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Abstract

Termination is one of the most interesting problems when dealing with
context-sensitive rewrite systems. Although there is a good number of
techniques for proving termination of context-sensitive rewriting (CSR),
the dependency pair approach, one of the most powerful technique for
proving termination of rewriting, has not been investigated in connection
with proofs of termination of CSR. In this paper, we show how to use
dependency pairs in proofs of termination of CSR. The implementation
and practical use of the developed techniques yield a novel and powerful
framework which dramatically improves the current state-of-the-art of
methods for proving termination of CSR.

Keywords: Dependency pairs, term rewriting, program analysis, termination.

1 Introduction

A replacement map is a mapping p : F — P(N) satisfying p(f) C {1,...,k},
for each k-ary symbol f of a signature F [Luc98]. We use them to discriminate
the argument positions on which the rewriting steps are allowed. In this way,
for a given Term Rewriting System (TRS), we obtain a restriction of rewriting
which we call context-sensitive rewriting (CSR [Luc98, Luc02]). With CSR we
can achieve a terminating behavior with non-terminating TRSs, by pruning
(all) infinite rewrite sequences. Proving termination of CSR has been recently
recognized as an interesting problem with several applications in the fields of
term rewriting and programming languages (see [DLMMU04, GM04, Luc02,
Luc06] for further motivation).

Several methods have been developed for proving termination of C'SR under
a replacement map p for a given TRS R (i.e., for proving the p-termination
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of R). In particular, a number of transformations which permit to treat ter-
mination of CSR as a standard termination problem have been described (see
[GMO04, Luc06] for recent surveys). Direct techniques like polynomial orderings
and the context-sensitive version of the recursive path ordering have also been
investigated [BLR02, GL02, Luc04b, Luc05]. Up to now, however, the depen-
dency pairs method [AG00, HMO04], one of the most powerful tools for proving
termination of rewriting, has been not investigated in connection with proofs of
termination of CSR. In this paper, we address this problem.

Roughly speaking, given a TRS R, the dependency pairs associated to R
conform a new TRS DP(R) which (together with R) determines the so called
dependency chains whose finiteness or infiniteness characterize termination or
non-termination of R. The dependency pairs can be presented as a dependency
graph, where the absence of infinite chains can be analyzed by considering the
cycles in the graph. In this paper, we show that these basic intuitions are also
valid for C'SR, although some important differences arise.

Example 1 Consider the following non-terminating TRS R borrowing the well-
known Toyama’s example [GM99, Example 1]:

c — a f(a,b,x) — £(X,X,X)

c — b
together with ji(£) = {3}. As shown by Giesl and Middledorp, among all existing
transformations for proving termination of CSR, only the complete Giesl and
Middeldorp’s transformation [GM04] (yielding a TRS RY.) could be used in this
case, but no concrete proof of termination for R%. is known yet. Furthermore,
RE has 13 dependency pairs and the dependency graph contains many cycles.
In contrast to this, the CS-TRS has only one context-sensitive dependency pair
and the corresponding dependency graph has no cycle! Thus, as we show below,
a direct (and automatic) proof of p-termination of R is easy now.

Another interesting example is the following:

Example 2 Consider the non-terminating TRS R from [Luc02, Section 11.1]:

terms (N) -> cons(recip(sqr(ll)),terms(s(N)))

gqr(0) -> 0
sqr(s (X)) -> s(add(sqr(X),dbl(X)))
db1(0) -> 0

dbl(s (X)) -> s(s(dbl(X)))

add(0,X) -> X

add(s(X),Y) -> s(add(X,Y))

first (0,X) -> nil

first(s(X),cons(Y,Z)) -> cons(Y,first(X,Z))
half (0) -> 0

half(s(0)) -> 0

half(s(s(X))) -> s(half (X))

half (dbl(X)) -> X



which can be used to approrimate the value of w2/6. In particular, when
p(cons) = {1} and p(f) = {1,...,ar(f)} for all other symbols f, R is p-
terminating. Hirokawa and Middeldorp report on a proof of termination of
Ry (which corresponds to the incomplete Giesl and Middeldorp’s transforma-
tion for proving termination of CSR, see [GMO4]) by using the dependency pairs
approach [HMO05, Appendiz A]. In particular, termination of R, implies the
p-termination of R above. As remarked by Hirokawa and Middeldorp, there are
33 dependency pairs in R,,;. However, the context-sensitive dependency graph
of R consists of seven pairs with only four cycles, each of them containing a
single dependency pair. Moreover, as explained below each of them can be re-
moved by using the adaptation to CSR of Hirokawa and Middeldorp’s subterm
eriterion [HMO4] which we develop below. Thus, the system is p-terminating.
This 1s in contrast with Hirokawa and Middeldorp’s proof which also use the
subterm criterion (for DP(RE,,)) but without being able to remove all cycles,
thus requiring to do some constraint solving.

