 —> Aprxp —> (iwgr M @ropytx @rop) — TBr (Lixgr M Grop)t x(Grop):

Thus the standard signature morphisms fall under the concept of polyderivor.

Our next goal is to define the composition of polyderivors in order to get the category Sig,,, of signatures
and polyderivors. To attain the just stated goal it is necessary to know the concept of derivor From a signature
into another as defined by Goguen, Thatcher and Wagner in [GTWT76], p. 86, as well as to set out also some
of its properties.

Definition 4.4. Let ¥ and A be signatures. Then a derivor from X to A is a pair d = (p,d), with
p: S—Tandd: ¥ —HT71(A),» . Therefore, if d: 3 — A is a derivor, then, for every (w, s) € S*x 5,
we have that

dw,s : Ew,s HHTT(A)@*(w),p(s) (: TA(J,QO* (w))go(s))

sends a formal operation o: w——s3s to a term d s(0): ¢*(w) —¢(s), and all in such a way that the
arities and coarities are preserved, modulus the correspondence between the sorts given by the mapping ¢.

For a signature A we have that HT7(A) is the underlying many-sorted set of HT7(A), the Hall algebra
for (T, A). But HTr(A) is isomorphic to Ty, (A), the free Hr-algebra on A. Consequently the derivors can
be defined, alternative, but equivalently, as pairs d = (¢,d) with ¢: S——=T and d: ¥ —=Ty,.(A). Thus,
taking into account the equivalence between the categories Alg(Hr) and Alg(Br), we can state the following

Corollary 4.5. Every derivor is a polyderivor (although, obviously, not every polyderivor is a derivor).

An example of derivor originating from the field of sentential logic is that provided by Godel (see [G6d33])
in his work about an interpretation of the intuitionistic propositional logic into a modal extension of the
classical propositional logic.

Example 4. Let ¥ = (X,,)nen be a single-sorted signature such that ¥y = { -}, 32 = { Ay, V4, —i } and
Yo =0,ifn #1,2, A = (A)nen a single-sorted signature such that Ay = {—¢,0}, As = {A¢, Ve, —c |
and A, = @, if n # 1,2, and g = (gn)nen the family defined, for n # 1,2, as the unique mapping from @ to
Ta(lv,), and, for n = 1,2, as follows

L. g1(—i) = ~cOvg.
2. gg(/\i) = vy Nc V1.
3. 92(\/1) = D’UO Ve D’Ul.

4. gg(—>i) = D’UO —c DUl.

Then d is a derivor from X to A. This derivor defines the intuitionistic connectives in terms of the classical
connectives together with [J, the operator of necessity.

Next we proceed to define the composition of derivors and to state that the corresponding category
of signatures and derivors, denoted by Sig,, is isomorphic to the Kleisli category for a monad T, in Sig.
This last result means, in other words, that the derivors are indiscernible from the morphisms of the Kleisli
category for the monad T, in Sig, thus confirming its mathematical naturalness. By proceeding in this way
we, on the one hand, move one step forward, from the standpoint of category theory, in the investigation
of some of the most notable positive properties of the category Sig,, with regard to what has been done
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in [GTWT6], and, on the other hand, get a model on which to base the subsequent work that we have to do
concerning polyderivors.

We point out that the definition of the composition of derivors, in strong contrast with that of polyderivors
below, is based on the standard specification morphisms between Hall specifications. Actually, if instead of
starting from a mapping ¢: S —=T™*, as is the case for the polyderivors, we start from an ordinary mapping
p: S——=T, then, as we state next, we get a functor (p* x ¢, h¥)* from the category Alg(Hr), of Hall
algebras for T, to the category Alg(Hg), of Hall algebras for S IS&md the existence of such a functor will
follow from that of a specification morphism from (S* x S, LHs gHs) to (T* x T, xHr gHr)) This functor,
in its turn, will allows us to endow to the many-sorted set HTT(A)w X Wlth a Hall algebra structure for .S,
from which the composition of derivors will be defined explicitly.

Proposition 4.6. Let ¢: S—=T be a mapping. Then the S* x S-sorted mapping h¥: XLHs HEW %o
defined as follows

1. For every w € S* and i € |w|, h?(7}) = W@*(w),

2. For every u, w € S* and s € S, h¥(Euw,s) = ot (u),0* (w),0(s)

is such that (¢* x @, h?): (8* x S, xHs gHs) o (T* x T, vH7 gH1) ig a specification morphism. Therefore
p: S——=T induces a functor (¢* x ¢, h?)* from Alg(Hr) to Alg(Hg) which sends HT7(A), the free Hall

algebra on a T-sorted signature A, to a Hall algebra for S, with HT7(A)g«x, as underlying S* x S-sorted
set.

For a derivor d: ¥ —— A, the many-sorted mapping d from ¥ to HT7(A)ex«, can be lifted to a ho-
momorphism of Hall algebras d* from HTg(3) to HT7(A)+xy, whose underlying S* x S-sorted mapping
determines a translation of terms for 3 to terms for A. In particular, for every (w,s) € S* x S, dfuvs assigns
to terms in Tx(lw)s terms in T (1*(w))y(s)-

Before we define immediately below the composition of derivors and the identities we recall that 3, A,
Q, and E denote the signatures (5,%), (T, A), (U,), and (X, E), respectively, and d, e, and h denote the
derlvors( d), (¢, e), and (v, h), respectively.

Definition 4.7. Let d: ¥ —— A and e: A——= € be derivors. Then e o d, the composition of d and e, is

#

the derivor (¢ o ¢, ef@*xq) od), where ;. od is obtained from

d

A 4>77A HT7(A) HT7(A)pr o <———— %
S ot as eﬁwxw
HTy (2) g xop HTu () vy

where ef is the extension of e to the free Hall algebra on A. On the other hand, for every signature X, the
identity at 3 is (idg,79°).

The preceding definition allows us to get a corresponding, and explicit, category of signatures and derivors.
Proposition 4.8. The signatures together with the derivors determine a category, that we denote by Sig,.

We point out that the category Sig, of signatures and derivors can be obtained, in a natural way, as
an isomorphic copy of the Kleisli category for a monad in Sig. This is founded on the fact that, for every
set of sorts S, we have the adjunction Ty, 4Ghg, from which we get the monad Ty = (Trug,n™s, uts) in

Set” *XS, that canonically induces the monad T, in Sig at issue.
Proposition 4.9. The triple T, = (9,7°, 4°), where

1. 0 is the functor which sends a signature X to the signature (S, Ty, (X)), and a signature morphism d
from ¥ to A to the signature morphism (¢, d*) from (S, Tr, (X)) to (T, Tu, (A)),

2. % = (ids,ngs)7 with ngs the value at X of the unit #1s of the monad Tg, and
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3. u% = (idg, ugs), with ugs the value at ¥ of the multiplication %S of the monad Ty,
is a monad in Sig and the categories Sig, and KI1(T;) are isomorphic.

Remark 10. Almost all the results about the categories Sig, Alg, and Spf established in the second and
third section, suitably extended, are also valid for the corresponding categories Sig,, Alg,, and Spf,. But
the derivors being a particular case of the polyderivors, we restrict ourselves to unfold those results only for
the polyderivors.

Corollary 4.10. The category Sig, has coproducts.
Proof. This follows from Proposition 3.5, pp. 122-123, in [CIS05]. [

Our next goal is to define the composition of two polyderivors. To attain it we begin by stating that
every mapping ¢ from S to T* determines a functor (p* x # b¥)* from Alg(Br) to Alg(Bg) (observe that
such a functor is induced not by a standard specification morphism between Bénabou specifications, but
by a derivor b¥ between the corresponding Bénabou signatures). This functor, in its turn, will allow us to
endow the many-sorted set BT7(A),z .+ with a Bénabou algebra structure for S, from which the definition
of the composition of polyderivors will follow.

Proposition 4.11. Let ¢ be a mapping from S to T*. Then the ((S*)Q)* X (S*)Q—sorted mapping b¥ from
¥Bs to HTT*XT*(EBT)@”XW)*X(MXW) defined as follows

1. For every w € S* and « € |w|, b?(7?) is the ZBT-term

©* (w) o (w)
< Y geaPs’ 77TEB€Q+1 Pﬂ*1>‘pn(“’)#’(wr~)

of type A — (@ﬁ (w), (p(wa))),
2. For every u, w € S*, b¥(()u.w) is the BT term

<7T60(w0) o v(()w“(u),cp(wo)) wf((w"))l o U(()sa“(u),so(wo))
e T
w, f (). 0 (ws ws H () o1
7r60( ) ovzgm ),o( 1))7__.,7”2((153)'_1 OUZ(«: (W)
O(Wwi—1) (9 (u),o(w)w)—1)) O(W)w—1) (' (w) (Wi —1))
To © Vjw|-1 v Mo (w) 1) =1 © Yw| -1 )

of type ((¢*(u), p(wo)), .- ., (P* (), P(Ww|-1))) — (* (u), P (w)),
3. For every u, z, w € S*, b (044 ) is the ZBT-term

u),0* (= (x),0% (w
O%”(“)W”(m)w”(m)(véw (W)’ )),Ugv (@) ( )))

of type ((¢*(u), ¢ (2)), (¢ (@), ¢ (w))) —= (P (u), ¢*(w)),

is such that (p# x pf, b%): (S*x §*, BBs £Bs) — (T*x T* XBr £B7) is a specification morphism. Therefore
@: §——=T* induces a functor (¢* x % b¥)* from Alg(Br) to Alg(Bs) which sends BTr(A), the free

Bénabou algebra on the T-sorted signature A, to a Bénabou algebra for S, with BT7(A) ¢ as underlying
S* x S*-sorted set.

