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Abstract

Proofs of termination in term rewriting involve solving constraints be-
tween terms coming from (parts of) the rules of the term rewriting sys-
tem. Several recent works develop connections between these problems
and more standard constraint solving problems for which well-known and
efficient techniques apply. In particular, SAT techniques are receiving
increasing attention in the field. A very common way to deal with con-
straints in termination tools is treating them as polynomial constraints.
Accordingly, a recent paper by Fuhs et al. shows how to encode polyno-
mial constraints as propositional constraints which are managed by using
state-of-the-art SAT solvers. In this paper we show how to improve this
encoding to obtain faster SAT-based algorithms for solving polynomial
constraints in restricted (but still relevant) domains of coefficients.

1 Introduction

Proofs of termination in term rewriting involve solving constraints between
terms s and ¢ coming from (parts of) the rules of the Term Rewriting System
(TRS [18, 20]). For instance, in proofs of termination using the dependency
pairs approach [2], given a rewrite rule [ — r of a TRS R, we get dependency
pairs {! — st for all subterms s of r which are rooted by a defined symbol’; the
notation ¢! for a given term ¢ means that the root symbol f of ¢ is marked thus
becoming f! (often just capitalized: F).

Example 1 Consider the following TRS R from [2, Example 1]:

*Work partially supported by the EU (FEDER) and the Spanish MEC, under grants
TIN 2004-7943-C04-02 and HA 2006-0007, and by the Generalitat Valenciana under grant
GV06/285. Rafael Navarro was partially supported by the Spanish MEC under FPU grant
AP2006-02676.

LA symbol f is said to be defined in a TRS R if R contains a rule f(l1,...,[;) — r.



[1] minus(x,0) -> x

[2] minus(s(x),s(y)) -> minus(x,y)

[3] quot(0,s(y)) -> 0

[4] quot(s(x),s(y)) -> s(quot(minus(x,y),s(y)))

This TRS contains three dependency pairs:

[6] MINUS(s(x),s(y)) -> MINUS(x,y)
[6] QUOT(s(x),s(y)) -> QUOT(minus(x,y),s(y))
[7] QUOT(s(x),s(y)) -> MINUS(x,y)

The dependency pairs conform a new TRS DP(R) which (together with R)
determines the so-called dependency chains. The absence of infinite dependency
chains characterize termination of R. The dependency pairs can be presented as
a dependency graph (DG), where the absence of infinite chains can be analyzed
by considering the cycles in the graph.

Example 2 Consider the TRS R in Example 1. There are two cycles in the
dependency graph: {5} and {6}.

Basically, given a cycle in the dependency graph, we require [ > r for all rules
in the TRS R, u = v for all dependency pairs in € and u > v for at least one
dependency pair © — v € €. Here, = is a quasi-ordering on terms and > is a
well-founded ordering.

Example 3 Consider the TRS R in Erample 1 and the cycle € = {6} (see
Ezample 2) consisting of the dependency pair

QUOT(s(x),s(y)) -> QUOT(minus(x,y),s(y))

In order to prove termination of R we have to find a reduction pair (=, >) which
satisfies the following constraints:

minus(x,0)

minus (s(x),s(y))
quot(0,s(y))
quot(s(x),s(y))
QUOT (s (x),s(y))

x
minus(x,y)

o]

s(quot (minus(x,y) ,s(y)))
QUOT (minus (x,y) ,s(y))
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Many termination tools (AProVE [7], CiME 2.02 [3], MmU-TERM [13], TTT [9],...)
use polynomials as a principal ingredient to achieve termination proofs. In this
setting, each k-ary symbol f € F is given a parametric polynomial like, e.g.,
agxp + -+ ay1e + ap.

Example 4 Consider the constraints in Example 3. The following (parametric)
polynomials are given to the symbols:

[0](z) = ao
[s](X) = s1X + sg
minus](X,Y) = m X +maY +mg
[quot](X,Y) = @1 X +¢Y +qo
[QUOT](X,Y) = @1 X +¢Y +4qp



Constraints s = ¢ and s > ¢ are treated as polynomial constraints P; ; > 0 and
P;; > 0, respectively, where P, = [s] — [t] is the polynomial obtained from
terms s and ¢ by interpreting them as polynomials [s] and [t], see [4, 14] for
further details.