Although the technical development of the paper follows already existing results
for unrestricted rewriting (mainly from [AG00, HM04]), a number of interesting
theoretical issues are possed. Futhermore, as shown by our experiments, the ob-
tained results dramatically improve the state-of-the-art of methods for proving
termination of CSR.

After some preliminary definitions in Section 2, Section 3 introduces the
general framework to compute and use context-sensitive dependency pairs for
proving termination of CSR. Completeness is discussed in Section 4. Section
5 shows how to compute the (estimated) context-sensitive dependency graph.
Section 6 adapts Hirokawa and Middeldorp’s subterm criterion to C'SR. Section
7 provides an experimental evaluation of our techniques. Section 8 concludes.

2 Preliminaries

Throughout the paper, A denotes a countable set of variables and F denotes
a signature, i.e., a set of function symbols {£,g, ...}, each having a fixed arity
given by a mapping ar : F — N. The set of terms built from F and X is
T (F,X). Positions p, q, . . . are represented by chains of positive natural numbers
used to address subterms of £. Given positions p, ¢, we denote 1ts concatenation
as p.q. If p is a position, and @ is a set of positions, p.Q = {p.q | ¢ € Q}.
We denote the empty chain by A. The set of positions of a term ¢ is Pos(t).
The subterm at position p of ¢ is denoted as t|, and ¢[s], is the term ¢ with
the subterm at position p replaced by s. We write t I> s if s = t|, for some
p € Pos(t) and t > s if t > s and ¢ # s. The symbol labelling the root of ¢ is
denoted as root(t). A contextis a term C € T(F U {0}, X) with zero or more
‘holes’ O (a fresh constant symbol).

A rewrite rule is an ordered pair ({,r), written { — r, with {,r € T(F,X),
l ¢ X and Var(r) C Var(l). The left-hand side (lhs) of the rule is [ and r is the
right-hand side (rhs). A TRS is a pair R = (F, R) where R is a set of rewrite



rules. Given R = (F, R), we consider F as the disjoint union F = C & D of
symbols ¢ € C, called constructors and symbols f € D, called defined functions,
where D = {root(l) |l > r € R} and C = F - D.

Context-sensitive rewriting. A mapping ¢ : F — P(N) is a re-
placement map (or F-map) if Vf € F, p(f) € {1,...,ar(f)} [Luc98].
Let Mz be the set of all F-maps (or Mg for the F-maps of a TRS
(F,R)). A binary relation R on terms is pg-monotonic if ¢ R s implies
Flt, oo tic,t oo ty) R f(ty, . tio1,s, .., 1) for every t,s,t1,...,1l €
T (F,X). The set of u-replacing positions Pos*(t) of t € T(F,X)is: Pos*(t) =
{a},if t € X and Pos”(t) = {A} U Uiepqroor(ey) - Pos" (tli), if t & X' The set of
replacing variables of t is Var*(t) = {x € Var(t) | 3p € Pos”(t),t|, = x}. The
p-replacing subterm relation >, is given by t I>,, s if there is p € Pos”(¢) such
that s = t|,. We write t >, s if t >, s and t # s. In context-sensitive rewriting
(CSR [Luc98]), we (only) contract replacing redexes: t p-rewrites to s, written
t s, s (ort g, s), ift Br s and p € Pos*(t). A TRS R is p-terminating
if <, is terminating. A term ¢ is p-terminating if there is no infinite p-rewrite
sequence t = t1 <>, ty <, - >, ty <, - starting from ¢. A pair (R, u)
where R is a TRS and p € Mg is often called a CS-TRS.

Dependency pairs. Given a TRS R = (F,R) = (C ¥ D, R) a new TRS
DP(R) = (F* D(R)) of dependency pairs for R is given as follows: if
ft1, .., tm) = r € Rand r = Clg(s1,...,sn)] for some defined symbol ¢ € D
and s1,...,5, € T(F,X), then fH(t1,... tm) — g'(s1,...,5,) € D(R), where
/" and g* are new fresh symbols (called tuple symbols) associated to defined sym-
bols f and g respectively [AG00]. Let D! be the set of tuple symbols associated
to symbols in D and F* = FUD!. As usual, for t = f(t1,...,tx) € T(F,X),
we write t! to denote the marked term f*(t,...,tx). Given T C T(F,X), let
T% be the set {t |t € T'}.

A reduction pair (=, ) consists of a stable and weakly monotonic quasi-
ordering >, and a stable and well-founded ordering 7 satisfying either > o 3CTO
or J o > C 7. Note that monotonicity is not required for 1.

3 Context-Sensitive Dependency Pairs

Given a signature F and u € Mr, let 7o, be a set of minimal non-u-
terminating terms in the following sense: ¢ belongs to 7o, if ¢ is non-u-
terminating and every strict subterm s (i.e., ¢ 1> s) is g-terminating. Note that
every non-p-terminating term s contains a minimal non-pg-terminating subterm
t € Too u. Furthermore, it is obvious that root(t) € D for all t € T .