For a polyderivor d: 3 ——= A, we can extend the S* x S*-sorted mapping d from Hlx(}s Y toBTr(A)
to a homomorphism of Bénabou algebras d* from BTg(X) to BTr(A)
mapping determines a translation of terms for 3 into terms for A.

We define next the composition of polyderivors and the identities.

wfxpt

ot xphs whose underlying S* x S*-

Definition 4.12. Let d: X——= A and e: A——= be polyderivors. Then the composition of d and e,
denoted by e o d, is the morphism (¢ o ¢, ei”Xs@“ o d), where the first component ¥ o ¢ is a mapping from



Institutions are not enough 29

S to U* and esﬁa”Xw” o d is obtained from

Br
n d
gy A 72 () BTz (A) oo Mg,
5 #
\ leﬁ s L%ﬁxw
BTy (£2) gt syt BTU(Q)MX’“W“X@”

On the other hand, for every signature X, the identity at ¥ is the polyderivor ({g, ngs).
From this definition we get the corresponding category of signatures and polyderivors.

Proposition 4.13. The signatures together with the polyderivors determine a category, that we denote by
Sig, 5.
po

Remark 11. From the fact that Sig,, is a category it follows at once that, for every signature 3 in Sig,,,
the set of all endopolyderivors of 3, Endyy(X), is the underlying set of a monoid, denoted by End,,(X%).
Since the monoid End,(X), of hypersubstitutions of X, i.e, the monoid of endoderivors of X, is embedded
(in general, strictly) in the monoid End,,(3), we conclude that End,,(X) can serve as a basis to develop
a doubly generalized (because of the use of many-sorted signatures and endopolyderivors, instead of single-
sorted signatures and endoderivors,) theory of hyperidentities. But we leave this task for another occasion.

Having shown above that the concept of derivor, because of its reducibility to that of morphism of a Kleisli
category for a monad in Sig, is mathematically natural, one could also expect to prove the mathematical
naturalness of the notion of polyderivor by proving that the category Sig,, can be obtained as an isomorphic
copy of the Kleisli category for a suitable monad in Sig. This is actually true; however, the procedure which
should be followed to determine such a monad is more complicated than the one, relatively simple, we have
sketched for the derivors. This is due to the fact that, for a signature 3 = (.5, X), the pair (S* x S*,BTg(X))

is not a signature, because BTg(X) is an §* x S*-sorted set, but not an ((5*)%)* x (9*)*-sorted set. We
notice that the proof of the existence of the monad in Sig whose Kleisli category is isomorphic to Sig,, is

founded, on the one hand, on the functor A x1: Set® %" — > Set® ¥ which sends S* x S*-sorted sets
to S*-signatures, therefore, for an S-sorted signature ¥, we will have that A, ;x1(BTg (X)) is a S*-signature,
and, on the other hand, of the fact that, for every set of sorts .S, the adjunction Tg, 4Gp,, determines a

monad Tg, = (Tgg,n"s, uBs) on Set™ <",

Proposition 4.14. There exists a monad Ty, = (pd,n?°, uP?) in Sig such that the categories Sig,, and
K1(T,,) are isomorphic.

Proof. Let pd be the endofunctor of Sig defined as follows
1. pd sends a signature X to (S*, Tp, ([11 ) asx1))-
2. p0 sends a signature morphism d from 3 to A to

(SO*a (dﬁ))\sxo: (S*a Trs (Hlesz))\sX1)) —(T*, T, (HleTA)ATX1))v

where T ([T 5, X) xsx1 1s the value at X of the functor

AAle

1xQs oo ak Bs .o an ik an
Set® *% ————8§et® % ————> Get® ¥,

SetS*XS

After having defined the endofunctor pd of Sig, we proceed to define the unit n*° and multiplication pP°
of the monad Tpp.

Let ¥ be a signature. Then we have that 17'3;, the component of the unit 7°° of the purported monad Ty,
in 3, is the signature morphism ({5, 75°), i.¢., the value at X of the unit of the monad Ty, = (Tgg, 779, uB9)
in SetS*XS*7 obtained from the adjunction Tg, 4Gp,. On the other hand, we want ;ﬁg, the component of
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the multiplication £° of the purported monad Ty, in X, to be a morphism as in the following diagram

(5™, Trg. (HleS* (T (HleSZ)AsX1))As* x1)
HE
(S*7TBS(H1XQSE))\S><1)

The first coordinate of /ﬁg is Ag, the multiplication of the monad T,. To get the second coordinate of
upza we have to define a natural transformation « as in the following diagram

Tg A 1
SetSHXS** S* SetS**XSH Agx X SetSH*XSH

| | |

* «
Sets**XS Y A)\SXAS = A)\S*X)\s

T A)\ x1

Set¥ *9" —>Sets xS —>Sets XS*—>SetSH xS

leQsT \ Bi/

SetS xS

Let © be an S* x S*-sorted set. Then Tg,(0), sx s has a natural structure of £5s*-algebra, obtained from
the (5** x S§**)* x (S** x §**)-sorted mapping b : £Bs* —=Terg« x5+ (EB5) ( sxng)* x(1sx 1s) Dy applying
Proposition 4.11 to the mapping Ag: S** —=S™*.

On the other hand, for every S* x S*-sorted set ©, we have an S** x S**-sorted mapping fo from
[ixge. (Ausx1(©)) to Ay gxus(Trs(©)) which, for every (@, w) € 5** x S**, assigns to an element P, the

image of P under the inclusion ngs of © into T (©). The definition is sound because, in this case, W has

the form (w), P is in ©, 4, and 1g° (P) belongs to A, x . s(Ts(0)). Then the extension fﬁ9 of fo to
Toe. (ixgs. (Axsx1(0))) is the component at © of the natural transformation .

Therefore, the second coordinate of ,u'g is the value at ¥ of the natural transformation
(AAS*XAS * A ggx1* /LBS * Hlx(}s) °© (AAS* x1 ¥ ok Ty * HleS)'

Finally we prove that the categories Sig,, and KI1(Ty,) are isomorphic.
A morphism d: 3 —— A in KI(Ty;) is a morphism d: 3 ——pd(A) in Sig, hence ¢: S—T* and
d: ZHA%*XW(TBT(HlngA)ATXQ

= Acpﬁ XLP(TBT (HIXQTA))

=~ A (BTr(A)),

that is exactly the definition of polyderivor in Sig,,. [

Pixep

Corollary 4.15. The category Sig,, has coproducts.
Proof. This follows from Proposition 3.5, pp. 122-123, in [CIS05]. [

Our next goal is to lift the contravariant functor Alg: Sig ——= Cat to a contravariant pseudo-functor

Alg,,: Sig,, — Cat, that will allow us, by applying, once more, the EG-construction, to get a new category
of algebras Alg,, into which is embedded the category Alg. But to achieve the just stated objective we
should define beforehand some auxiliary functors and natural transformations.
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Proposition 4.16. Let S be a set of sorts. Then we have that

1. There exists an ezpansion functor (-)%s from Set® to Set”" which sends an S-sorted set A = (As)ses to
the S*-sorted set A = (A,)wes+, and an S-sorted mapping f from A to B to the S*-sorted mapping
% = (fu)wes from (Ay)wess to (By)wes+. If A is an S-sorted set and f: A—=B an S-sorted

mapping, then we say that A% and f's are the expansions of A and f, respectively, to the words on S
and, to simplify the notation, we will write A% and f% instead of A% and f%, respectively.

2. From the contravariant functor MSet, from Set to Cat, to the contravariant functor MSet o TSP between
the same categories, where T5" is the composite of T3 (the dual of the free monoid functor T, from
Set to Mon, the category of monoids), and Gnon (the forgetful functor from Mon to Set), there exists

a natural transformation (-)% which sends a set S to the expansion functor (-)% from Set® to Set”".

3. There exists a natural isomorphism ¢ from the functor (-)fs* o (-)8 to the functor A, ;o (-)%, both from

the category Set” to the category Set®” .

Proof. We restrict ourselves to prove the second and third parts of the proposition.

(2) () is a natural transformation from MSet to MSetoT$® since, for a mapping ¢: S —= T, the functors
()% 0 A, and Ay- o (+)57 from Set” to Set”” are identical. Observe, in particular, that for a T-sorted set
B, we have that (B,)"s = (B"),.

(3) Tt is enough to define, for every S-sorted set A, the component (1g)a of tg at A, as the S**-
isomorphism (1g)a: A% —= (A%), that has as w-th coordinate, for W = (Wa)aem| € S**, the canonical
isomorphism (pr,,, © Pry)acjm| jelw,| from Aiﬁh = Hae‘@|Hj€|wa|Awaj to Aim = Hae\ﬁl,jelwalAwuw where
pr,: Az—A,, and Prg, A, —> Ay, are the canonical projections. To simplify the notation we will
write ¢4 instead of (15)a. [

Corollary 4.17. Let ¢: S——=T* and ¢: T——=U* be mappings. Then, for every T-sorted set B and

U-sorted set C', we have that

1. ((Br)r*),., denoted by B+, and (BhT)wn, denoted by B, are isomorphic S*-sorted sets.