Example 5 The first constraint in Example 3 is translated into the polynomaal
constraint:
(my — 1)x + moag +mg > 0

Variables in terms s and ¢ (e.g., x in the first constraint in Example 3) become
universally quantified numeric variables in polynomial constraints Ps ; > 0 (e.g.,
z in Example 5). In contrast, the parametric coefficients become eristentially
quantified variables (e.g., ag, mg, my1, and mz in Example 5). The use of non-
negative numbers as interpretation domains and well-known positiveness criteria
like Hong and Jakus’ [10] allows us to center the attention on solving existential
constraints where all variables correspond to parametric coefficients.

Example 6 According to [{, 14] and also [10], we have to solve the following
(conjuntion of ) polynomial constraints:

1) agma + mg > 0

2) mi—120

3) mysg + masg > 0

4) mysy —my > 0

5) maosy —ma > 0

6) aoq1 + 9250+ g0 —apg > 0
7) G251 2 0

8) 9150 + 9280 + g0 — Mog151 — 928051 — gos1 — S > 0
9) q181 —miqis1 > 0

10 G281 — M2q181 — g25181 > 0
11 q'lsD - mgq'1 >0

12 q'lsl—mlqll >0

13)  —maq) >0

s o e e e o e e =,

N NIt

Note that the variables which have to be solved here are the coefficients of
the parametric polynomials in Example 4. The previous set of constraints is
sound regarding DG-based termination proofs (i.e., its satisfaction implies that
the cycle is harmless) provided that all such variables/parametric coefficients
take non-negative values, see [4, 14] for a justification of this claim.

Now, the termination problem is just a standard constraint solving problem
which can be treated by using standard algorithms and techniques.

1.1 Solving polynomial constraints in termination provers

Constraints like those showed in Example 6 are expected to be solved on a suit-
able domain D of coefficients because the intended meaning of the variables is
to serve as particular coefficients of parametric interpretations like in Example
4. A recent paper by Fuhs et al. proposes the use of SAT techniques for solving
(Diophantine) polynomial constraints in termination provers [6]. Fuhs et al.’s
benchmarks show that, indeed, using D = {0, 1} as the domain for coefficients
in polynomial interpretations is already a very powerful option in comparison
to bigger domains. The information in Table 1 has been taken from [6]. Tt cor-
responds to the benchmarks performed with the new version of AProVE which



implements a SAT-based solver for polynomial constraints (AProVE-SAT). The
termination problems come from the 2006 Termination Problem Data Base
(TPDB, version 3.2)2. 865 examples were considered. Three different ranges
for coefficients were considered, corresponding to N3 = {0,1}, N» = {0,1,2},
and N3 = {0,1,2,3}.

Table 1 shows that AProVE-SAT increments the ratio of solved examples in

Coeff. Range: 1 2 3
# Success 421 431 434
% Success 49,1 49,8 50,2
Time 45.5s. | 91.8s. | 118.6 s.

Table 1: AProVE-SAT benchmarks

0, 7% when using coefficients from N instead of Ny, but the time for achieving
the proofs is duplicated!

Thus, specifically considering the (small) domain N; to obtain an efficient
solver on this particular domain still makes sense. In this paper we address this
task?.

2 Polynomial constraints over NV,

In this paper we focus on the case when variables in the considered polynomials
range on Nj. Since for all z € Ny and all n > 0 we have 2" = 2, when
considering the representation of a polynomial P, we can replace each monomial
m=cX™ ... X2 in P by the monomial p(m) = ¢X?* ... X where §; = 1 if
a; # 0 and B; = 0 if oy = 0. Then, we obtain a simpler representation p(P) of
P:

p(P) = X[ X 4 p(Q)if P =cX{" - X2" +Q

KitP=KEeR
and thereis 7,1 <¢ < n,a; >0

The following result will be used to justify the correctness (and completeness)
of this approach regarding constraint solving over Nj.

Proposition 1 Let P € R[Xy,..., X,] be a polynomial. For all ,... 2, €
Ny, P(zy, ..., 2n) = p(P)(21, ..., 20).

Proor. By induction on the number N of monomials with variables in P. If
N = 0, then P is a constant monomial which is obviously identic to p(P). If
N >0, let P=cX{ - X2 + @Q where @) consists of all monomials in P but
eX{t .- X>. Since x; € Ny, we have that z;* = xf’ for ; = 1if a; # 0 and

B = 0if o; = 0. Thus, for all #q,...,2, € Ny, ca{* 2%~ = cxf1~~~x£". By

?see http://www.lri.fr/ marche/tpdb/
3This paper is an extended and revised version of an extended abstract presented during
the 9th International Workshop on Termination, WST’07.