Proposition 1 Let R = (CWD,R) be a TRS and pr € M. For allt € T 4,
there exist | — r € R, a substitution o, and terms u, s such that r >, u > s,

root(s), root(u) € D, tfi;* o) S a(r) >y o(u) >o(s), and o(s) € Too -



Proor. Consider an infinite p-rewrite sequence starting from ¢. By defini-
tion of 7o ,, all proper subterms of ¢ are u-terminating. Therefore, ¢ has an
inner reduction to an instance o({) of the left-hand side of a rule { — r of R:

t‘i;*(r(l)—ﬁ)(r(r). Thus, we can write ¢t = f(t1,...,%%), o(l) = f(l1,...,lg) for
some k-ary defined symbol f, and t; —* o(/;) for all ¢, 1 < i < k. Since we
assume all ¢; to be p-terminating for 1 < ¢ < k, the o(l;) also are. There-
fore, o(x) is p-terminating for every € Var(r) C Var(l). As o(r) is not
p-terminating, there is ¢ € 7oo , such that o(r) > ¢/. There must be a non-
variable replacing subterm u of » (i.e., r >, u and u € X) such that o(u) > ¢/
and root(u) € D. Otherwise, we could write o(r) = C[ry,...,ry] for C[] be-
ing the mazimal replacing context (see [Luc02]) of o(r) with C[] a constructor
context (i.e., C[] € T(CU{O}, X)), which implies that o(r) is g-terminating.
Note also that, because non-p-terminating terms cannot occur in the substitu-
tion part, ¢’ = o(s) for some non-variable subterm s of u (u > s) which, since
t' = o(s) € Too u, satisfies root(u) € D. a

Implicit in the proof of the previous result is that s in Proposition 1 cannot be
a strict subterm of [ (see also [Der04]). Proposition 1 suggests to associate the

following set DP(R, y1) C DP(R) of dependency pairs to a CS-TRS (R, ):

Definition 1 Let R = (F,R) = (CWD,R) be a TRS and p € Mg. Let
DP(R,pt) = {l" = s* |l — v € R,Fu,r>, ub s,root(u), root(s) € D,l f s}

where we also define pt € Mgy to be pt(f) = u(f) if f € F and pb(f*) = p(f).

Note that, in the definition of W(R, i), we do not care of non-replacing sub-
terms of the right-hand side r having no replacing occurrence of a defined symbol
above.

Example 3 Consider the following TRS R:
zeros —-> 0O:zeros
sel(0,X:XS) > X
sel(s(N),X:XS) —> sel(N,XS)
with p(:) = {1} and p(f) = {1,...,ar(f)} for all other symbols f. Then,
DP(R, ) is:
SEL(s(N),X:XS) -> SEL(N,XS)
and p*(SEL) = {1,2}.

Given a CS-TRS (P, ") of dependency pairs associated to a CS-TRS (R, u),
an (R,P, pt)-chain is a sequence of pairs u; — v; € P such that there is a
substitution o satisfying o(v;) %%yuﬁ o(uip1) for ¢ > 1. Here, as usual we
assume that different occurrences of dependency pairs do not share any variable.

Theorem 1 (Correctness) Let R be a TRS and p € Mg. If there is no

infinite (R,DP(R, p), u*)-chain, then R is p-terminating.



Proor. By contradiction. If R is not p-terminating, then there is ¢ € 7o -
By Proposition 1, and by Definition of DP(R, i), there is a sequence

>e . >e .
t =m0 (ur) SBR(R )it o(v1) = e o(us) BB(R ), o(vg) - -

where o(v;) € Touow for i > 1, from which we build an infinite (R, DP(R, p), ut)-
chain of dependency pairs, thus leading to a contradiction. a

Example 4 Consider the TRS R:

g(X) -> h(X) h(d) -> g(c)
c ->d
together with p(g) = p(h) = @ [Zan97, Example 1]. DP(R, u) is:
G(X) -> H(X) H({d) > C
H(d) -> G(c)

Since p*(G) = pf(H) = @, no infinite (R,DP(R, p), ut)-chain is possible. Thus,
by Theorem 1, R s p-terminating.

Unfortunately, the definition of W(R,/,L) i1s too weak for capturing all cases
of u-termination, i.e., completeness, which is a very important property of the
classical dependency pair approach, is [ost.

Example 5 Consider the following CS-TRS (R, pt), where the rules of R are:
f(a) > £(£(a))
f(a) -> a

and p(f) = @. This CS-TRS is clearly p-terminating. However, DP(R, 1) is:
F(a) -> F(£(a))
F(a) —> F(a)

with ("(F) = @. The infinite chain

¢ €
F(a) QW(R,N),N” F(a) QW(R,N),M

of dependency pairs shows the lack of completeness of the previous approach.

In the following, we show that we can recover completeness by using a different
set of context-sensitive dependency pairs.