2. (((C%)y)"7),, denoted by Cy,,, and (C) yto,, denoted by Cyso,, are isomorphic S-sorted sets.

3. There exists an isomorphism K,gt BO7(B) x4t —>=BOg(B,), where, to simplify, we have written B,
instead of (B7).,.

We state in the following proposition that the polyderivors between signatures determine functors, in
the opposite direction, from the category of algebras associated to the target signature to the category of

algebras associated to the source signature. These functors will be the components of the morphism mapping
of the contravariant pseudo-functor Alg,, from Sig,, to Cat.

Proposition 4.18. Let d: ¥ —— A be a morphism in Sig,,. Then there exists a functor Alg,,(d) = d,
from Alg(A) to Alg(X). Its object mapping assigns to each A-algebra B = (B, () the X-algebra d;,(B) =
(By, GY), where G9 is f{f oGF o d, obtained from

Pl xpt
Br d
nulx A BTT(A) f s ol Hl Dy
HleTA or BTr(A) P xgp XQs
\ l , 8 Ginxwu
a G
BO7(B) t x BOg(B,)
BOr(B) pixe WD ®

its morphism mapping assigns to each A-homomorphism f from B to B’ the X-homomorphism dy, (f) = fo
from dj, (B) to dj,(B’).

Given a polyderivor d: ¥ —= A, a A-algebra B = (B, G) and an operation o € %, s, if we agree that w is
the word (s;)iem, that, for every i € m, ¢(s;) is the word (¢; ;) jen,, and that ¢(s) is the word (tx)rep, then we
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have that ¢*(w) is the word (t0.0,---,t0.n0—1»-+stm—1.05--+stm—1m,, ,—1) and that d(o): p*(w) —=p(s)

is a family of terms P = (Py,..., P,_1) such that, for every k € p, Py: *(w) —=t;. Therefore GiﬁXSan(P)7
the realization of d(c) in B, is precisely the term operation PB = (PP,..., P2 ) of type
By X -0 X Bto,ngfl X oo X By g X X Btmfl,nm,lfl — By, X - X By,

that by composition with the isomorphism from By, ~to B (,) provides the operation G4

(Bto,o X X BtO.nofl) X X (Btnzfl,o X X Btm71,nm_171)

Bto,o XX Bto,no—l XX Btm—l,o XX Btm—l,n"L,I—l
Bto X oo X Btp71

It is now when we can properly state that the contravariant functor Alg from Sig to Cat, defined in the
second section, can be lifted to a contravariant pseudo-functor Alg,, from Sig,, to Cat.

Proposition 4.19. There exists a contravariant pseudo-functor Alg,, from Sig,, to the 2-category Cat
given by the following data: its object mapping sends each signature 3 to Alg,, (%) = Alg(X); its arrow
mapping sends each polyderivor d from ¥ to A to dj,: Alg(A) — Alg(X); for every d: ¥ —=A and
e: A —=, the natural isomorphism % from ey, 0dp, to (eod)y, is that which is defined, for every Q-
algebra C, as the isomorphism Li*w; for every 3, the natural isomorphism »* from Idaig(s) to ((s, 7)55);2,
is that which is defined, for every X-algebra A, as the canonical isomorphism 5?: A—(A(s))ses-

By applying the EG-construction to the contravariant pseudo-functor Alg,, we get the category Alg,,
as stated in the following definition.

Definition 4.20. The category Alg,, is given by Alg,, = fSig"° Alg,,. Therefore the category Alg,, has
as objects the pairs (3, A), with X a signature and A a X-algebra, and as morphisms from (X, A) to (A, B),
the pairs (d, h), with d a polyderivor from X to A and h a 3-homomorphism from A to dj,(B).

Example 5. Let 3 be a signature, p € N, and d = (¢, d) the endopolyderivor at X, where p: S —=S*
is the mapping which sends s € S to the word A,ep(s) and, for (w,s) € S* x S, dy, s is the mapping from

Sw,s to Tx(l@*(w))? which sends o € Ey, 5 to (o (vg®, v2, . .. ,vzll}l‘;““:ll)p% ey (V)0 v J)[ﬂmj)), in

Tx(lo*(w))?. Then, for the polyderivor d and two Z-algebras A and B, we have that (d, <hu>ue;7)7 where,
for every p € p, h* = (h#)ses is a X-homomorphism from A to B, is a morphism from (3, A) to (3, B),
because d;,(B) = BP.

Additional examples related to computer sciences can be found in [GTW76).

The contravariant pseudo-functor Alg,,, is not only useful to construct the category Alg,,. Actually, as we
prove in that which follows, it together with a pseudo-functor Tery; and a pseudo-extranatural transformation
(Tr,0) determine an institution Tmyy = (Sigy,, Alg,,, Terys, (Tr, 0)) on Set, the so-called many-sorted term
institution of Fujiwara.

We define next some auxiliary functors and natural transformations that we will use afterwards to prove,
on the one hand, that there exists a pseudo-functor Terp, from the category Sig,, to the 2-category Cat,
which generalizes the pseudo-functor Ter from the category Sig to the 2-category Cat, and, on the other
hand, that the category Alg,, has coproducts.

Proposition 4.21. Let S be a set of sorts. Then we have that

1. There exists a compression functor (-)1s from Set” to Set®, left adjoint to the expansion functor (-)?s. Its

object mapping sends an S*-sorted set C' to the S-sorted set CTs = (| yes* & (Cuw X {w} x w™1[s]))ses;
w”[s]#2
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its morphism mapping assigns to each S*-mapping f: C — C" the S-sorted mapping fis: Cts —= (C'fs
which, for each s € S, sends each (c,w,i) in CIs to fis(c,w,i) = (fu(c),w,i) in C’Is

2. From the contravariant functor MSet o TP, from Set to Cat, to the contravariant functor MSet between
the same categories, there exists a natural transformation (-)7 which sends a set S to the compression

functor ()T from Set®” to Set”.
3. There exists a natural isomorphism (g from the functor (-)7s o (-)Ts* to the functor (-)s o [T, _.

Proof. We restrict ourselves to prove the first and third part of the proposition.

(1) For every S*-sorted set C' and S-sorted set A, there exists a natural isomorphism #1%: Hom(CTs, A) =
Hom(C, A%) which assigns to an S-sorted mapping f: Cts —= A the S*- sorted mapping 074(f), defined,
for every w € §* and ¢ € Cy, as 074(f)w(c) = (fuw, (¢, w,9))ic|w]-

Reciprocally, if g: C' —s A% is an S*-sorted mapping, then (67%)~1(g) is the S-sorted mapping defined,
for every s € S and (c,w,i) € Cfs, as (01)71(g)s(c, w, i) = gu ()i

(3) By Proposition 4.16, the functors (-)#s* o(-)% and A , ;o(-)#s are isomorphic. Furthermore, (-)fso(.)fs*
is left adjoint to (-)%s* o (-)8 and (-)s o [, is left adjoint to A, o (-)8s, thus the functors (-)ts o (-)fs*
and (-)fs o] s are isomorphic. We denote such a natural isomorphism by (g, and, to simplify the notation,
we will write (¢ instead of ((s)c for the component of (s at C. [

If p: S —T* is a mapping, then from the adjunctions [[, A, and ()T 4 ()7, we get the adjunction
[1, 1 A% where, to simplify the notation, we have written J[/, instead of (-)'" o J[, and A} instead of

A, o (-)f7. Furthermore, we agree that 9:;“, n:fah, and 519“ denote, respectively, the natural isomorphism, the
unit, and the counit of this composite adjunction.
What we want to establish now is that the category Alg,, has coproducts and for this we begin by

proving that, for every polyderivor d: ¥ —— A, the functor dj, from Alg(A) to Alg(%) has a left adjoint
d?’.

Proposition 4.22. Let d: ¥ —> A be a polyderivor. Then there exists a functor d2° from Alg(X) to
Alg(A) that is left adjoint to the functor dj, from Alg(A) to Alg(X).

Proof. We restrict ourselves to define the action of d?° on the objects (because the remaining details being
like those of Proposition 2.16, although more cumbersome, they can be left to the reader). Let A be a X-

algebra. Then d!°(A) is the A-algebra defined as T'a (HLA)/EA, where R is the congruence on TA(]_[L A)
generated by the T-sorted relation R*, defined, for every t € T, as

i ], w e §*

A _ A | i ] j j el 1 7

R {(( aq | i€ wl),s,9(s),4),d(0);(a)) SES, 0E Sy, acAyf’
a being the matrix

( (ao0,wo,¢(wo),0) (a0,wo,¢(wo),|p(wo)|—1) >
a— . . . ,

(@] = 1,Ww| = 1:P(Ww]=1)50) =+ (@] —1,Wjw|—1,P(W]w|—1),|P(W]w—1)]—1)

and d(o);(a) the result of replacing the variables in the term d(o); with the entries in the matrix a (recall
that, for o € ¥, 5, we have agreed that d(c) = dy,s(0), where dy s(0) € Ta(l9*(w))y(s), hence, for every
J € lp(s)l, d(0); € TA(lH(w))p(s),)- O

Proposition 4.23. The category Alg,, has coproducts.

