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Operational Termination of Conditional Term
Rewriting Systems *

Salvador Lucas' Claude Marché? José Meseguer®

1 Introduction

Conditional Term Rewriting Systems (CTRSs [5, 11]) play a fundamental role
in algebraic specification of abstract data types and in rule-based programming
languages such as Elan [1], Maude [4], OBJ [10], CafeOBJ [7], Haskell [9], etc.
The operational meaning of specifications in such sophisticated languages, which
support advanced features such as evaluation strategies, rewriting modulo, use
of extra variables in conditions, partiality, higher-order, and expressive type
systems 1s often formalized in a proof-theoretic style by means of an inference
system (see, e.g., [2, 3, 14]) instead than just by a rewriting relation. Thus, the
corresponding language interpreters should be better understood as inference
machines instead than just as rewriting engines.

Current notions of CTRS termination do not fit this framework: consider
the single conditional rule [15, Section 7.2.1],

a—=bif fla) —>b

Since we have no unconditional rule, the relation — is trivially empty, hence
well-founded, i.e., no infinite rewriting sequence with — is possible. Moreover,
as remarked by Ohlebusch, it is also effectively terminating in the sense of Mar-
chiori & Ohlebusch, discussed in Section 4 below. Although effective termina-
tion is intended to provide a notion of termination which (in Marchiori’s words)
implies effective computability for CTRSs [13, Section 5.1], an implementation
will typically loop? when trying to reduce a (!). So what is the right notion of
termination for CTRSs?

Our proposal in this paper (explained in Section 2) is to describe conditional
rewriting by means of an inference system and capture termination as the ab-
sence of infinite inference: that is, all proof attempts must either successfully
terminate, or they must fail in finite time. We call this notion operational ter-
mination. Our notion of operational termination 1s parametric on the inference
system. In our view this new notion has two key advantages:
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1. It corresponds to what interpreters actually do. Thus, it is a sound ab-
stract notion of termination of CTRSs which captures what the users of
such systems get. As shown by the simple example above, the notions of
well-foundedness or of ‘effective termination’ fail to capture actual termi-
nation.

2. On the other hand, by being parametric in the inference system, it extends
naturally to settings in which new features are added, or even to settings
such as Horn logic without equality where the rewriting relation may be
absent [2, 3, 14]. By contrast, existing CTRS termination notions do not
seem to be easily extensible to such general settings.

In Section 3, we specialize this new notion to CTRSs thus leading to the notion
of operational termination of CTRSs. We show that operational termination
of TRSs (where no conditional rules are present) coincide with the usual well-
foundedness notion of termination of TRSs. In Section 4, we compare our new
notion with already existing notions of termination of CTRSs, which were in-
tended to provide suitable approximations to effective termination (which is
undecidable). We prove that operational termination of CTRSs is, in fact,
equivalent to a very general notion proposed for 3-CTRSs, namely the notion
of quasi-decreasingness [15], which is currently the most general one which is
intended to be checked by comparing parts of the CTRS by means of term or-
derings. Therefore, existing methods for proving quasi-decreasingness of CTRSs
(see [15, Section 7.2]) immediately apply to prove operational termination of
CTRSs. Another interesting aspect of this result is that it shows the agreement
between two in principle quite different computational definitions of termina-
tion, one proof-theoretic, and the other based on an ordering and very general, so
that both capture the same essential intuition in different ways. Moreover, since
it is known that quasi-decreasingness implies effective termination [15, Theorem
7.2.42], operational termination also does. The converse does not hold, as shown

by the CTRS above.

2 Operational termination

Our notion of operational termination is parametric on the inference system.
We assume a logic £ defined by inference rules. Given a logic £, one has the
notion of a theory or specification & in such a logic, so that £’s inference system
becomes specialized to each such specification § to derive its provable theorems.
Such provable theorems are exactly the formulas ¢ in the syntax of § for which
we can derive a closed proof tree of the form

Ty ... T,
w

using L’s inference system. We make this more precise in the following:

Definition 1 Let S be a theory in a logic L endowed with an inference system.
Then, the set of (finite) proof trees for S in L and the head of a proof tree are
defined inductively as follows. A proof tree is either

e an open goal, simply denoted as G, where G is a formula in §. Then, we

denote head(G) = G.



e a derivation tree with G as its head, denoted as

T - T,

A
LN
where G is a formula in 8, A is a derwation rule in £, and T1,..., T, are
proofs trees such that
head(Tv) -+ head(T,)
G

1s an instance of the rule A.