4 Completeness of the CS-DP approach

Let M , be a set of minimal non-y-terminating terms in the following sense: ¢
belongs to M, , if t is non-p-terminating and every strict y-replacing subterm s
(i.e., t>, s) is p-terminating. Clearly, T,y C Moo . Obviously, if t € Mo ,,
then root(t) is a defined symbol. A rule I — r of a CS-TRS (R, u) is p-
conservative if Var*(r) C Var*(l), i.e., all replacing variables in the right-hand-
side are also replacing in the left-hand-side; (R, u) is p-conservative if all its
rules are (see [Luc06]).



Proposition 2 Let R = (CWD,R) be a TRS and p € Mg. If R is p-
conservative, then for all t € My 4, there exist | — r € R, a substitution

>e .
o and a term s such that root(s) € D, r>, s, t =" o(l) > o(r) >, o(s) and
o(s) € Moo .

Proor. Consider an infinite y-rewrite sequence starting from ¢. By definition
of My, all proper p-replacing subterms of ¢ are p-terminating. Therefore
(since no p-rewriting step is possible on non-p-replacing subterms), ¢ has an
inner reduction to an instance o({) of the left-hand side of a rule { — r of R:

tfi;* o(l) = o(r). Thus, we can write t = f(t1,...,t), o(l) = f(l1,..., 1) for
some k-ary defined symbol f, and t; —* o(l;) for all ¢, 1 < i < k. Since all ¢;
are p-terminating for ¢ € u(f), the o(l;) also are. By p-conservativity of R, it
follows that o(z) is p-terminating for every # € Var#(r) C Var#(l). Since o(r)
is non-p-terminating, it contains a replacing subterm t' € M, ,: o(r) B, t'.
Since variables € Var#(r) satisfy that o(xz) is p-terminating, it follows that

there is a nonvariable subterm s of r (i.e., 71>, 5) such that o(s) =t as required.
Thus, root(s) € D. a

Definition 2 Let R = (F,R) = (CWD,R) be a TRS and p € Mg. Let
DP(R,u)={l" > st [l = r€ R,r>, s,root(s) € D, b, s}

where (i(f) = pu(f) if | € F and p (') = p(f) if | € D.
Clearly, DP(R, 1) C DP(R, it). We have the following.

Theorem 2 (Completeness) Let R be a TRS and p € Mg. If R is p-
terminating, then there is no infinite (R, DP(R, pt), ut)-chain.

ProOF. By contradiction. If there is an infinite (R, DP(R, i), pi*)-chain, then
there is a substitution ¢ and dependency pairs u; — v; € DP(R, p) for i > 1
such that

€ >e€ €
U(ul) ;)DP(RVN)VW 0'(1)1) %*R,u” O'(Uz) %DP(RVN),W 0'(1)2) .

Assume that u; = fZ»tI (w) and v; = gg (77), and let w} = f(w;) and v} = ¢g(%;). By
definition of DP(R, 1), uf = l; and v} is a replacing subterm of the right-hand-
side 7; of arule l; — r; in R (L.e., 7; = C;[vl]p, and p; € Pos”(r)). Taking into
account the definition of u', we obtain an infinite g-rewrite sequence

€ >€ € >€
o(u)) =R u o (Cilvi]p,) = R o (Crlubly,) (>_>7€,u a(Ch[Ca[vh]p,]p )= "R -

which contradicts p-termination of R. i

Note that Theorem 2 does not impose any restriction on the TRSs for guar-
anteeing completeness. Unfortunately, without p-conservativeness, the use of
DP(R, i) does not guarantee the necessary correctness.



Example 6 Consider the TRS R:
a —> f(b,a)
f(b,y) -> f(y,c)
and p(£f) = {1}. Then, DP(R, u) is:
A -> F(b,a)
F(b,y) -> F(y,c)
(and p*(F) = {1} ) which does not induce any infinite chain of dependency pairs.
However, R is not u-terminating:

a — f(b,a) =& f(a,c) — £(f(b,a),c) — ---

Note that R is not py-conservative: Var*(£f(y,c)) = {y}, but Var*(£f(b,y)) =
.

Remark 1 FEzample 6 also shows that a mix which computes dependency pairs
like in DP(R, p) for conservative rules and dependency pairs like in DP(R, 1)
for non-conservative rules does not yield a correct approach.

Using Proposition 2, we can prove the following.

Theorem 3 (Restricted correctness) Let R be a TRS and p € Mr. If R
is pi-conservative and there is no infinite (R,DP(R, ), u})-chain, then R is
p-terminating.
Example 7 (Continuing Example 5) Now, DP(R, p) is:

F(a) -> F(£(a))
with ('(F) = @. Since p'(F) = @, no infinite chain is possible now.
The following result expresses that, despite the lack of completeness or correct-

ness derived from the use of DP(R, i) or DP(R, 1), the p-termination of a given
TRS R is characterized by one of these two sets of CS-dependency pairs.

Theorem 4 (Characterization of y-termination) Let R be a TRS and
# € Mgr. For either P = DP(R,u) or P = DP(R, u) we have that R is p-
terminating if and only there is no infinite (R, P, u')-chain.