Proof. The category Sig,,, has coproducts, for every signature 3, the category Alg(X) has coproducts, and
the functor Alg,, is locally reversible. Therefore, from Theorem 2, pp. 250-251, in [TBGI1], the category
Sig,, has coproducts. [l

Our next goal is to state that every polyderivor induces a functor between the associated categories of
terms as was the case for the signature morphisms.
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Proposition 4.24. Let d: ¥ —— A be a polyderivor. Then there exists a functor d5° from Ter(X) to
Ter(A). Its object mapping assigns to each S-sorted set X the T-sorted set d2°(X) = ]_[L X; its morphism
mapping assigns to each morphism P from X to Y in Ter(X) the morphism d8°(P) = (9;“)_1(7& o P)
from ]_[LX to ]_[L Y, where 9&“ is the natural isomorphism of the adjunction ]_[L = AED, 7% the X-homo-
morphism from T (X) to AE(;(TA (HL X)) that extends the S-sorted mapping AED(UHL x)O© (njoh)x from X

to AE@(TA(HL X)), and ny the unit of the adjunction HL #Afo.

Proof. The proof is founded on the fact that, for every term P: X —=Y, the term d8°(P): ]_[L X— ]_[L Y
is the composition of the morphisms in the following diagram

I P S

1LY ——1I| Tx(X) [11 A%(TA(IIL X))
ng(P) (EE)TA(HZ,X)
TA(IT], X)

where (z—:U)TA(Hf x) 18 the value at TA(HL X) of the counit of the adjunction ]_[L 4AEQ. O

Remark 12. In Proposition 4.24, (ny)x, the value at X of the unit of the adjunction HL%A&,, in its s-th
coordinate, assigns to x € X, the family ((z, s, ¢(s),0),...,(x,s,¢(s),|e(s)] — 1)). We can say, informally,
that to a variable z € X corresponds in ]_[L X a family of variables of the form (z, s, ¢(s), i), with sorts ¢(s);,
and that, for a morphism P: X —Y in Ter(X) and (y, s, ¢(s),1) € (HL V)i, dB2(P)y(s), (4, 8, 0(s),4) is the
term for A obtained by replacing, recursively, in Ps(y) the formal operations o: w——s by the families of
formal operations d(o): ¢ (w) — ¢(s) and the variables « € X by families of variables (z, s, 0(5), 1) je|w(s)|-

Before we state that the above construction can be lifted to a pseudo-functor from the category Sig,, to
the 2-category Cat, we point out that the relation of satisfaction is also invariant under polyderivor change,
i.e., that for every polyderivor d: ¥ ——= A, if (P, Q) is a X-equation of type (X,Y’) and A a A-algebra, then

Ao (A) FRy (PQ) I A Hfyy 1y (8°(P),d2(Q))

This follows from the invariant character under signature change through the polyderivors of the realization
of terms as term operations in arbitrary, but fixed, algebras, as stated in the following proposition.

Proposition 4.25. Let d: ¥ ——= A be a polyderivor. Then, for every A-algebra A and term P: X —=Y
for ¥ of type (X,Y), the following diagram commutes

Pd*a (A)
(Ac,o)X u (Aw)Y
(aLh)X,A (GE)Y,A
A A
L x & (P)A Ly

where, to simplify the notation, we have written A, instead of the more accurate AEOA.
Proof. The proof is analogous to that of Proposition 2.25. []

It is now when we can properly state that the pseudo-functor Ter from Sig to the 2-category Cat, defined
in the second section, can be lifted to a pseudo-functor Tery, from Sig,, to the 2-category Cat.
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Proposition 4.26. There exists a pseudo-functor Terp, from Sig,, to the 2-category Cat given by the
following data

1. The object mapping of Tery, is that which sends X in Sig,,, to Terpy (X) = Ter(X).

2. The morphism mapping of Tery, is that which sends d: 3 — A in Sig,, to d®: Ter(X) — Ter(A).

3. Ford: ¥ —> A and e: A —, the natural isomorphism 43¢ from the composite e5° 0 d8® to (eo d)!i“
is that which is defined, for every S-sorted set X, as the isomorphism yfc’e: HL ]_[L X— [}, Xin

Yiop
Ter(Q?) that corresponds to the U-sorted mapping

px g x

I}, X LI X To (1T} 11 X).

where p is the isomorphism obtained from the following diagram

Set” ~

(7%1#”)71 Hwﬂw

Set!”

and ~ the isomorphism associated to the pseudo-functor MSet,

4. For ¥, the natural isomorphism > from Idper(ss) to (s, ngs )8% is that which is defined, for an S-sorted
set X, as the isomorphism 1/)2(: from X to ]_[EES X that corresponds to the S-sorted mapping 7x o 7)5; from
Hgs X to Tq(X), where 77 is the natural isomorphism from (-)ts o[, to Idges defined, for an S-sorted
set X, as the S-sorted mapping whose s-th coordinate, for s € S, sends an ((a, s), (s),0) € (]_[TS X)s to
(7%)s((a, 5), (s),0) = a.

Following this we state a lemma from which we will get a pseudo-extranatural transformation that

formalizes the invariant character of the realization of terms in algebras relative to the polyderivors between
signatures.
Lemma 4.27. Let X be a signature and i?ipa(g) = (idS*,ﬁpa(E)) the polyderivor from po(X) to 3, where
idg«: §* ——= 5" is the identity at S* while id,y(x) is the canonical isomorphism from TBS(HleSZ))\SX1
to BTS(HMQSZ)ASM- Then the family (92,,4)(A,X)eAlg(z)xTer(pa(E)) is a natural isomorphism as shown
in the following diagram

Alg(X) x Ter(po()) _oxmxld Alg(p(2)) x Ter(pd(X))

Id x 6% = TP (®)

Alg(X) x Ter(X) - Set
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where, to abbreviate, as; = (i:ipt,(g));a and Os = (i}ipa(z))g“.

Proof. By Proposition 2.35 we have that Tr is a pseudo-extranatural transformation, hence, for the morphism
idpo(z): PO(X) —= X, the above diagram commutes. In particular, for a morphism (f, P): (A, X) —(B,Y)
in the product category Alg(X) x Ter(pd(X)), we have the configuration

(A X) (f. P)

(B,Y)

and (eg(h,A)(A,X)EAIg(E)XTer(pD(E)) is a natural isomorphism. [

Remark 13. The functors as = (iapa(z));a from Alg(X) to Alg(pd(X)) are the components of a natural
transformation o from Alg into Alg opd°P, both from Sig®® to Cat. In its turn, the functors fx = (iapa(g))gb
from Ter(pd(X)) to Ter(X) are the components of a natural transformation § from Ter o pd into Ter, both
from Sig to Cat. Besides, if for a polyderivor d: ¥ —= A we denote by d: Y ——=po(A) the signature

morphism associated to d, by the isomorphism between Sig,,, and KI(T,) stated in Proposition 4.14, then
we have that

L. dp, = d* o ax, and
2. d¥® = B4 o d,.

Therefore the morphism mappings of the pseudo-functors Alg,, and Tery, are definable through the natural
transformations « and (3, respectively.

In the following proposition we construct a pseudo-functor from the product category Sigglaj X Sig,
to Cat, and prove that there exists a pseudo-extranatural transformation from it to the functor from the
product category Sigyy x Sig,, to Cat that is constantly Set.

Proposition 4.28. There exists a pseudo-functor Alg,,(-) x Teryy(:) from the category Siggg x Sig,, to
the 2-category Cat, obtained from the pseudo-functors Alg,, and Tery,, which sends a pair of signatures
(32, A) to the category Alg(X) x Ter(A), and a pair of signature morphisms (d, e) from (X, A) to (X', A’)
in Sigyy x Sig,, to the functor dj, x d?® from Alg(X) x Ter(A) to Alg(X’) x Ter(A’). Furthermore, the
family of functors Tr = (TrE)EGSing, together with the family 6 = (ed)deMor(Sing)y with ng = 0;(“,14, is
a pseudo-extranatural transformation from the pseudo-functor Algpa(-) x Terpy (+) to the functor Kget from
Sig,y x Sig,, to Cat which picks Set.
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Proof. We restrict ourselves to prove that, for every polyderivor d: 3 ——= A, the following diagram iso-
commutes.

d;, x Id
Alg(A) x Ter(X) Alg(X) x Ter(X)
Id x d§° Tr™
Alg(A) x Ter(A) A Set

r

But in the following diagram, where, we recall, d: > ——=po(A) is the signature morphism associated to the
polyderivor d: 3 ——= A, by Proposition 4.14,

d;, x 1d
Alg(A) x Ter(X) Alg(X) x Ter(X)
ap x Id d* x Id

1d % d, \ /

Alg(pd(A)) x Ter(

Id x d8° g(po( ‘ ()
- >

Id x d, (2)

|
ap x 1d Alg(pd(A)) x Ter(pd(A))

Alg(A) x Ter(po(A))

/1% s (1)

Alg(A) x Ter(A) TrPo )

W Set

we have that the bottom trapezoid (1) iso-commutes by Lemma 4.27, the right-hand trapezoid (2) iso-
commutes because Tr is a pseudo-extranatural transformation and the remaining subdiagrams commute by
the definitions of the involved entities. [

Corollary 4.29. The quadruple Tmy, = (Sig,,, Alg,,, Teryo, (Tr,0)) is an institution on Set, the so-called
many-sorted term institution of Fujiwara, or, to abbreviate, the term institution of Fujiwara.