We say that a proof tree is closed whenever it is finite and contains no open
goals. Notice the difference between G, an open goal, and G, a goal closed by a
rule without premises.

Definition 2 A proof tree T is a proper prefix of a proof tree T" if there are
one or more open goals G1,..., G, inT such T' is obtained from T by replacing
each G; by a derivation tree T; having G; as its head. We denote this as T C T".

An infinite proof tree is an infinite increasing chain of finite trees, that is,
a sequence {T;};en such that for all i, T; C Tiy1.

We now assume that we have an interpreter for the logic £, that is, an
winference machine that, given a theory & and a goal formula ¢ will try to
incrementally build a proof tree for ¢. Intuitively, we will call § terminating
if for any ¢ the interpreter either finds a proof in finite time, or fails in all
possible attempts also in finite time. The interpreter however should have some
reasonable strategy, since otherwise it could easily fail to find a proof because it
postpones some proofs forever (see a concrete example in Section 3 below). We
now characterize the proof trees with computational meaning, by means of the
notion of well-formed proof tree.

Definition 3 (Well-formed proof tree) We say that a proof tree T is well-
formed if it is either an open goal, or a closed proof tree, or a derivation tree of

the form
T - T,

A

)
where for each j T; 1is itself well-formed, and there is 1 < n such that T} is not
closed, for any j < i T} 1s closed, and each of the T;41 ,... T, s an open goal.

An wnfinite proof tree 1s well-formed if it 1s an ascending chain of well-formed
finite proof trees.

The above definition of well-formed proof tree tries to capture in a formal way
the operational behavior of an interpreter: this is expressed by the left-to-right
way of chosing goals in the proof tree, so that, if the interpreter has not finished
its computation, it has always a leftmost goal that it 1s working on.

Definition 4 (Operational termination) Let S be a theory in a logic L en-
dowed with an inference system. 8 s called operationally terminating if no
wnfinite well-formed tree for 8 exists.

So operational termination means that, given an initial goal, an interpreter will
either succeed in finite time in producing a closed proof tree, or will fail in finite
time, not being able to close or extend further any of the possible proof trees,
after exhaustively searching all such proof trees.



3 CTRS logic and operational termination of
CTRSs

In this section, we show how the notions introduced in Section 2 specialize
to CTRSs and conditional rewriting, thus leading to a notion of operational
termination of CTRSs. More expressive inference systems dealing with sorts,
order-sorted specifications, evaluation strategies, memberships, etc. (see [2, 3,
6, 14]), can be managed similarly.

3.1 Conditional Term Rewriting Systems

A conditional rule is as follows: | — r if sy = t1,---,s, = t,, where
l,7,81,81, -, Sn,l, are terms [15]. As usual, [ and r are called the left- and
right-hand sides of the rule; and the sequence s1 = #1,---,s, = t, (often

denoted ¢) is the conditional part of the rule. Rewrite rules [ — » if ¢ are
classified according to the distribution of variables among I, r, and ¢, as fol-
lows: type 1, if Var(r) U Var(c) C Var(l); type 2, if Var(r) C Var(l); type 3,
if Var(r) C Var(l) U Var(c); and type 4, if no restriction is given. An n-CTRS
contains only rewrite rules of type m < n.

It is well-known that the conditions s; = ¢; for 1 < ¢ < n can be interpreted
in a number of different ways [5]. As in [15], we are mainly concerned with
oriented CTRSs, i.e., those whose (conditional) rules are written as follows:

l—rif sy =t -, 8, > 1y

indicating that the conditions s; — ¢; for 1 < ¢ < n are intended to express the
reachability of (instances of) ¢; from (instances of) s;. An oriented 3-CTRS R
is called deterministic if for each rule [ — r if sy = ¢1,...,s, = ¢, in R and
each 1 < i < n, we have Var(s;) C Var({) U U;_:ll Var(t;).