Proor. Assume that there is a TRS R and p € Mg such that neither
DP(R, i) nor DP(R, p1) characterizes the p-termination of R. We consider two
cases:

L. If R is p-terminating, then there is an infinite (R, DP(R, u), u*)-chain
which contradicts Theorem 2.

2. If R is not p-terminating, then there is no infinite (R, DP(R, ), p*)-chain.
This contradicts Theorem 1.

O
So, the problem is deciding which is the appropriate set of context-sensitive

dependency pairs which should be considered for a given CS-TRS. The following
example tries to justify that, in general, this is not possible.



Example 8 Consider the TRS R [Zan97, Example 5]:
£f(X) -> if(X,c,f(true))
if(true,X,Y) > X
if(false,X,Y) —> Y
with p(if) = {1,2}. As shown by Zantema, R is p-terminating. However,
DP(R, ) is:
F(X) -> IF(X,c,f(true))
F(X) -> F(true)
with (' (F) = {1}. We have an infinite chain
F(true) (;W(R,u),uﬁ F(true) QW(R,M),M
of dependency pairs which shows that, according to Theorem 4, DP(R, i)
F(X) -> IF(X,c,f(true))

which admits no infinite chain, should be used instead to conclude p-termination.
Now consider the following small variation R’ of R:

£f(X) -> if(X,c,f(false))
if(true,X,Y) > X
if(false,X,Y) —> Y
with the same replacement map p. Note that DP(R', y):

F(X) -> IF(X,c,f(false))
F(X) -> F(false)

iduces a similar infinite chain

€ €
F(false) DBR(R u),ut F(false) TBP(R, ),

1
whereas DP(R', 1) again does not admit any infinite (R,DP(R', u), p*)-chain.
But R’ is not p-terminating now!

Example 8 shows that no general ‘blind’ criterion is able to give a correct and
complete characterization of p-termination by using context-sensitive depen-
dency pairs: in Example 8, first checking for infinite (R, DP(R, ), u!)-chains
and then for infinite (R, DP(R, ut), pu*)-chains yields the same result (yes / no)
for two different CS-TRSs having different p-termination behavior. Then, an
explicit consideration of semantic (i.e., reducibility) properties of CS-TRSs is
necessary. This suggests that (in sharp contrast to the unrestricted case) imple-
menting a general procedure for deciding how to treat each concrete CS-TRS in
this framework is not possible. The following fact is obvious from the definitions

of DP(R, 1) and DP(R, p).

Proposition 3 Let R = (CWD, R) be a TRS and p € M. If for alll - r € R
and term u such that v, u and root(u) € D there is no s such that root(s) € D
and s is a non-replacing subterm of u (u(>—0>,)s), then DP(R, 1) = DP(R, ).

As a corollary of the previous results, we have.



Corollary 1 (Restricted characterization of p-termination) Let R be a
TRS and p € Mgr. Assume that R is either p-conservative or it satisfies the
condition wn Proposition 3. Then, R s p-terminating if and only there is no

infinite (R, DP(R, p), ut)-chain.

5 Context-sensitive dependency graph

As noticed by Arts and Giesl, the analysis of infinite sequences of dependency
pairs can be made by looking at (the cycles € of) the dependency graph asso-
ciated to the TRS R. The nodes of the dependency graph are the dependency
pairs in DP(R); there is an arc from a dependency pair « — v to a dependency
pair «' — v if there are substitutions ¢ and 6 such that o(v) =% f(v'). In
the context-sensitive dependency graph, there is an arc from a dependency pair
u — v to a dependency pair v’ — v’ if there are substitutions ¢ and é such
that o(v) =% ., 0(u’). Here, the use of gt (which restricts reductions on the
arguments of the dependency pair symbols f*) is essential: given a set of de-
pendency pairs associated to a CS-TRS (R, ut), we have less arcs between them
due to the presence of such replacement restrictions.

Example 9 Consider the CS-TRS in Example 1. DP(R, i) = DP(R, ) is:
F(a,b,X) -> F(X,X,X)

with p*(F) = {3}. Although the dependency graph contains a cycle (due to

o(F(X,X,X)) =* o(F(a,b,Y)) for o(X) = o(Y) = c), the CS-dependency

graph contains no cycle because it is not possible to pf-reduce 6(F(X,X,X)) into

0(F(a,b,Y)) for any substitution 0 (due to p}(F) = {3} ).

As noticed by Arts and Giesl, the presence of an infinite chain of dependency
pairs correspond to a cycle in the dependency graph (but not vice-versa). Thus,
as a corollary of Theorem 1, we have:

Corollary 2 Let R be a TRS and p € Mg. If the CS-dependency graph bualt
from DP(R, ) contains no cycle, then R is p-terminating.

According to this, and continuing Example 9, we conclude the p-termination of
R in Example 1. Of course, the interesting situation is when the dependency
graph contains cycles. The following definition borrows [HM04, Definition 8]
and will be used later.