Remark 14. Since every standard signature morphism can be identified to a polyderivor, Tm, the term
institution is canonically embedded into Tmy,, the term institution of Fujiwara.

We close this section by pointing out that the replicas of Definition 3.4 and Corollary 3.5 are also valid
for the category Sig,.

5. Transformations of Fujiwara and the term 2-institution of Fujiwara.

What we ultimately try to do is to define (once we have at our disposal a convenient notion of morphism
from a specification into another, but for polyderivors), for two morphisms d, e from a specification (3, &)
to another (A, H), a concept of transformation from d to e, as well as vertical and horizontal compositions
for these transformations, in such a way that specifications, morphisms, and transformations constitute a 2-
category Spf,,. But to succeed in doing it we should begin, as we do in this section, by defining a 2-category
structure on the category Sig,,, of signatures and polyderivors, through the concept of transformation
between polyderivors.
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In this section we also prove that the transformations between polyderivors determine natural transfor-
mations between the functors associated to the polyderivors, that allow us to lift the pseudo-functors Alg,,,
and Terpy to 2-functors, and hence to get, by applying an EG-construction to Alg,,, a 2-category Alg,,.
Besides, we prove that the transformations between polyderivors are also compatible with the realization of
the terms in the algebras and we characterize this through the concept of pseudo-extranatural transformation
between pseudo-functors on 2-categories. From this we get that the relation between terms and algebras is
an example of 2-institution.

In order to define and investigate the transformations between polyderivors it will be shown to be conve-
nient to make use of some derived operations in the Bénabou algebras of terms for the different signatures,
concretely of those in the following definition.

Definition 5.1. Let S be a set of sorts.

1. For every w € S** and « € [w], let 7% be the derived operation of type A —= (AW, W, ) defined as
AW Aw
<7TZ/3@,PB’ cee 77T25€a+1 p5_1>AE,E<,7
where w is of the form

Wa

((yeeiye)y . R )

.y . g ey M 9.
Zﬁeapﬁ Zﬁ€a+1 pp—1

and, for every a € W], po = [Wal.
2. For every u € S* and w € S**, let (), w be the derived operation of type

((u,wp), . . ., (u, wlﬁ\—l)) — (u, AW)
defined as
(Po, ..., Pg|—1)um = (15° 0 P, ... ﬂr‘%ﬂo‘fl oPy,...,
71.(1)”\@\*1 © P|E\717 B Fr%z‘ilﬂ—l © P|E|71>u,kﬁ-

3. For every n € N, and u, w € S*", let Az be the derived operation of type
((Wo,Wo), - - -, (Un—1,Wn—1)) —= (A7, Aw)
defined as
Aﬂ,m(Poa vy Poo1) =(Pyo Woﬂv N R 7T271>)\U,E~
Henceforth, to simplify the notation, we will omit some subscripts in the expressions. Moreover, for the
operations of the form Aﬂ@ we adopt the infix notation, and we will write Py A --- A P,_1 instead of
ANaw(Po, ..., Po_1), the type, in its turn, will be g A +++ A Uy,—1 —>=Wo A *++ A Wy_1.
For the algebras of terms BT (), the operations A are, essentially, the result of gathering into a
family the corresponding terms, relabelling adequately the variables.
Recalling that the Bénabou algebras are, up to isomorphism, the finitary many-sorted algebraic theories

of Bénabou, we will represent, henceforth, the composition of terms diagrammatically, and the equality of
two coterminal paths composed of terms by asserting the commutativity of the appropriate diagram.

Definition 5.2. Let d and e be polyderivors from 3 to A. A transformation from d to e is a choice function
¢ for the family (BT7(A)y(s),u(s))ses = (Ta(le(5))y(s))ses, such that, for every operation o: w —=s, the
following diagram commutes

s,d(o
1 (s, dlo)) TA(Le(8))pes) X Ta(l@H(w))e(s)

{e(0), Ew) °

TALYH(w))p(s) ¥ TA(LOH (W) gt () ——=—= Ta(l*(w))y(s)

[e]
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or more briefly, such that & o d(0) = e(o) o &,, where &, is &y A -+ - Afww_l. From now on, we will use
the symbol £: d ~> e to denote that £ is a transformation from d to e.

Therefore for a transformation £ = (£5)ses from d to e we have, in particular, that, for every s € S,
£ € Ta(lw(s))y(s), i-e., that & = ((€s)o, -+ (§s)jy(s)|—1) 15 a tuple of length [¢(s)| such that, for every
i € [P(s)], ()i is a term for A of type ([o(s), ¥(s)s).

Henceforth, we shall write the above commutativity condition for a transformation £: d ~> e between
polyderivors in the form e(o) o &, = & o d(0).

Example 6. Let X be a signature, p,q € N, d = (¢,d) the endopolyderivor of 3, where ¢: S ——=S* is
the mapping which sends s € S to the word A,ep(s) and, for (w,s) € S* x S, dy s the mapping from
Wiw|—1

Yuw.s to Ts(lepf(w))? which sends o € %, 5 to (o(vg?, v, ’v(lwl—l)p)’ s (0,0, Vg s ,vrfu‘r;)‘:i)),

and e = (¢, e) the endopolyderivor of 3, where 1): S ——= S* is the mapping which sends s € S to the word
Aveq(s) and, for (w,s) € S* x S, ey, the mapping from %, s to Tx(|1¥(w))? which sends o € 3,5 to

S
(o(vg®, v, ,vﬁmtf)q), e ,U(U;”_Ol, v;‘i;_l, e U‘u;)"l”;‘:i)). Then, for an arbitrary, but fixed, mapping f =
(f(¥))veq from the natural number ¢ to the natural number p, taking as & the element of [] . g Ta(lo(s))2
defined, for every s € S, as & = (v;(o), e ,v;(q_l)), where, to simplify notation, we have identified the
variables in |¢(s) with their images in Ts(l¢(s)) under 7,5, we have that £ is a transformation from d
to e. We point out that the working out of all the details of this example, even if a little troublesome, helps

to grasp the functioning of the polyderivors and the transformations between them.

The commutativity condition in the above definition of transformation from a polyderivor into another
can be extended to the terms, as proved in the following proposition.

Proposition 5.3. Let d and e be polyderivors from X to A and £: d ~> e a transformation. Then, for
every term P: u—sw in BTg(X), we have the following equation &,, o d*(P) = ef(P) o &,.

Proof. By algebraic induction in the Bénabou algebra BTg(X). [

What we want now is to endow the category Sig,, of signatures and polyderivors with a 2-category
structure. For this we provide in the following proposition the definitions of the horizontal and vertical
composition of the transformations between polyderivors, prove the law of Godement, and define the identity
transformations at the polyderivors.

Proposition 5.4. The signatures together with the polyderivors and the transformations between the poly-
derivors have a 2-category structure, denoted as Sig,,.

Proof. Definition of the vertical composition. Given the configuration

/1N
\/

d
:
$
h

the vertical composition of £ and y, defined as x 0 &€ = (xs 0 &s)ses, is a transformation from d to h.
Definition of the horizontal composition. Given the configuration

A

\/
/)

d h
2/$ $x\*ﬂ
\e i/

the horizontal composition of £ and x, defined as x * & = (Xy(s) © ht(£,))ses, or, equivalently, as (if(&,) o
Xe(s))ses, is a transformation from h od to ioe. We have to prove that x * £ is a transformation from

(* o ¢, hi”Xs@“ od) to (Vo w’ifb”xw” oe), i.e., that, for every o: w——=s, we have that (x * &), o h¥(d(c)) =

i*(e(a)) o (x * &) But this happens since &, x are transformations and h¥, i morphisms.
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Law of Godement. Given the configuration

/5\/\
\ﬁ/\/

we have, after the definitions of the vertical and horizontal compositions, that
(X' #x)o(§x&) = (o) *(xof).
Identities. Finally, given polyderivor d: X ——= A and e: A ——=(Q it is obvious that the S-family

(s) (s)

(G (o) 1) () o(s))s€ 8
denoted by idg, is the identity transformation at d, and that ide * idq = ideoq. [

Our next goal is to prove that the transformations between polyderivors from a signature into another,
determine natural transformations between the functors between the categories of algebras associated to
the signatures. To accomplish this we begin by proving that every transformation £ from a polyderivor
d to another one e, both from a signature ¥ to a signature A, determines, for a given A-algebra B, a
¥-homomorphism ¢B from dj, (B) to e}, (B).

Proposition 5.5. Let d and e be polyderivors from ¥ to A, §: d ~> e a transformation in Sig,,, and, for
a A-algebra B = (B G) let ¢B be the S-sorted mapping (£B)ses from B, to By, where, for every s € S,
we have that ¢B = w(S) w(s)(&s) 1 By(s) —> Buy(s)- Then ¢B is a ¥-homomorphism from dj,(B) to e}, (B).