Let R be a CTRS. We inductively define unconditional TRSs R, for n € N
by Rop = # and Ryp1 = {lo - ro |l = r if sy =5 t1,...,5, > t, € R and
s;0 =g, tio forall j € {1,...,n}}. The rewrite relation — g associated with a
CTRS Ris U, ey —R..-

A CTRS R 1s terminating if —g is a well-founded relation. A deterministic
3-CTRS is quasi-decreasing if there is a well-founded partial ordering > on
T(F,X) satisfying —-r C =, > C > (where 1> is the strict subterm relation),
and for every rule ! — v if s1 — ¢1,...,s, = 1,, substitution o, and index ¢,
0<i<n if sjo 3% t;0 forevery 1 < j <, then lo > s;410.

3.2 Operational termination of CTRSs

We can define the rewriting relation associated to a CTRS R by means of the
inference rules of Figure 1. Note the refinement of the rewrite relation ¢ — ¢’
into two relations, namely t —! ¢/ and ¢ —* /. For each atom A = u — v
appearing in a condition of a conditional rule in R we use the meta-notation A*
to denote u —* v.

Given a CTRS R, we write Rt = u, resp. R+t =" u, whenever ¢t —' u,
resp. ¢ —* u are derivable using the inference rules in Figure 1. The following
proposition shows that our inference rules capture conditional rewriting in the
usual sense of Section 3.1.



(Refl) t ="t
t%‘l t/ t/ %* t//

(Tran) S

Ujg —>1 u;
(Cong)  flut, .- %iy..nstn) -1 Flur, oo uly oo un)

where f € F and 1 < ¢ < ar(f)
Ao ... Avo
(Repl) to =+ t'o
where t—t if Ay---Ap, inR

Figure 1: Inference rules for conditional rewriting

Proposition 1 Let R be a CTRS, and t,s be terms. Then s —pg t if and only
if Rts—1t, and s =5t if and only if RE s —* .

Proor. The if part can be proved by induction of proof trees; the only if part
by induction on the n such that s —g, t. d

When £ is the CTRS logic in Figure 1 and & is a CTRS R, the notion of
operational termination in Definition 4 specializes to the concept of operational
termination of C'TRSs. Now we can motivate our choice of well-formed proof
tree (Definition 3) on the basis of a concrete (although representative) case.
Consider the CTRS inference system. Notice that it is always possible to build
trivial infinite proof trees using only Transitivity:

t3 —)1 t4
ty =1t l3 =% 1
t =ty ty =% 1
2] —5 ¢

This infinite tree 1s not well-formed and would never be built by a reasonable
interpreter, because the interpreter will resolve one goal at a time, before at-
tempting the next, whereas in the above tree, goals t; —! ;4 are left open.

Now, we can see that the CTRS in Section 1 1s not operationally terminating,
because we have an infinite proof tree

Note also that, since TRSs are a particular case of 1-CTRSs where no conditional
rule is allowed, term rewriting with TRSs i1s also captured by the inference
system of Figure 1 and Proposition 1. Moreover, if R is a TRS, then it is not
difficult to see that R is operationally terminating if and only if R is terminating,
that is, if and only if — g 1s well-founded.

In the following section, we explore the relationship between the notion of
operational termination and other well-known CTRS termination notions.



4 Effective termination, quasi-decreasingness,
and operational termination of CTRSs

Kaplan noticed that, in sharp contrast with the unconditional case, termination
of CTRSs, i.e., well-foundedness of the (conditional) rewrite relation =g, does
not have the desired or expected computational features. For instance, in general
for a terminating relation —p it is not decidable whether a term is a normal
form or not [11]. In fact, Kaplan established the following result.

Theorem 1 [12, Theorem 1.4] There exists a conditional TRS R such that =g
15 confluent and terminating, but such that the relation —g is not decidable and
whose set of normal forms is not computable.

After Kaplan’s work, different attempts to formulate appropriate notions of
termination for CTRSs have been made [12, 5], see [15] for a survey. Marchiori
devised a notion of termination for CTRSs which (in Marchiori’s words) implies
effective computability for CTRSs [13, Section 5.1]. Such a notion was described
as follows:

Definition 5 (Effective Termination [13, 15]) A CTRS R is effectively ter-
minating if - g is terminating and the set A*(s) = {t € T(F,X) | s =% t} of
all R-reducts of a term s € T(F,X) is finite and computable.

The crucial difference between termination and effective termination of a CTRS
is that, for a terminating CTRS R, membership of a pair ¢ — ¢’ in the rewrit-
ing relation may in general be undecidable. Thus, Theorem 1 tells us that
termination does not imply effective termination.