LH., Q(z1,...,25) = p(Q)(21,...,24). Since P(x1,...,2y) = cx{* - -2 +
Q= cxfl ezl 4+ p(Q) = p(P)(21, ..., %,), the conclusion follows. a

According to this, when solving constraints over Ny, we can use p(P) > 0 (or
p(P) > 0) instead of P > 0 (resp. P > 0) without loosing anything.

Example 7 The polynomial constraint (10) in Example 6 would be equivalently
transformed into
(10/) — mMma2q1851 Z 0

of we are going to solve it over Ni.

3 SAT-solving for polynomial constraints over
Ny

The Boolean satisfiability (SAT) problem is a well-known constraint satisfaction
problem with many applications (see [16] for a recent survey). Given a proposi-
tional formula ¢, the Boolean satisfiability problem posed on ¢ is to determine
whether there exists a boolean assignment (i.e., a mapping from boolean vari-
ables into the booleans) under which ¢ evaluates to true. If this is the case, we
say that the formula ¢ 1s satisfiable.

Along this paper, we often use 0 and 1 instead of False and True, respec-

tively, to denote boolean values. Furthermore, given a finite set {X;,..., X, }
of (boolean) variables where some arbitrary total order is assumed, boolean
assignments are represented as sequences (21,...,4,) € {0,1}" where variable

X; 1s instantiated by x; for 1 <1 < n.

When considering polynomial constraints over N, the arithmetics on N7 be-
come very close to boolean operations when 0 is interpreted as False and 1
as T'rue, respectively. In particular, the product of values in Ny correspond to
conjunction. Following this intuition, we have developed a simple encoding of
polynomial constraints as propositional formulas.

The translation function 7 is given in Figure 2, where ) is a polynomial, ¢
and K are numeric constants (with ¢ # 0), X' is a set of variables, rmMy (P)
removes all monomials in P which include all variables in X', and rmVy (P) re-
moves from P all occurrences of variables in X'. The formal definitions are given
in Figure 1. The following results are used later. Their proofs are straightfor-
ward from the definitions in Figure 1.

Lemma 1l Let P € R[Xy,...,X,] be a polynomial, such that P =
X X0t @ forsomeec €R, o €N for 1 <i<n, and Q@ € R[X1,..., X,].
Let X = {X; | o > 0} and x1,...,2, € Ny be such that #; = 0 for at
least one X; € X. Then, rmMy(P)(zy1,...,2n) = rmMx(Q)(z1,...,2,) =
Q(r1,...,2n).

Lemma 2 Let P € R[Xy,...,X,] be a polynomial, such that P =
X X0t @ forsomeec €R, o €N for 1 <i<n, and Q@ € R[X1,..., X,].



K if K is a constant

3
=
&
=
Il

air |, yon _ rml\/l;((P) leg{Xl,,Xn}
rmM x (cX | X"+ P) = { XD XS 4 imMa(P) otherwise
rmV x(K) K if K is a constant

cXPro L XPr 4 rmV iy (P)

rmV oy (cXt - X5 4+ P)
where, for all 1,1 <7< n,8; = {

0 if X;eX and

a; otherwise

Figure 1: Definition of rmM and rmV

T(K>0) = True, ifK2>0

(K >0) = False, ifK<0

(K >0) = True, ifK>0

(K >0) = False, ifK<0
)

= ((\/199 _‘Xi) AT(rmMyx, . x1(Q) > 0)) v
((/\1§ign Xi) A T(rmV{Xl,...,Xn}(Q) +c> 0))

meX:.. X, +Q>0) = VlSiSn—'Xi) AT(rmMx,  x,1(Q) >0))\/
Ni<i<n Xi) AT(rmVix,  x.3(@Q)+c> 0))
T(CAC) = 1(C)AT(C)

Figure 2: SAT encoding of polynomial constraints over Ny

Let X = {X; | a; > 0} and q,...,2, € Ny be such that ; = 1 whenever
X; € X. Then, rmVa(Q) (21, ..., 2n) = Q(x1,...,2p).