Proof. For every operation o: w——=s, in ¥, we have to prove that G o (8 = ¢B o G, and for this it is

o

enough to prove that every face, except at most the frontal one, in the following diagram commutes
BA@“(S) (LB )—1

(Ginan © d)w,s(a)
B o (s
A PR
T (&U)Bl i(@)B
<5l> <5'L>

B (w)

o B # B i(g s
B P (w) pi(s) B -1
By, oo By,

[ed
from which it follows, necessarily, that the frontal face also commutes. The details are left to the reader. [J

After having proved, for two polyderivors d and e from X to A, that every transformation £ from d to
e, induces, for every A-algebra B, a ¥-homomorphism ¢ from d;, (B) to e;,(B), we prove in the following
proposition the naturalness of the involved procedure.
Proposition 5.6. Let £: d ~= e be a transformation with d and e polyderivors from 3 to A. Then the

family (fB)BeAlg(A), denoted by Alg,,(§), is a natural transformation from the functor dy, to the functor
ey, both from Alg(A) to Alg(X).

Proof. We have to prove that, for every A-algebras B = (B,G), C = (C, H) and morphism f: B——=C
in Alg(A), the £-homomorphism £€ o f, and fy, 0 B from (B,, G9) to (Cy, H®) are identical. But this is
immediate since, for every s € S, ¢B and ¢€ being the realizations of the term & in the respective algebras,
the mappings £ o fots) and fy s 0 ¢B from By (s) to Cys) necessarily coincide. [
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Once stated that the transformations between polyderivors from a signature into another, induce natural
transformations among the functors between the categories of algebras associated to the signatures, we can
properly lift the pseudo-functor Alg,,: Sig,, — Cat to the 2-cells in the 2-category Sig,,.

Proposition 5.7. There exists a pseudo-functor Alg,,, contravariant in the morphisms and covariant in
the 2-cells, from the 2-category Sig,, to the 2-category Cat, together with the accompanying natural iso-
morphisms v4¢ and v*, as defined in Proposition 4.19.

Proof. Tt follows from the fact that the natural isomorphisms of the pseudo-functor are compatible with the
2-category structure of Sig,,. [

On the basis of this last proposition we can lift the category Alg,, to a 2-category as in the following
definition.
Definition 5.8. Let Alg,, = ffSig"“ Alg,,, be the 2-category which has as objects (0-cells) the pairs (3, A),

where ¥ is a signature and A a 3-algebra; as morphisms (1-cells) from (3, A) to (A, B) the pairs (d, f),
where d is a polyderivor from ¥ to A and f a 3-homomorphism from A to dj,(B); and as 2-cells from

(d, f) to (e, g), where (d, f) and (e, g) are morphisms from (%, A) to (A, B), the 2-cells {: 3 ~= A in Sig,,
such that ¢Bo f = g.

As was the case above for algebras and transformations, our goal now is to prove that the transformations
between polyderivors from a signature into another, also determine natural transformations between the

functors between the categories of terms associated to the signatures. To accomplish this we begin by proving
that every transformation & from a polyderivor d to another one e, both from a signature 3 to a signature

A, determines, for a given S-sorted set X, a morphism £, in the category Ter(A), from ]_[L X to HL X.

Proposition 5.9. Let d and e be polyderivors from ¥ to A, {: d ~> e a transformation in Sig,,, and, for
an S-sorted set X, let {x : HL X —>TA(HL X) be the T-sorted mapping defined, for each ¢t € T and each
(x,s,9(s),1) € (HL X)q, as follows

(Ex)e(@,5,0(8),8) = (€ (0] /(,5,0(5),9) | 5 € [(5)]).
Then the mapping £x is a morphism, in the category Ter(A), from HL X to HL X.

Proof. The definition of {x: HLXHTA(HL X) is sound since, for every j in |¢(s)|, we have that

(x,s,¢(s),7) € (HL X)p(s); and (&)i € TA(p(8))y(s);, hence (§x)i(, s, ¢(s),) is a term for A of type
1/)(5),’ =t. O
After having proved, for two polyderivors d and e from X to A, that every transformation £ from d to e,

induces, for every S-sorted set X, a morphism £x from HL X to HL X, we prove in the following proposition
that they are the components of a natural transformation.

Proposition 5.10. Let {: d ~> e be a transformation in Sig,,, with d, e polyderivors from ¥ to A. Then
Teryo (§) = (£x)xeTer(:) is a natural transformation from d?? to e?°.

Proof. Because, for a morphism P: X —=Y in Ter(X), the T-sorted mappings &y od5’ (P) and e8°(P)o&y
from HL X to ]_[L Y are identical. [J

Let us observe that this last proposition is analogous to Proposition 5.3 but for derived operations with
variables in arbitrary many-sorted sets.

Once stated that the transformations between polyderivors from a signature into another, induce natural
transformations among the functors between the categories of terms associated to the signatures, we can
properly lift the pseudo-functor Terp, : Sig,, — Cat to the 2-cells of the 2-category Sig,,.

Proposition 5.11. There exists a pseudo-functor Terp, from the 2-category Sig,, to Cat, covariant in the

morphisms and the 2-cells, together with the accompanying natural isomorphisms v94® and v, as defined
in Proposition 4.26.
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Proof. Tt follows from the fact that the natural isomorphisms of the pseudo-functor are compatible with the
2-category structure of Sig,,. [

Since Sig,,, is a 2-category, our next goal will be to prove that Tmy, is not only an institution on Set but
actually a 2-institution on Set. To attain the just stated goal we should begin by proving that the realization
of the terms in the algebras is compatible with the additional structure derived from the 2-cells in Sig,,,
i.e., the transformations between polyderivors.

Lemma 5.12. Let {: d ~> e be a transformation in Sig,, from the polyderivor d to the polyderivor e,

both from X to A. Then, for every A-algebra B, and S-sorted set X, the mappings (£B)x o (GE)X,B and

(HLh)X,B o (&x)B from Byt x to (Ai,B)X are identical.

Proof. For every f € Byt x, (¢x)B(f) € BHL « 1s the morphism f* o £x, where f* is the extension of f to
@ b

T A(]_[L X), obtained as shown in the following diagram

mrt x

;
I, X

TA(IT!, X) [T, x

f
f g (€x)B(S)
B

hence (617)x,5((6x)B(f)) is a morphism from X to A%, B. Now, for s € S and = € X,, we have that
((03)x.8((€x)B (1)) (@) = ((6F)x,8(f* 0x)),(2)
= ((f* 0 &x)us). (,5,9(5),0) | i € [(s)])
= (£ (o), (i), (@, 8,90(9),4)) | d € [(s)])
= 15 ) (€x)ue). (@, 5,(5),1) | i € [1(s)])
= fﬁ, S)((fs)i(vs-p(s)j/(mvSaSD(S)J) |j€ |@(5)|>ie|¢(s)\)

— £ (€ (@5, 0(5).4) | 5 € ()

= 2 (f2 o ((@5,0(5),5) | 5 € 9(s5)]))

because Alg,,(§) is natural and f* a morphism

= 2 (fh), (2,8 @(8)»]) 5 € le(s)])

=& ((0F)x,5(f)s(2))

= ((fB)X((eLH) ,B(f)))s($)~
Therefore (£B)x o (93‘))@3 = (GLH)X,B o (£x)B, as asserted. [

In the following proposition, which will be the basis to get the many-sorted term 2-institution of Fujiwara
on Set, we construct a pseudo-functor from the 2-category Siggg X Sig,, to the 2-category Cat and prove

that there exists a pseudo-extranatural transformation from it to the functor from Sig;’lg x Sig,, to Cat
that is constantly Set.

Proposition 5.13. There exists a pseudo-functor Algpa( ) x Terpy(-) from the 2-category Slg x Sig,, to
the 2-category Cat, obtained from the pseudo-functors Alg,, and Tery,, which sends a pair of signatures

(X2, A) to the category Alg(X) x Ter(A), and a pair of signature morphisms (d, e) from (3, A) to (X', A')
in Siggg x Sig,, to the functor dj, x d?® from Alg(X) x Ter(A) to Alg(X’) x Ter(A’). Furthermore, the
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family of functors Tr = (Trz)gesigw, together with the family 6 = (Gd)deMor(SigFD), with Gf}x,x = H;E}A, is
a pseudo-extranatural transformation from the pseudo-functor Alg,,(-) x Terpy(-) to the functor Kget from
Sig,p x Sig,, to Cat which picks Set.
Proof. We restrict ourselves to prove that, for every transformation § in Sig,, from the polyderivor d to the
polyderivor e, both from 3 to A, we have that the following equation holds

0° o (Tr™ x (Alg, (&) x 1)) = (Tr™ # (1 x Terpy())) 0 69,

Let f: A——=B be a morphism in Alg(A) and P: X —=Y a morphism in Ter(X). Then we have the
following configuration

ax) L gy
A
(AT )~ ) (@5o(a), %) XL (e (), x)
(f, d!’;J(P)) (ﬁegj(f’)) (fsaip) (fy, P)
T T * e
B, I1,Y) B.6) (B, 11, Y) (d;>(B),Y) 4>(£B7y) 5o(B),Y)
\ (Ap)x (€A)x —= (Ay)x
/(%“)XA /(%h)X,A
Aqr x (6x)™ —— 111 x
Pdio(A) Peio(A)
ar(p)r o (P)A
Aoy — = (h)y ——= (Ay)y
/(QLH)Y,A /(eLh)Y,A
Ay (&v)A Ay
(fo)y (fy)y
f]_[Ly f]_[1 Y
_(Be)y —— (€®)y ——= (By)y
/(@)Y,B /(9j/,h)Y,B
By (&v)B By

In the cube, the top, middle and bottom faces commute by the preceding lemma. The lateral faces
commute by Lemma 4.27. The front face of the upper cube commutes by Proposition 5.10 and the front face
of the lower cube commutes because f is a homomorphism. The back face of the top cube commutes because
&4 is a homomorphism by Proposition 5.5, and the back face of the lower cube commutes by Proposition 5.6.