Definition 3 Let R = (F, R) be a TRS and yp € Mg. Let € C DP(R, ) be a
cycle. An infinite pt-rewrite sequence in R U € of the form

tul %%,uﬁ 51 (—>€7un tz %;zyun 59 (—>Q:7uﬁ t3 %;z’uu
with t1 € Too 15 called C-manimal of all rules in € are applied infinitely often.

Following Hirokawa and Middeldorp, proving u-termination boils down to prov-
wing the absence of €-minimal p-rewrite sequences, for any cycle € in the CS-
dependency graph.

10



5.1 Estimating the CS-dependency graph

In general, the dependency graph of a TRS is not computable and we need to use
some approximation of it. Following [AGO00], we describe how to approximate
the CS-dependency graph of a CS-TRS (R, ). Let CaP* be given as follows:
let D be a set of defined symbols (in our context, D =D U D*):

Cap¥(z) = « if x is a variable
4 _ y if feD
CARE(f(t, o te)) = { F([, .. [ts)))  otherwise

where y is intended to be a new, fresh variable which has not yet been used
and given a term s, [s]{ = CaP*(s) if i € p(f) and [s]{ = s if i & p(f). Let
RENY given by: REN*(z) = y if # is a variable and REN*(f(t1,...,t)) =
f([tl]{, : ,[tk]é) for evey k-ary symbol f, where given a term s € TH(F,X),
[s]] = REN#(s) if i € u(f) and [s]] = s if i & pu(f). Then, we have an arc from
u; = v; to u; — v; if RENY(CaP”(v;)) and u; unify; following [AGO0], we say
that v; and u; are p-connectable. The following result whose proof is similar to
that of [AG00, Theorem 21] (we only need to take into account the replacement
restrictions indicated by the replacement map u) formalizes the correctness of
this approach.

Proposition 4 Let (R,pu) be a CS-TRS. If there is an arc from u — v to
u' — v in the CS-dependency graph, then v and v’ are p-connectable.

Example 10 (Continuing Ex. 9) Since REN“n(CAP“n(F(X,X,X))) =F(X,X,Z)
and F(a,b,Y) do not unify, we conclude (and this can be easily implemented)
that the CS-dependency graph for the CS-TRS (R, p) in Example 1 contains no
cycles.

6 Subterm criterion

In [HMO04], Hirokawa and Middeldorp introduce a very interesting subterm cri-
terion which permits to ignore certain cycles of the dependency graph.

Definition 4 ([HMO04]) Let R be a TRS and € C DP(R) such that every de-
pendency pawr symbol in € has positive arity. A simple projection for € is
a mapping T that assigns to every k-ary dependency pair symbol f' in € an
argument position i € {1,... k}. The mapping that assigns to every term
(e, .. k) € THF, X) with ' a dependency pair symbol in R its argument
position w(f') is also denoted by .

In the following result, for a simple projection 7 and € C D (R w), we let
m(€) = {r(u = v) |u = v € €}, where 7(u = v) = 7(u) > w(v) fu 2> visa
dependency pair. Note that u,v € TH(F, X), but 7(u), n(v) € T(F,X).
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Theorem 5 Let R be a TRS and u € Mg Let € be a cycle in DG(R). If there
exists a simple projection m for € such that ©(¢€) C >, and ©(€)N>, # &, then
there are no minimal € pt-rewrite sequences.

Proor. The proof is completely analogous to that of [HM04, Theorem 11].
The only difference is that we need to deal with the y-subterm relation I>,; this
is because, we need to use the following commutation property: >, o —g , C
“—R,u ©D>, which does not hold if [> is used instead. 0O

Example 11 Consider the CS-TRS (R, u) in Example 3. The dependency pair

SEL(s(N),X:XS) -> SEL(N,XS)

induces a cycle. However, with m(SEL) = 1, we have that
m(SEL(s(N),X:XS)) = s(N) 1>, N = 7(SEL(N,XS))
Hence, by Theorem 5 we conclude the pi-termination of R.

Restricting the attention to replacing rather than arbitrary subterms is essential
to achieve a correct technique: assume that the third rule of R in Example 3 is

sel(s(N),X:XS) —> sel(s(N),XS)

and use the same replacement map p. The system is not p-terminating now,
but the application of Hirokawa and Middeldorp’s criterion (using m(SEL) = 2
and > instead of >,) to:

SEL(s(N),X:XS) -> SEL(s(N),XS)

leads to wrongly conclude the p-termination of the system.

Example 12 Consider the CS-TRS (R, p) in Example 2. The CS-dependency
graph of R consists of seven pairs with only four cycles:

(C1) {sQrR(s(X)) —> SQR(X)}

(C2) {DBL(s(X)) —-> DBL(X)}

(C3) {aDD(s(X),Y) —> ADD(X,Y)}

(C4) {HALF(s(s(X))) -> HALF(X)}

Fach of them can be removed by using the subterm criterion. Thus, by Theorem
4, the system is p-terminating.