According to the discussion in Section 2 (in particular, Proposition 1), we also
assume that we only have to deal with polynomials consisting of monomials like
eXy - Xy, (ie., without any power greater than 1).

Example 8 Consider the constraint (9) in Example 6. It is translated into a
propositional formula as follows:
1— Migi181 Z 0)

((mqr V=s1) AT(0 > 0)) vV ((qr Asi)AT(=my1 +12>0))
((mg1 vV as1) ATrue) VvV ((g1 As1) AT(—=m1 +1 > 0))

7(q1

—
I ne

Since we have:

T(-m14+1>0)=(—-mi A7T(1>0))V (miA7T(0>0))
= (-m1 ATrue) vV (m1 A True)
& mp Vmg
& True

we conclude:

(g1 vV =as1) ATrue) VvV ((g1 A s1) A ((mmy ATrue) vV (m1 A True)))
(mg1 vV os1) V(g1 A s1)

< (—'q1 \ _|S1) A (—|q1 Y —|81)

& True

T(q181 — miqis1 > 0)
<



The following result establishes the correctness of our technique.

Theorem 1 (Correctness) Let P € R[Xy,...,X,] be a polynomial. If
T(p(P) > 0) (resp. 7(p(P) > 0)) holds for some x1,...,2, € Ni, then
P(x1,...,2n) >0 (resp. P(x1,...,25) >0).

ProoF. We give the proof for the ‘weak’ case; the strict one is analogous. We
prove, by induction on the number N of monomials with variables in p(P), that
whenever 7(p(P) > 0) holds for some #1,..., 2, € Ny, then p(P)(z1,...,2,) >
0. By Proposition 1, this implies that P(x1,...,2,) > 0.

If N = 0, then p(P) is a constant polynomial p(P) = K &€ R. Thus,
T(p(P) > 0) is either True or False depending on the value of K. In particular,
if 7(p(P) > 0) holds this means that K > 0. Hence p(P) = K > 0.

If N > 0, then we can write p(P) = ¢X1--- X, + @ for some ¢ € R,
0<m<n,and Q € R[Xy,...,X,]. Let X = {X1,..., X }. If 7(p(P) > 0)
holds for the sequence (x1,...,2,) € N viewed as a propositional assignment,
then we have the following (mutually exclusive) cases:

1. Vi<i<m —Xi holds for the sequence (21, ..., z,). Hence, since 7(p(P) > 0)
holds, by definition of 7 we know that 7(rmMy (@) > 0) also holds for

(Z1,...,2p). Since rmMy (Q) contains at most as many monomials as @,
by the Induction Hypothesis, we know that rmMy (Q)(x1,...,2,) > 0.
Since Vjcjepm —Xs holds for the sequence (zi,...,2,), by Lemma 1,

rmMy (Q)(z1, ..., 2n) = Q(z1,-..,2,). Thus, Q(z1,...,2,) > 0. Fur-

thermore, under the considered conditions, we have that czy-- -2z, = 0,
hence p(P)(x1,...,2n) = Q(21,...,2,) and p(P)(x1,...,2,) > 0.

2. Aicicm X holds for the sequence (z1,...,2,). Hence, we know that
7(rmVx (Q) + ¢ > 0) also holds for the sequence (z1,...,z,) and, by the
Induction Hypothesis, we can assume that rmVyx (@) (z1,...,2,) + ¢ >

0. Since all variables in X' take value 1 in (#1,...,#,), by Lemma 2
rmVa (Q)(x1,...,2n) = Q(21,...,2,). Therefore, rmVy (Q)(x1, ..., 20)+
¢ = Q(x1,...,2,) + ¢ > 0. Since, under the considered conditions,
p(PY(x1,...,2n) = c+Q(x1,...,2,), we conclude that p(P)(z1,...,2,) >
0.

O

Theorem 2 (Completeness) Let P € R[X;,...,X,] be a polynomial and
T1,...,8n € Ni. If P(x1,...,2n) > 0 (resp. P(xy,...,x,) > 0), then
T(p(P)(X1,..., Xpn) > 0) (resp. 7(p(P)(X1,...,Xn) > 0)) holds for the se-

quence (1, ...,x,) viewed as a truth assignment.

ProoF. Again, we give the proof for the ‘weak’ case only. Proposition 1 can be
used to start with p(P)(x1,...,2,) > 0 instead of P(xq,...,2,) > 0. We also
proceed by induction on the number N of monomials with variables in p(P) to
prove that that whenever p(P)(z1,...,2,) > 0 for some z1,...,2, € Ny, then
7(p(P) > 0) holds.