O

From this proposition it follows immediately the following
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Corollary 5.14. The quadruple Tmy, = (Sigy,, Alg,,, Terps, (Tr, 0)) is a 2-institution on the category Set,
the many-sorted term 2-institution of Fujiwara, or, simply, the term 2-institution of Fujiwara.

We close this section by pointing out that, for a Grothendieck universe V), such that U € V, it is possible
to prove that there exists an embedding from the 2-category Sig,, into the 2-category Mndy g, thus that
the polyderivors together with the transformations between polyderivors constitute a concrete foundation
for a bidimensional many-sorted algebra.

6. A 2-category of many-sorted specifications and the specification 2-institution
of Fujiwara.

In this section we define a 2-category of specifications, Spf,,, with objects the specifications, morphisms
from a specification into another the polyderivors between the underlying signatures of the specifications
that are compatible with the equations, and 2-cells from a morphism into another a convenient class of
transformations between the polyderivors.

For a polyderivor d: ¥ — A, the functor d2° of translation from Ter(X) to Ter(A) enables us to define
the concept of po-specification morphism from a specification into another.

Definition 6.1. Let (X, &) and (A, H) be specifications. An po-specification morphism from (2,€) to (A, H)
is a polyderivor d: ¥ —s A such that (d5°)2[€] € Cna (H). We denote by Spf,, the corresponding category.

Given two po-specification morphisms d and e from (X, &) to (A, H), since d and e are, in particular,
polyderivors from X to A, we have, in principle, at our disposal all the transformations ¢: d ~> e from d
to e as potential candidates for a concept of transformation between these pd-specification morphisms.

However, the condition of commutativity for the transformations between polyderivors is too much strict,
because it requires, for every formal operation o: w——s in ¥,, 5, the strict equality &, o d(o) = e(0) 0 &y,
and, actually, what could happen (and probably the most one reasonably can hope for), as was pointed out
by Fujiwara in [Fuj60], is that, under the presence of equations, such a type of equation holds only modulus
the congruence generated by the equations in the target specification. Therefore, for the po-specification
morphisms, the notion of transformation that we adopt, following the example of Fujiwara in [Fuj60], is that
one where the strict equality between terms is replaced by the equality between them but relative to the
congruence generated by the equations in the target specification. These transformations, in its turn, allow
us to endow the category Spf,, with a 2-category structure.

Definition 6.2. Let d and e: (3,£) — (A, H) be po-specification morphisms. A transformation from d to
e is a choice function £ for the family (BT7(A),(s),p(s))ses, such that, for every formal operation o: w——s,
it happens that {s o d(0) =5 e(0) 0 &y.

Proposition 6.3. The specifications, the po-specification morphisms, and the transformations between po-
specification morphisms determine a 2-category Spf,,,.

The pseudo-functor Alg,, from Sig,, to Cat can be lifted up to the 2-category Spf,, as stated in the
following

Proposition 6.4. There exists a pseudo-functor Alg;% from Spf,, to Cat defined as follows

L. Algy? sends a specification (X,£) to the category AlgiR (3%, €) = Alg(X,€) of its models, i.e., the full
subcategory of Alg(3X) determined by those X-algebras that satisfy all the equations in &.

2. Algy; sends a po-specification morphism d from (3, €) to (A, H) to the functor Algy;(d) = dj, from
Alg(A,H) to Alg(X, £), obtained from the functor dj, from Alg(A) to Alg(X) by bi-restriction.

3. A*lg;% sends a transformation £: d ~> e from d to e to the natural transformation Alg,,({) from dj, to
€y
The pseudo-functor Tery, from Sig,, to Cat can also be lifted to the 2-category Spf,, as stated in the

following proposition.

Proposition 6.5. There exists a pseudo-functor Ter;% from Spf,, to Cat defined as follows
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1. Terpy sends a specification (3,&) to the category Terp)(3,&) = Ter(X,£), where Ter(3,€) is the
quotient category Ter(X)/E.

2. Ter}} sends a pd-specification morphism d from (3, £) to (A, H) to the functor Ter}; (d) from the quotient
category Ter(X, ) = Ter(X)/€ to the quotient category Ter(A,H) = Ter(A)/H, which assigns to a
morphism [Plg from X to Y in Ter(X,£) the morphism Terp, (d)([Plg) = [d5°(P)]5: HLX‘)HLY
in Ter(A,H).

3. Ter}} sends a transformation &: d ~> e from d to e to the natural transformation Terp, (§) from Tery? (d)
to Tery; (e).

Furthermore, from the 2-category Spfgg x Spf,, to the 2-category Cat there exists a pseudo-functor
Algph (+) x Ter} (-) and a pseudo-extranatural transformation (TrP, 6%) from Algph(-) x Ter}? (-) to Kset,
and from this we get the following

Corollary 6.6. The quadruple &pf,, = (Spf,,, Algy;, Ter}?, (TP, 0°P)) is a 2-institution on the category
Set, the so-called many-sorted specification 2-institution of Fujiwara, or, simply, the specification 2-institution
of Fujiwara.

From the pseudo-functor functor Alg;‘;, from Spf,, to Cat, to the pseudo-functor Alg,, osig®”, between
the same 2-categories, there exists a pseudo-natural transformation, In,,, which sends a specification (3, £)
to the full embedding In(s ¢y of Alg(X, &) into Alg(X). Besides, from the pseudo-functor Terp, o sig, from

Spf,, to Cat, to the pseudo-functor Ter;%, between the same 2-categories, there exists a (strict) pseudo-
natural transformation, Pry,, given by the following data

1. For each specification (X, £), the projection functor Prg from Ter(X) to the quotient category Ter(X)/E.

2. For each specification morphism d from (X, &) to (A, H), the isomorphic identity natural transformation,
denoted in this case by Prq, from the functor Prz o(Terosig)(d), from the category Ter(X) to the category
Ter(A)/H, to the functor Ter*(d) o Prg, between the same categories.

Therefore we have obtained the following

Corollary 6.7. The pair (sig, (Inyo, Pryp)) is a morphism of 2-institutions from the 2-institution &pf,, to
the 2-institution Tmy,.

7. Unification of domains.

Our main goal in this section is to prove that the theorem of Herbrand-Schmidt-Wang, about the reduction
of heterogeneous first-order logic to homogeneous first-order logic, allows us to provide a natural example of
a forward morphism between two institutions. To attain it we should begin by defining two institutions, the
institution associated to the heterogeneous, or many-sorted, first-order logic and the institution associated
to the homogeneous, or ordinary, first ordre logic. But before that, we choose, once and for all, a countably
infinite set of variables V = {wv, |n € N }.

The institution Ht, of heterogeneous first-order logic, is defined as follows. Sig®, the category of hetero-
geneous first-order signatures, has as objects the quadruples & = (S, %,11, 7), where S is a set of sorts in
U such that 0 < card(S) < Ng, ¥ an S-sorted signature, IT an S-sorted predicate domain, i.e., an object
of Sets*, and j a surjective mapping from V to S such that, for every s € S, j71[s], the fiber of j at s, is
a countably infinite set; and as morphisms from § = (S, %, 11, j) to S’ = (S', ¥/, II', j/) the triples (¢,d, p),
where ¢: S —— 5" is a morphism in Set, d: ¥ — X}, , a morphism in Sig(S), and p: I —1IIj. a mor-

phism in SetS*, such that £ satisfies the condition £ o 7 = j'. Let us notice that from the equation £ o j = j’
1

it follows that, for every s € S, j~![s] is included in j'71[{(s)], and that £ is surjective. Our next goal is to
define a contravariant functor Mod™ from Sig"* to Cat. But before doing that we agree that, for an S in
Sig™t, ModHt(S) denotes the category of pointed heterogeneous S-algebraic systems, i.e., the category which
has as objects the quadruples A = (A4, F, R, a), where (A, F) is a ¥ = (5, X)-algebra such that, for each
s€ S, As # &, R a mapping in Set®” from II to Rs(A) = (Sub(Ay))wes+, and a = (as)ses € [[,cq Ass
and as morphisms from A = (A, F,R,a) to A’ = (A’, F', R’,d’) those X-homomorphisms f from (4, F) to
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(A’, F') such that, for each w € S*, each 7 € II,,, and each x € A, if x € Ry, then f,(z) € R,
each s € S, fs(as) = a,. Let us denote by Mod"" the contravariant functor from SigHt to Cat which sends S
in Sig"* to Mod™(S) and a morphism (¢, d, p) from S to &’ to the functor Mod"™ (¢, d, p) from Mod™(S’)
to ModHt(S) which assigns to A’ = (A',F', R, a’) precisely (A}, Fj..,od, R}. op, (GZ(S))seS)- To shorten

notation, for each (w,s) € S* x S and each o € X, 5, we let F(;(U) stand for the value of Fj. ,0d at o, and,