Giesl and Arts introduced the notion of quasi-decreasingness® [8, Definition
1] as defined in Section 3.1. As shown in [15], the notion of quasi-decreasingness
is currently the most general one which 1s intended to be checked by comparing
parts of the CTRS.

We prove two theorems showing that operational termination of (determin-
istic 3-)CTRSs R (viewed as theories) w.r.t. the CTRS logic is equivalent to
quasi-decreasingness of R.

Theorem 2 Let R be a deterministic 3-CTRS. If R is quasi-decreasing, then
it 1s operationally terminating.

ProOF. Since R is quasi-decreasing, there is a well-founded partial ordering
> which includes both —r and > and such that for every rule I — r if s; —
t1,...,8, — ty, substitution o, and index 7, 0 < ¢ < n, if 5;0 =} t;0 for every
1<j <, thenlo = s;j4q0.

Assume that R is not is operationally terminating. Then, there is an infinite
well-formed proof tree T for some judgement G (i.e., G = head(T)). We prove
that there is a judgement G’ at level 1 or 2 in T' which is the head of an infinite
well-formed proof tree 77 and such that left(G) = s = s’ = left(G'), where
left(s > 1) = s and left(s —=* t) = s.

1. In case G = s —! ¢, G must be the head of an instance of an inference
rule A; where A is either the Congruence or Replacement rule.

2 Actually, the original notion by Giesl and Arts was called left-right decreasingness, but
we use Ohlebusch’s terminology in [15].



(a) Tf A is the Congruence rule, then s = f(uy,..., ..., uy), t =
flur,...,ul, ... uy,) and there is an infinite well-formed proof tree
T' (at level 1 in T) whose head is G’ = head(T") = u; —* u}. Since
B> C =, we have le ft(G) = s = u; = left(G') as required.

(b) If A is the Replacement rule, then s = lo for some conditional rule
Il —rif sy — t1,---,8, — t, and substitution ¢ and there is i €
{1,...,n} such that Ty,...,T;—; are well-formed finite proof trees
with head(T;) = s;o0 =* tjo for 1 < j < ¢ (and hence, s;o =} t;0
for all 1 < j < ¢) and 7; is infinite. Let G; = head(T;) = s;o0 =* t;0.
Now, we have s = loc > s;o. Thus, we let G’ = G; and conclude

left(G) = s = s;o = left(G').

2. Now consider the case G = s —~ t. Since T is infinite, the only possibility
is to use Transitivity. Thus, we have two proof trees 77 and 7% such that
either T or Ty are infinite. Here, Gy = head(T}) = s —' s’ for some term
s" and G = head(Ty) = s =* t.

(a) TIf 73 is infinite, then left(G) = s = left(G1). We can apply item 1
above to G1 and T} to conclude that there is a judgement G’ at level
1in Ty (i.e., at level 2 in T') such that left(G) = s = v’ = left(G').

(b) If Ty is finite, then s =g ', i.e., s = ¢ and T5 is infinite. Then, we
let G’ = G5 and conclude left(G) = s = s’ = left(G").

Thus, given the well-formed infinite proof tree 7', we can define an infinite
sequence s = uj = tg > --- which contradicts the well-foundedness of >. O

Theorem 3 Let R be a deterministic 3-CTRS. If R s operationally terminat-
ing, then it is quasi-decreasing.

Proor. If R is operationally terminating, then —g is a well-founded or-
dering which is closed under contexts (although it is not necessarily closed un-
der substitutions). By [15, Lemma 7.2.4], the relation (—g U >)* is a well-
founded partial ordering on terms. We write s ~» ¢ if there is a conditional
rule ] — r if s — ¢1,---,s, — t,, a position p of s, a substitution ¢ and
i € {l,...,n} such that s|, = lo, t = s;0 and sjo =% tjoforall 1 < j < i
We now prove that = = (=g U > U ~)t is a well-founded (strict) order-
ing. Transitivity is obvious. Irreflexivity is a consequence of well-foundedness,
which we prove as follows: assume that > is not well-founded. Then, there 1s
an infinite =-decreasing sequence A where, since (—g U>)T is a well-founded
partial ordering, we must have an infinite number of ~»-steps which isolate finite
(=R Up)-sequences. We can, then, write A as follows:

up (—r UD) U] ~ us (—r UD) ub ~ ug- -

In fact, since (—g U>)T = (>*o —g)T o >* and the relation ~ already takes
into account subterms, we can eventually mix the last subterm steps of each
sequence u; (—g U D>)Tul with the ~»-step on uf. Then, we can write each
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Figure 2: Proof of Theorem 3

sequence from u; to u;41 as

U = Vil
!