If N = 0, then p(P) is a constant polynomial p(P) = K &€ R. Thus,
p(P) = K > 0 means that 7(p(P) > 0) is True as required.

If N > 0, then we write p(P) = ¢X;1 -+ X + @ for some c € R, 0 < m < n,
and Q € R[Xq,..., Xp]. Let X = {X1,..., Xn}. If P(21,...,2,) > 0 for some
Z1,...,%n € Np, then we consider the following (mutually exclusive) cases:

1. Vicijcm —X; holds for the sequence (z1,...,2,). Thus, cx1- -2, = 0
and p(P)(z1,...,2n) = Q(z1,...,2,) > 0. By Lemma 1, Q(z1,...,2,) =
rmMy (@) (21, ..., 2,) > 0. Since rmMy (@) does not contain more mono-
mials than @, by the Induction Hypothesis, 7(rmMy (@) > 0) holds for
(z1,...,2y) and, by definition of 7, 7(p(P) > 0) also holds for (z1,...,zy).

2. Ni<icm X holds for the sequence (z1,...,2,). Hence, czq- -2, = ¢
and p(P)(z1,...,2n) = Q(x1,...,2,)+c > 0. By Lemma 2, we can write
rmVa (Q)(x1,...,2n) = Q(21,...,2,). Therefore, rmVy (Q)(x1, ..., 20)+
¢=Q(x1,...,2,)+c > 0. By the Induction Hypothesis, 7(rmVy (Q)+¢ >
0) holds for the sequence (x1,...,z,) and, by definition of 7, 7(p(P) > 0)
also holds for (z1,...,z,).

4 Benchmarks

We have compared the behavior of MU-TERM when different polynomial con-
straint solving engines are used to prove termination of programs and the do-
main of coefficients 1s Ny:

1. MU-TERM-SAT uses the translation of polynomial constraints into propo-
sitional formulas described in Section 3. In order to obtain a propositional
formula in CNF format, we call an external module implementing the al-
gorithm in [19]. Then, we call MiniSat* to obtain a solution.

2. MU-TERM-ApPSAT uses an external module implementing the SAT-based
constraint solving algorithm described in [6] and implemented as part of
AProVE, and which also uses MiniSat for solving the generated proposi-
tional constraints.

We have considered the 952 examples in the ‘Standard’” TRS subcategory of
the 2007 Termination Competition® which are part of the 2007 Termination
Problem Data Base (TPDB, version 4.0)%. The tools were executed under OS
Linux Ubuntu 4.1.1-13ubuntub, on a Intel Core 2 CPU at 2.13 GHz and 1 GByte
of primary memory. Complete information about all benchmarks in the paper
can be found here:

http://www.dsic.upv.es/ rnavarro/satN1l/benchmarks

“http://www.cs.chalmers.se/Cs/Research/Formallethods/MiniSat/MiniSat . html
Shttp://www.lri.fr/ marche/termination-competition/2007
Shttp://www.lri.fr/ marche/tpdb



4.1 Global results

Table 2 summarizes the proofs obtained by the different versions of MU-TERM.

SAT | ApSAT

# YES 334 334
# NO 610 606
# TOs 8 12
YES Av.T. | 0.22 1.28

NO Av.T. 0.83 3.79

Table 2: Different solvers for N;

1. Row ‘# YES’ indicates the number of successful proofs, i.e., the num-
ber of TRSs which MU-TERM can prove terminating by using polynomial
interpretations over Nj.

2. Row ‘4 NO’ indicates the number of unsuccessful proofs, i.e., the number
of TRSs that cannot be proved terminating by using polynomial interpre-
tations over Ny. Here, we can say ‘cannot’ due to the completeness of the
SAT encodings (Theorem 2 in our case).

3. Finally, row ‘4 TOs’ indicates the number of unfinished proofs interrupted
by the time-out of 60 seconds.

Rows “YES Av. T.” and ‘NO Av. T.” indicate the average time of success-
ful/unsuccessful proofs (in seconds). All benchmarks were made under the
usual 60 seconds time out of the termination competition.