As remarked by Hirokawa and Middeldorp, the practical use of Theorem 5
concerns the so-called strongly connected components(SCCs) of the dependency
graph, rather than the cycles themselves (which are exponentially many) [HM04,
HMO05]. A strongly connected component in the (CS-)dependency graph is a
maximal cycle, i.e., it is not contained in any other cycle. According to Hirokawa
and Middeldorp, the adaptation of the subterm criterion to the CS-dependency
graph recursively applies as follows: when considering an SCC €, we remove
from € those pairs u — v satisfying m(u) t>, m(v). Then, we recompute the

12



SCCs with the remaining pairs in the CS-dependency graph and start again
(see [HMO5, Section 4]) .

For the cycles left after the removal performed by means of the subterm crite-
rion, the absence of infinite chains is checked by finding, for those cycles, a reduc-
tion pair (=,7). In our setting, we can relax the monotonicity requirements on
the first component of the reduction pair (=, ). We will use p-reduction pairs
(>, ) where =, is a stable and p-monotonic preordering which is compatible
with the well-founded and stable ordering J,i.e., >, o JCJor Jo >,C3. On
the other hand, the use of argument filterings, which is standard in the current
formulations of the dependency pairs method, also adapts without changes to
the context-sensitive setting. Here, an argument filtering 7 for a signature F is
a mapping that assigns to every k-ary function symbol f € F an argument po-
sition i € {1,...,k} or a (possibly empty) list [é1,. ..,y ] of argument positions
with 1 <4 < -+ < iy < k. The signature F, consists of all function symbols f
such that w(f) is some list [i1,...,4y], where in Fr, the arity of f is m. Every
argument filtering induces a mapping from 7 (F, X) to T (Fr, X), also denoted
by =

t 1f t is a variable
m(t) = n(t;) ift = f(ty,...,t) and n(f) =
Fr(tiy), . ,m(t,,)) ift = ftr,. .., tk) and 7(f) = [i1,. .., im]

The proof of the following Theorem is completely analogous to standard ones
(see, e.g., [HMO04, Theorem 18]).

Theorem 6 (Use of the CS-dependency graph) Let R be a TRS and u €
Mp. Let € be a cycle in the CS-dependency graph. If there is an argument
filtering m and a p-reduction pair (=,, 3) such that 7(R) C=,, «(¢) C (=, U D)
and 7(€) N O # @, then there is no €-minimal pf-rewrite sequence.

Example 13 Consider the CS-TRS (R,u) in Erample 4. Since R is p-
conservative, by Theorem 3, we only need to consider dependency pairs in
DP(R, )

G(X) —-> H(X)

H(d) -> G(c)
Note that the dependency graph contains a single cycle including both of them.
We can prove the p-termination of R by using the following polynomial inter-
pretation over the natural numbers:

[g](x) = 0 [e] =1 [G)(z) = (1—w)?
[b)(z) = 0 [a] = 0 [H(z) = (1-2)

which induces a p-reduction pair (>,>) which is compatible with R and the
cycle in DP(R, u) in the sense of Theorem 6.

Remark 2 Note that the conditions of use of Theorem 6 for context-sensitive
dependency graphs are almost the same than for the standard dependency graph.
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The only difference is that the preordering in a p-reduction pair is p-monotonic
rather than monotonic. No restriction on the considered argument filterings
(regarding the underlying replacement map p) is considered.

7 Experiments

We have implemented the techniques described in the previous sections as part of
the tool MU-TERM [Luc04a]. Following Theorem 1, given a CS-TRS (R, p1), the
tool automatically generates the dependency pairs in DP(R, st) (or in DP(R, p)
if R is p-conservative, see Theorem 3) and tries to prove that no cycle € in the
(estimated) context-sensitive dependency graph induces an infinite €-minimal
pt-rewrite sequence by using Theorems 5 and 6 and eventually Corollary 2.
Since our current implementation is based on the use of polynomial orderings,
we actually do not compute any argument filtering function when using Theorem
6; it 1s well-known that they are somehow implicit in the computation of the
polynomial interpretations (see, e.g., [AGO00]).
We have considered the examples in the following WWW page:

http://www.dsic.upv.es/ slucas/csr/termination/examples

which collects almost all published examples of non-terminating TRSs which
can be proved p-terminating for concrete replacement maps p: 42 examples
(out from around 20 different references). We have used our prototype im-
plementation of the CS-dependency pairs technique to obtain a comparison of
different techniques for proving termination of CSR. We consider the CSRPO
[BLRO2] (although it is not implemented yet), the polynomial orderings gen-
erated by MU-TERM according to [Luc05], and the transformations introduced
by Giesl and Middeldorp [GMO04] and Zantema [Zan97] which, according to the
analysis in [Luc06], have the most successful behavior among all existing ones.
The following table summarizes our results:

CS-DPs || CSRPO | POL GM / |
Automatic: 31 0 19 20 23
Total: 33 24 25 20 23

We have also tried all such examples by using AProVE [GTSF04], which is able
to prove termination of CSR by using the aforementioned transformations'.
Our results are also really good: as indicated above, 33 examples were proved by
using the CS-DP approach alone (31 of them automatically by using MU-TERM).
AProVE succeeded on 32 examples by using different transformations each time
and then using the impressive amount of implemented techniques for proving
termination of rewriting, see [GTSF04]. This is in sharp contrast with the
simplicity of our first prototype for the CS-DP approach (just the techniques

described in this paper!). Furthermore, we note that proofs using AProVE are

I1We have used the Web-version: http://aprove.informatik.rwth-aachen.de, which ac-
cepts CS-TRSs in the TPDB format, see http://www.lri.fr/ marche/tpdb/format .html.
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much time consuming than using MU-TERM. The total time of MU-TERM on
the 31 successfully proved examples was 1.98 seconds. The 32 successful proofs
with AProVE took 124 seconds. Therefore, the average time of MU-TERM is 0.06
seconds versus the average of 3.88 seconds for AProVE.

8 Conclusions

We have shown how to use dependency pairs in proofs of termination of CSR.
The implementation and practical use of the developed techniques yield a novel
and powerful framework which dramatically improves the current state-of-the-
art of methods for proving termination of CSR. Some interesting differences
arise which can be summarized as follows: in contrast to the standard depen-
dency pairs framework, where there is a set of dependency pairs DP(R) which
characterizes both termination and non-termination of R, in CSR there are two
sets DP(R, yt) and DP(R, ) (where DP(R, ;1) C DP(R, u) C DP(R)) of depen-
dency pairs associated to a CS-TRS (R, ) which are relevant to analyze its
termination behavior. Ensuring that there is no infinite chain of dependency
pairs from DP(R, y1) guarantees that R is g-terminating (Theorem 1) but hav-
ing an infinite chain does not implies the non-p-termination of R (Example 5).
On the other hand, finding an infinite chain of dependency pairs from DP(R, )
guarantees that R is not p-terminating (Theorem 2), but ensuring the absence
of infinite chains does not implies the p-termination of R (Example 6). Still,
given a CS-TRS, we know that its p-termination behavior is completely deter-
mined by one of these two sets (Theorem 4), but in general it is not decidable
which is appropriate one (Example 8). Fortunately, in some restricted cases, we
know how to make this choice thanks to some easy syntactic characterizations
(Corollary 1).

Regarding the practical use of the CS-dependency pairs in proofs of
termination of CSR, we have shown how to build and use the corresponding
CS-dependency graph to either prove that there are cycles which do not need
to be considered at all (Theorem 5) or to prove that the rules of the TRS and
the cycles in the CS-dependency graph are compatible with some reduction
pair (Theorem 6). We have implemented these ideas as part of the termination
tool MU-TERM; after a thorough comparison with other techniques for proving
termination of CSR, in particular those implemented by other termination
tools like AProVE (see Section 7), we can conclude that the CS-dependency
pairs can play in C'SR the role than dependency pairs play in rewriting.

The research in this paper leaves an interesting problem to be further investi-
gated: the definition of decidable sets of CS-TRSs (R, p¢) for which it is possible
to say the set (DP(R, ) or DP(R, 1t)) of dependency pairs which characterizes
the p-termination of R. Interestingly, most of the examples which cannot be
proved p-terminating by using CS-DPs seem to fail due to a ‘bad’ choice of
the set of CS-dependency pairs. For instance, the following CS-TRS [Zan97,
Introduction]:
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fact(X) -> if(zero(X),s(0),prod(X,fact(p(X))))
add(0,X) -> X
add(s(X),Y) -> s(add(X,Y))
prod(0,X) -> 0
prod(s(X),Y) -> add(Y,prod(X,Y))
if (true,X,Y) -> X
if(false,X,Y) > Y
zero(0) -> true
zero(s (X)) -> false
psX)) > X
with p(if) = {1} and p(f) = {1,...,k} for any other k-ary symbols f was
claimed to be terminating by Zantema, but no proof (or disproof) of this claim
is known yet. The analysis of W(R,u) leads to consider the following three
cycles:
(C1) { FACT(X) -> FACT(p(X)) }
(C2) { aDD(=(X),Y) -> ADD(X,Y) }
(C3) { PROD(s(X),Y) -> PROD(X,Y) }
Cycles C2 and C'3 can be removed by using the subterm criterion, but nothing
can be done with C'1. In fact, C'1 itself induces an infinite chain (without any
real p-rewriting step with R!). No result in this paper allows us to conclude
that R is non-p-terminating, but we know that the p-termination of R cannot
be proved by using W(R, #). On the other hand, the dependency pair in C'1
does not belong to DP(R, yt). Hence, if we could ensure that DP(R, i) provides
the desired characterization of p-termination, proving it would be immediate.
There are many other aspects of the dependency pairs framework which are
also worth to be considered and eventually extended to CSR (e.g., narrowing re-
finements, modularity issues, innermost computations, usable rules, ...). These
aspects provide an interesting subject for future work.
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