>" Uiy

—R V52

(D*O %R) Yin,+1
~ Ui 1

where v;; = Cjj[vj;]q,; for i > 1 and 1 <j <n;. Thus, we can also write:

wp = Cilvilp,
C

i [vialp.,

—r Cil- 'Cin,[vm,+1]pm, “pa
~ Ui 41

Now, each step Ci;[vi;]p.; = r Cij[vij+1]p,; has afinite proof tree 7j; whose head
is Cyj[vf;]p,; =" Cijlvijpalp,; and after |p;;| applications of the Congruence rule
there 1s a proof of vgj = 4.

On the other hand, since w; = Cj1[- - Cin, [Vin,+1lp.n, *Ipss ~ Uit1, there
is a rule I[; — r; if s} — t%,...,sf’ — tf’, a position ¢; > pi1.- - .Pin,, &
substitution o;, and an index ¢; € {1,..., k;} such that w;|g, = lioi, uiy1 = sf’ai
and 5‘30’2' —h t‘gai for all 1 < 5 < ;. Thus, there i1s a proof tree

1 li—1 by 41 m
T, ...,1T; GG
G

with root Gy = w;[lio;],, —' wilrioi]q,, well-formed trees Tlfj headed by S‘Z i —h
t‘gai for 1 < j < £, an infinite tree Tf’ with left(head(Tf’)) = Uiy = sf’ai
which continues the tail of A after u;y1 as explained before, and open goals
Gf""l, ..., G Figure 2 illustrates these facts.

Therefore, assumming that = is not well-founded contradicts operational
termination of R. Also, since well-foundedness implies irreflexivity of =, it
turns out that = is a well-founded strict ordering on terms. Now, it is not
difficult to see that > makes R quasi-decreasing. a



5 Concluding Remarks

The work presented here advances the theoretical foundations of a longer-term
collaborative research effort to develop both theory and tools to reason about
the termination of specifications in advanced equational languages. There 1s at
present a substantial gap between the input languages of current termination
tools and the expressive features of advanced equational languages. In fact, the
research in this paper started when we tried to apply the existing notions of
termination of CTRSs to Maude specifications [4]. When we found that the
simple example in the introduction was not terminating when the correspond-
ing versions of 1t as programs were executed in a number of interpreters, we
felt that, in order to reason about specifications written in such languages, both
the notions of CTRS and of CTRS termination need to be generalized. Thus,
in this paper, we have proposed an inference-system-based approach to gen-
eralize both CTRSs and CTRS termination. Specifically, we have proposed a
general notion, called operational termination, that is parametric on the un-
derlying inference system and closely corresponds to the termination of a lan-
guage interpreter. Operational termination of TRSs (where no conditional rules
are present) coincides with the usual notion of termination of TRSs. On the
other hand, we have proven that operational termination of CTRSs is equiva-
lent to quasi-decreasingness (Theorems 2 and 3). Interestingly, this shows an
agreement between two in principle quite different computational definitions of
termination, one proof-theoretic, and the other based on an ordering and very
general, so that both capture the same essential intuition in different ways. As
a consequence of our equivalence result, existing methods for proving quasi-
decreasingness of CTRSs immediately apply to prove operational termination
of CTRSs. Moreover, operational termination implies effective termination, al-
though the converse does not hold.

Future work

One important advantage of our operational termination notion is its para-
metricity. We plan to use our framework and results to explore other instances
of this notion: for example to reason about the termination of higher-order
rewriting systems with sophisticated type systems, of rewrite theories involv-
ing rewriting with order-sorted specifications, memberships, both equations and
non-equational rules, evaluation strategies, or even of inference systems not in-
volving a rewriting relation, etc. [2, 3, 6, 14]. In this sense, the transformational
approach initiated in [6] is worth to be further investigated in the new frame-
work presented in this paper. However, intrinsic termination criteria that can
be used at the level of the given inference system, without requiring theory
transformations (e.g., term orderings used in proofs of quasi-decreasingness of

CTRSs), should also be investigated.
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