Further details. For the time-out of 60 seconds, both tools succeeded over
the same examples (overall 334). Furthermore, the 8 time-outs reported by
MU-TERM-SAT also correspond to time-outs of MU-TERM-ApSAT. Hence, when-
ever MU-TERM-ApPSAT stops reporting an unsuccessful proof, MU-TERM-SAT
also stops reporting an unsucessful proof.

Regarding speed, MU-TERM-SAT was faster than MU-TERM-ApPSAT in 781
(82.0%) of the examples; MU-TERM-ApSAT was faster than MU-TERM-SAT
in 138 (14.5%) of the examples. The biggest difference in speed favouring
MU-TERM-SAT was of 39.93 seconds. The biggest difference in speed favour-
ing MU-TERM-ApPSAT was of 0,96 seconds.

4.2 Different time-outs

Tools for proving termination do not use a single technique for proving termina-
tion. Termination provers rather proceed stepwise by following some particular
sequence of several techniques which are given ‘partial’ time-outs which are a
(small) fraction of the global time-out.

Remark 1 Nowadays, the termination expert implemented in MU-TERM per-
forms the proofs according to a sequence of 10 different techniques among which



Tool: MU-TERM-SAT MU-TERM-ApSAT

TO YES NO TO YES NO TO
1s. 325 542 85 233 169 550
10 s. 332 598 22 325 551 76
30 s. 334 607 11 332 595 25
60 s. 334 610 8 334 606 12

Table 3: Different time-outs for Ny

we try different kinds of polynomial interpretations and different bounds for the
coefficients. The global time-out is equitatively distributed among the different
techniques. Hence, a global time-out of 60 s. amounts at each technique to have
at most six seconds to obtain a proof.

Thus, we have also considered the behavior of the solvers when different time-
outs (below 60 seconds) are considered. Table 3 shows our results.

5 Analysis of benchmarks

Over the last years, many algorithms, encodings and new variations of classical
algorithms have been proposed. Often, the only way to get some evidence
about their relative power or usefulness is performing some kind of empirical
evaluation. Unfortunately, good evaluations are not done nearly enough. In
order to compare two or more algorithms in a clear way, we should apply an
appropriate statistical test. In that case, we could identify differences between
the considered algorithms or techniques which are meaningful enough.

In order to apply the correct statistical test, we are going to discuss which
types of statistical procedures are more suitable in our experiments. Following
[5], we are going to see how to statistically compare two or more algorithms over
multiple datasets. The common way to compare two algorithms is by means of
the Paired t-test, which checks whether the means of two normally distributed
interval variables differ from one another. Hence it is necessary to check that
data are distributed normally (as well as other assumptions [5]). We do not
have any clue that our data satisfy these assumptions. Then using this kind of
test in a naive way could be misleading.

Hence we should find a statistical test which 1s not based on any assumption,
that is a non-parametric test. Wilcoxon’s signed rank sum test [21] is the non-
parametric version of the Paired t-test. We can use this test when we do not
assume that the difference between the two variables is interval and normally
distributed, but we do assume that the difference is ordinal (i.e., the differences
between the individual results are meaninfully ordered). If the differences be-
tween variables are not ordinal but they can be classified as positive or negative,
we should better consider a sign test [1] instead.

It 1s important to notice that, when the assumptions of the parametric
method are met, they are more powerful than the non-parametric version. On
the other hand, when the assumptions are violated, the non-parametric ones
can be even more powerful.

In our experiments, we are going to deal with two different variables:



I TO [ 60s. [ 30s. [ 10s. [ 1Is. |
|| # Proved || 1.000 | 0.500 | 0.016 | 0.000 ||

Table 4: Significance values (Sign test) for MU-TERM-ApSAT - MU-TERM-SAT

TO 60 s. 30 s. 10 s. 1s.
# Proved 1.000 0.157 | 0.008 | 0.000
Time 0.000 0.000 | 0.000 | 0.000

Table 5: Significance values (Wilcoxon’s test) for MU-TERM-APSAT - MU-TERM-
SAT

o “proved” represents if each problem has been solved (either positively or
negatively); otherwise we do not know.

e “time” represents the time which necessary to compute the answer.

Since the difference over the “proved” variable is not ordinal, we are going
to check it by means of a sign test (although Wilcoxon’s signed rank sum test
produces the same result, as we are going to see). For the difference over the
“time” we are going to use the Wilcoxon’s signed rank sum test.