and, for

for each w € S* and each « € II,,, we let R;(W) stand for the value of Rj. op at m. Our next goal is to define
a functor Sen™ from Sig to Cat. But before doing that we notice that, given a heterogeneous first-order
signature S = (S, 3,11, j), for its underlying many-sorted signature ¥ = (S,%), we have Tx((j7![s])ses),
the term X-algebra on the S-sorted set (57 1[s])ses. Moreover, for the logical signature A(S) = (A, (S))nen,
where Ay(S) = {=} U{V(v,s) | (v,5) € U,es(G7s] x {s})}, A2(S) = {A,V,—=}, and A, (S) = @, if
n # 1,2, we have Fm"(S), the algebra of all heterogeneous S-formulas, which is the free A(S)-algebra on
AtMY(S) = U(wﬂr)EHwES* 1, ({7} x Ts((57"[s])ses)w), the set of all heterogeneous S-atomic formulas. We
agree that for S in SigH", SenHt(S) denotes the category which has as set of objects Sen™*(S), the set of
all heterogeneous S-sentences, and as morphisms from ¢ to x the triples (¢, D, x), where D is a proof of

the sentence x from the axioms together with ¢. The composite of two morphisms (¢, D, x) and (x, £, ) is
(p,ED, ), where ED is the proof obtained by concatenating D and €. Furthermore, for a sentence ¢, the

identity at ¢ is (o, @, ¢). Then let the object mapping of Sen™ be defined by sending S in Sig"* to Sen"(S).
Our next goal is to define the morphism mapping of Sen"'t which, for every morphism (¢, d, p): §—=S&', must
be a functor SenHt(f, d,p): SenHt(S) ‘>SenHt(8’). Let (¢,d,p) be a morphism from S to &’. Then, by ap-
plying the functor d* from Alg(X’) to Alg(X), where d = (¢, d), to the free X'-algebra T/ ((5'71[s'])ses),
we obtain the ¥-algebra d*(Tx/ ((5'7*[s'])s'es’)). Moreover, from the natural embedding in; ;- of (7 *[s])ses
into ((j'71[s'])sres’)e = (57 1[€(s)])ses, we obtain, by the universal property of the free ¥-algebra on an S-
sorted set, the 3-homomorphism ing.yj/ from Tx((j7[s])ses) to d*(Ts/((5'~1[s'])sres)). On the other hand,

for every w € S* and every 7 € I, we have the mapping /7 from (Ts((j[s])ses)w to At (S") which

w,m
sends (Py)kejw) € (T2 ((77[s])ses)w to (p(), ((ingyj,)wk (Pr))kelw)) € AtM(S"). From the family of mappings
33" = (t{;{;)wes*,ﬂenw we obtain, by the universal property of the coproduct, the mapping Ath(tJle) from
At"(S) to AtHE(S’). In addition, the S-sorted mapping in; j» determines a morphism in; ; from A(S) to
A(S’). Hence there is a forgetful functor from Alg(A(S’)) to Alg(A(S)). Let us denote by E;j, (Fm"™(S"))
the value of the aforementioned functor at the A(S’)-algebra Fm"t(S’). Then, by the universal property
of the free A(S)-algebra on AtM(S), there exists a unique A(S)-homomorphism AtH(t79")f from Fm"™(S)
to E;j/(FmHt(S’)) such that 7 (s © AtHt(93"y = At () o NagHe(s), where nyg gy is the canonical
embedding of At"(S) into Fm"™(S) and sy the canonical embedding of At™(S’) into E;j, (Fm"(8")).
Since the direct image of Sen™(S) under At"(¢77)# is included in Sen"t(S), we define the object mapping
of the functor Sen™ (¢, d, p) from Sen"(S) to Sen™(S’) as the bi-restriction of At™(g77")f to Sen™(S) and
Sen't(S’). The morphism mapping of Sen™ (¢, d, p) is defined as follows. Given a morphism D = (9, )rey from
¢ to x in Sen™(S), Sen"(¢,d, p)(D) is (Sen"™ (¢,d, p)(), (At™ (t79")}(9) )xen, Sen'™ (¢, d, p) (x)). Finally, let
=M be the family (F3)gcgigm, where, for each S € Sigt, =Rt is the satisfaction relation associated to S.

The institution Hm, of homogeneous, or ordinary, first-order logic, is defined as follows. Sig"™, the cate-
gory of homogeneous, or ordinary, first-order signatures, has as objects the quadruples S = (S, %, 11, (75) ses),
where S is a set in U such that 0 < card(S) < Ng, ¥ an ordinary signature, i.e., an object of Set", II an
ordinary predicate domain, i.e., an object of SetN, and (7s)ses an injective mapping from S to IIy; and as
morphisms from S = (5, 3,11, (75)ses) to S’ = (', X/, Il, (7, )srcs) the triples (¢, d,p), where £: S ——= 5’
is a surjective mapping, d: ¥ —=Y' a morphism in SetN7 and p: II —=1II' a morphism in SetN7 such that,
for every s € S, pi(ms) = 772(5)~ The remaining components of Hm are defined as usual, but taking into
account that, for an homogeneous first-order signature S = (S, 3, I1, (75 ) ses), an homogeneous S-algebraic
system A is a quadruple (A, F, R, a) consisting of an ordinary -algebra (A, F), a mapping R in Set" from
IT to R(A) = (Sub(A™))nen, and a mapping a from S to A such that, for every s € S, as € R, (C A).
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Next we define the functor DU, of domain unification, from Sig™® to Sig"™. Let S = (5,21 jU) be a
heterogeneous first-order signature. Then DU(S) is the homogeneous first-order signature (.S, EDU HD ,ing),
where, for every n € N, DU = Hw,5)esm x5 Zw,s: 1T DU = Tlpegn M, if n # 1, IPY = (Hwesl II )]_[S
and ing the canonical embedding of S into ITPV. The morphism mapping of DU is defined in the obvious
way.

yFollowing this we define, making use of the theorem of Herbrand-Schmidt-Wang, a natural transformation
B from Mod" to Mod"™ o DU°P. Let S be a heterogeneous first-order signature. Then (s is the functor
from Mod™(S) to Mod"™(DU(S)) which sends A = (A, F,R,a) to (][ A, F*, R*,a*), where, for every
(w, s) € 5* xS and every 0 € X5, F({,, ;) ») is the mapping from (] A)ll to [T A which sends (ar, wi) gejuw|
in (HA)'“" to (F, ((ak)kaw‘) s)in [J A, if, for every k € |w|, ar € Aw,, and sends (ak,wk)kaw‘ to (as,s),
otherwise; for every w € S* — S' and every 7 € I, R} is the subset of (J[ A)*! defined as

(ﬂ',w)

{z € (]_[A)'“" | Ir € R, (Vk € |w|(xg = (rk,wg))) }s

for every w € S* such that |w| =1 and every w € I, R 0) is defined as R while, for every s € S,

(m,w)>
Ry, 1) is defined as A x {s}; finally, a* is (as, $)scs- The deﬁmtlon of Bs on the morphisms is obvious.

In addition, the theorem of Herbrand—Schmidt—Wang also allows us to define a natural transformation
o from Sen™ to Sen™™ o DU. Let S be a heterogeneous first-order signature. Then ag is the functor from
Sen"t(S) to Sen"™(DU(S)) which sends an heterogeneous S-sentence ¢ to the homogeneous DU(S)-sentence
as(p) obtained from ¢ by substituting simultaneously, for each expression of the form V(v,s)y in ¢ an
expression of the form Vo (m,s(v) — as(¢)) (with the understanding that different variables in ¢ are replaced
by different variables in as(y)). The definition of as on the morphisms is determined by the first part of the
Herbrand-Schmidt-Wang theorem, bearing in mind that to the logical axioms it is added the set, denoted
by ®(S), of all of the following homogeneous DU(S)-sentences:

1. Jumg(v), for every s € S;
2. Vo, .-+, V| —1 (Agg | Twr (Vk) = (0 (v0, - - - Vjw-1))), for every (w,s) € 5* x S and every o € Ey ;.

Also, by the theorem of Herbrand-Schmidt-Wang, we have that, for every heterogeneous first-order signa-
ture S, every pointed heterogeneous S-algebraic system A, and every heterogeneous S-sentence p, A |:2t %)
if and only if 8s(A) ):Bnl}(S) as(p). Moreover, Bs(A) is a model of the set ®(S).

Therefore we have obtained a forward morphism (DU, «, ) from the institution Ht to the institution
Hm.

It seems appropriate to indicate that, related to the functor DU, the theorem of Herbrand-Schmidt-Wang
obstructs the existence of a natural transformation from Mod™ o DU to Mod™. The essential reason for
this is that it is not always possible to associate, in a natural way, a heterogeneous algebraic system to a
homogeneous algebraic system. However, by the same theorem, for every heterogeneous first-order signature
S, it is possible to obtain a partial functor ﬁs from Mod"™(DU(S)) to Mod™(S) in such a way that the
family 8% = (8 S) Sesigh 18 natural in §. Moreover, for each heterogeneous first-order signature S, each model
B of ®(S), and each heterogeneous S-sentence ¢, ﬂs( ) =St o if and only if B ):DU( s5) @s(p). For a fuller
treatment of this topic we refer the reader to [C1A92] (we notice that the first author of this article also
defined in [ClA92], inter alia, a certain type of 2-cell among institution morphisms from which he obtained
a 2-category of institutions and a 2-functor from this 2-category to another 2-category, with 0-cells the
categories of theories canonically associated to institutions).
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