As usual, statistical tests work trying to reject the null-hypothesis that as-
sumes that the algorithms perform equally well. To reject that assumption (i.e.,
to statistically establish that they are different) we take into account the sig-
nificance value (sig) computed for the statistical test. Whenever sig < 0.05, we
can say that the algorithms actually differ (from a statistical point of view).

5.1 Evaluation of the experimental comparison

Our statistical analysis has been performed by using the statistical suite SPSS
14.0 [8]. The results are presented in Tables 4 and 5. They show that we have
statistical evidence of the following facts:

1. MU-TERM-SAT is more powerful than MU-TERM-ApSAT when solving ter-
mination problems from a timeout less than or equal to 10 seconds.

2. MU-TERM-SAT is always faster than MU-TERM-ApSAT. Furthermore,

MU-TERM-SAT is % = 5.8 times faster than MU-TERM-ApPSAT in giving
a positive answer and % = 4.6 times faster in giving a negative answer

(in the average).

Thus, according to our experiments and the statistical analysis above, we con-
clude that our encoding of polynomial constraints over N; as propositional for-
mulas and the use of state-of-the-art SAT solvers (e.g., MiniSat) is the best way
to deal with such kind of constraints when N; 1s the domain of coefficients. Ac-
tually, this is crucial when small time-outs are used (as required by the ‘experts’
of termination tools).

Remark 2 Note that, although MU-TERM-SAT directly implements the encod-
ing described in Section 3 it still performs two calls to external tools (the CNF



converter and MiniSat). Similarly, MU-TERM-ApSAT actually performs two ex-
ternal calls (one to AProVE’s SAT-solving engine which then calls to MiniSat).
In this sense, we believe that comparing our SAT-encoding and Fuhs et al.’s one
through MU-TERM-SAT and MU-TERM-ApSAT is fair.

6 Conclusions

We have developed an encoding of polynomial constraints over Ny = {0,1}
as propositional formulas. Our encoding is correct and complete for solving
polynomial constraints over N; (Theorems 1 and 2). We have compared our
encoding with the recent (more general) encoding by Fuhs et al. [6] when applied
to solve such polynomial constraints. Regarding their success when proving
termination (i.e., the number of times that they give a positive or negative
answer to the termination problem), we have provided statistical evidence that
(within the conditions of our benchmarks) our encoding is, in general, equally
powerful and, actually, strictly more powerful for time-outs below than or equal
to 10 seconds. Furthermore, we have also provided statistical evidence that our
encoding is always faster (around five times, in the average) than Fuhs et al.’s
one.

Future work

An obvious question arising at this point is the following: what happens with
more general domains of coefficients like Ny = {0, 1,2}, etc. Indeed, although
considering specific encodings for polynomial constraints over such domains
could be interesting, many of the good properties that are behind the sim-
plicity and good behavior of our encoding for Ny are not there for N,, ...Still,
as discussed in Section 1.1 the domain Nj is important enough for termina-
tion tools as to justify our particular research. Furthermore, when considering
the use of constraint solving algorithms for termination tools, an essential is-
sue 1s incrementality: constraint solvers in termination tools usually consider
not only one but several different domains of coefficients when trying to solve
a given polynomial (or even symbolic) constraint. Such domains are often re-
lated. For instance, MU-TERM first try is for N, (using the encoding presented
in this paper). If the constraint cannot be solved, then N3 is considered, etc.
But N3 € N, and this means that, after failing with Ny, part of the search
space for Ny is known to be useless in advance. Current constraint solving algo-
rithms implemented in termination tools like [4, 6, 15] do not take benefit from
this fact. We plan to use our SAT-encoding for N; as a basis for incremental
constraint-solving algorithms.

Another interesting aspect is that the SAT-encodings discussed here (both
our new proposal in Section 3 and also [6]) do not take into account more
sophisticated SAT frameworks like SMT (SAT modulo theories [17]) which seems
to be a natural choice for polynomial constraints.

And, beyond Diophantine constraint solving, coefficients for solving poly-



nomial constraints could be taken from any subset of real algebraic numbers®
[15]. For instance, {0, 2, 1,2} is the default domain for coefficients in MU-TERM,

)9

and the CSP-like algorithm introduced in [15] is used for solving the polynomial
constraints over such domain. An interesting open problem is how to encode

polynomial constraints over such more general domains using SAT/SMT tech-

niques. These are interesting subjects for future work.
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